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163 Topics in varieties of group representations, S.M. VOVSI
164 Quasi-symmetric designs, M.S. SHRIKANDE & S.S. SANE
166 Surveys in combinatorics, 1991, A.D. KEEDWELL (ed)
168 Representations of algebras, H. TACHIKAWA & S. BRENNER (eds)
169 Boolean function complexity, M.S. PATERSON (ed)
170 Manifolds with singularities and the Adams-Novikov spectral sequence, B. BOTVINNIK
171 Squares, A.R. RAJWADE
172 Algebraic varieties, GEORGE R. KEMPF
173 Discrete groups and geometry, W.J. HARVEY & C. MACLACHLAN (eds)
174 Lectures on mechanics, J.E. MARSDEN
175 Adams memorial symposium on algebraic topology 1, N. RAY & G. WALKER (eds)
176 Adams memorial symposium on algebraic topology 2, N. RAY & G. WALKER (eds)
177 Applications of categories in computer science, M. FOURMAN, P. JOHNSTONE & A. PITTS (eds)
178 Lower K- and L-theory, A. RANICKI
179 Complex projective geometry, G. ELLINGSRUD et al
180 Lectures on ergodic theory and Pesin theory on compact manifolds, M. POLLICOTT
181 Geometric group theory I, G.A. NIBLO & M.A. ROLLER (eds)
182 Geometric group theory II, G.A. NIBLO & M.A. ROLLER (eds)
183 Shintani zeta functions, A. YUKIE
184 Arithmetical functions, W. SCHWARZ & J. SPILKER
185 Representations of solvable groups, O. MANZ & T.R. WOLF
186 Complexity: knots, colourings and counting, D.J.A. WELSH
187 Surveys in combinatorics, 1993, K. WALKER (ed)
188 Local analysis for the odd order theorem, H. BENDER & G. GLAUBERMAN
189 Locally presentable and accessible categories, J. ADAMEK & J. ROSICKY
190 Polynomial invariants of finite groups, D.J. BENSON
191 Finite geometry and combinatorics, F. DE CLERCK et al
192 Symplectic geometry, D. SALAMON (ed)
194 Independent random variables and rearrangement invariant spaces, M. BRAVERMAN
195 Arithmetic of blowup algebras, WOLMER VASCONCELOS
196 Microlocal analysis for differential operators, A. GRIGIS & J. SJÖSTRAND
197 Two-dimensional homotopy and combinatorial group theory, C. HOG-ANGELONI et al
198 The algebraic characterization of geometric 4-manifolds, J.A. HILLMAN
199 Invariant potential theory in the unit ball of Cn , MANFRED STOLL
200 The Grothendieck theory of dessins d’enfant, L. SCHNEPS (ed)
201 Singularities, JEAN-PAUL BRASSELET (ed)
202 The technique of pseudodifferential operators, H.O. CORDES
203 Hochschild cohomology of von Neumann algebras, A. SINCLAIR & R. SMITH
204 Combinatorial and geometric group theory, A.J. DUNCAN, N.D. GILBERT & J. HOWIE (eds)
205 Ergodic theory and its connections with harmonic analysis, K. PETERSEN & I. SALAMA (eds)
207 Groups of Lie type and their geometries, W.M. KANTOR & L. DI MARTINO (eds)
208 Vector bundles in algebraic geometry, N.J. HITCHIN, P. NEWSTEAD & W.M. OXBURY (eds)
209 Arithmetic of diagonal hypersurfaces over finite fields, F.Q. GOUVEA & N. YUI
210 Hilbert C*-modules, E.C. LANCE



211 Groups 93 Galway / St Andrews I, C.M. CAMPBELL et al (eds)
212 Groups 93 Galway / St Andrews II, C.M. CAMPBELL et al (eds)
214 Generalised Euler-Jacobi inversion formula and asymptotics beyond all orders, V. KOWALENKO et al
215 Number theory 1992–93, S. DAVID (ed)
216 Stochastic partial differential equations, A. ETHERIDGE (ed)
217 Quadratic forms with applications to algebraic geometry and topology, A. PFISTER
218 Surveys in combinatorics, 1995, PETER ROWLINSON (ed)
220 Algebraic set theory, A. JOYAL & I. MOERDIJK
221 Harmonic approximation, S.J. GARDINER
222 Advances in linear logic, J.-Y. GIRARD, Y. LAFONT & L. REGNIER (eds)
223 Analytic semigroups and semilinear initial boundary value problems, KAZUAKI TAIRA
224 Computability, enumerability, unsolvability, S.B. COOPER, T.A. SLAMAN & S.S. WAINER (eds)
225 A mathematical introduction to string theory, S. ALBEVERIO, J. JOST, S. PAYCHA, S. SCARLATTI
226 Novikov conjectures, index theorems and rigidity I, S. FERRY, A. RANICKI & J. ROSENBERG (eds)
227 Novikov conjectures, index theorems and rigidity II, S. FERRY, A. RANICKI & J. ROSENBERG (eds)
228 Ergodic theory of Zd actions, M. POLLICOTT & K. SCHMIDT (eds)
229 Ergodicity for infinite dimensional systems, G. DA PRATO & J. ZABCZYK
230 Prolegomena to a middlebrow arithmetic of curves of genus 2, J.W.S. CASSELS & E.V. FLYNN
231 Semigroup theory and its applications, K.H. HOFMANN & M.W. MISLOVE (eds)
232 The descriptive set theory of Polish group actions, H. BECKER & A.S. KECHRIS
233 Finite fields and applications, S. COHEN & H. NIEDERREITER (eds)
234 Introduction to subfactors, V. JONES & V.S. SUNDER
235 Number theory 1993-94, S. DAVID (ed)
236 The James forest, H. FETTER & B. GAMBOA DE BUEN
237 Sieve methods, exponential sums, and their applications in number theory, G.R.H. GREAVES et al
238 Representation theory and algebraic geometry, A. MARTSINKOVSKY & G. TODOROV (eds)
239 Clifford algebras and spinors, P. LOUNESTO
240 Stable groups, FRANK O. WAGNER
241 Surveys in combinatorics, 1997, R.A. BAILEY (ed)
242 Geometric Galois actions I, L. SCHNEPS & P. LOCHAK (eds)
243 Geometric Galois actions II, L. SCHNEPS & P. LOCHAK (eds)
244 Model theory of groups and automorphism groups, D. EVANS (ed)
245 Geometry, combinatorial designs and related structures, J.W.P. HIRSCHFELDet al
246 p-Automorphisms of finite p-groups, E.I. KHUKHRO
247 Analytic number theory, Y. MOTOHASHI (ed)
248 Tame topology and o-minimal structures, LOU VAN DEN DRIES
249 The atlas of finite groups: ten years on, ROBERT CURTIS & ROBERT WILSON (eds)
250 Characters and blocks of finite groups, G. NAVARRO
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269 Ergodic theory and topological dynamics, M.B. BEKKA & M. MAYER
270 Analysis on Lie Groups, N.T. VAROPOULOS & S. MUSTAPHA
271 Singular perturbations of differential operators, S. ALBEVERIO & P. KURASOV
272 Character theory for the odd order function, T. PETERFALVI
273 Spectral theory and geometry, E.B. DAVIES & Y. SAFAROV (eds)
274 The Mandelbrot set, theme and variations, TAN LEI (ed)
275 Computatoinal and geometric aspects of modern algebra, M. D. ATKINSON et al (eds)
276 Singularities of plane curves, E. CASAS-ALVERO
277 Descriptive set theory and dynamical systems, M. FOREMAN et al (eds)
278 Global attractors in abstract parabolic problems, J.W. CHOLEWA & T. DLOTKO
279 Topics in symbolic dynamics and applications, F. BLANCHARD, A. MAASS & A. NOGUEIRA (eds)
280 Characters and Automorphism Groups of Compact Riemann Surfaces, T. BREUER
281 Explicit birational geometry of 3-folds, ALESSIO CORTI & MILES REID (eds)
282 Auslander-Buchweitz approximations of equivariant modules, M. HASHIMOTO
283 Nonlinear elasticity, R. OGDEN & Y. FU (eds)
284 Foundations of computational mathematics, R. DEVORE, A. ISERLES & E. SULI (eds)
285 Rational points on curves over finite fields: Theory and Applications, H. NIEDERREITER & C. XING
286 Clifford algebras and spinors 2nd edn, P. LOUNESTO
287 Topics on Riemann surfaces and Fuchsian groups, E. BUJALANCE, A. F. COSTA & E. MARTINEZ (eds)
288 Surveys in combinatorics, 2001, J. W. P. HIRSCHFELD (ed)
289 Aspects of Sobolev-type inequalities, L. SALOFF-COSTE
290 Quantum groups and Lie theory, A. PRESSLEY
291 Tits buildings and the model theory of groups, K. TENT
292 A quantum groups primer, S. MAJID



Contents

Preface x

I THEORY IN SPACES OF CONTINUOUS
FUNCTIONS 1

1 Gaussian measures 3
1.1 Introduction and preliminaries . . . . . . . . . . . . . . . . . 3
1.2 Definition and first properties of Gaussian measures . . . . . 7

1.2.1 Measures in metric spaces . . . . . . . . . . . . . . . . 7
1.2.2 Gaussian measures . . . . . . . . . . . . . . . . . . . . 8
1.2.3 Computation of some Gaussian integrals . . . . . . . . 11
1.2.4 The reproducing kernel . . . . . . . . . . . . . . . . . 12

1.3 Absolute continuity of Gaussian measures . . . . . . . . . . . 17
1.3.1 Equivalence of product measures in R

∞ . . . . . . . . 18
1.3.2 The Cameron-Martin formula . . . . . . . . . . . . . . 22
1.3.3 The Feldman-Hajek theorem . . . . . . . . . . . . . . 24

1.4 Brownian motion . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Spaces of continuous functions 30
2.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2 Approximation of continuous functions . . . . . . . . . . . . . 33
2.3 Interpolation spaces . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.1 Interpolation between UCb(H) and UC1b (H) . . . . . 36
2.3.2 Interpolatory estimates . . . . . . . . . . . . . . . . . 39
2.3.3 Additional interpolation results . . . . . . . . . . . . . 42

3 The heat equation 44
3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2 Strict solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 48

v



vi Contents

3.3 Regularity of generalized solutions . . . . . . . . . . . . . . . 54
3.3.1 Q-derivatives . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.2 Q-derivatives of generalized solutions . . . . . . . . . . 57

3.4 Comments on the Gross Laplacian . . . . . . . . . . . . . . . 67
3.5 The heat semigroup and its generator . . . . . . . . . . . . . 69

4 Poisson’s equation 76
4.1 Existence and uniqueness results . . . . . . . . . . . . . . . . 76
4.2 Regularity of solutions . . . . . . . . . . . . . . . . . . . . . . 78
4.3 The equation ∆Qu = g . . . . . . . . . . . . . . . . . . . . . . 83

4.3.1 The Liouville theorem . . . . . . . . . . . . . . . . . . 87

5 Elliptic equations with variable coefficients 90
5.1 Small perturbations . . . . . . . . . . . . . . . . . . . . . . . 90
5.2 Large perturbations . . . . . . . . . . . . . . . . . . . . . . . 93

6 Ornstein-Uhlenbeck equations 99
6.1 Existence and uniqueness of strict solutions . . . . . . . . . . 100
6.2 Classical solutions . . . . . . . . . . . . . . . . . . . . . . . . 103
6.3 The Ornstein-Uhlenbeck semigroup . . . . . . . . . . . . . . . 111

6.3.1 π-Convergence . . . . . . . . . . . . . . . . . . . . . . 112
6.3.2 Properties of the π-semigroup (Rt) . . . . . . . . . . . 113
6.3.3 The infinitesimal generator . . . . . . . . . . . . . . . 114

6.4 Elliptic equations . . . . . . . . . . . . . . . . . . . . . . . . . 116
6.4.1 Schauder estimates . . . . . . . . . . . . . . . . . . . . 119
6.4.2 The Liouville theorem . . . . . . . . . . . . . . . . . . 121

6.5 Perturbation results for parabolic equations . . . . . . . . . . 122
6.6 Perturbation results for elliptic equations . . . . . . . . . . . 124

7 General parabolic equations 127
7.1 Implicit function theorems . . . . . . . . . . . . . . . . . . . . 128
7.2 Wiener processes and stochastic equations . . . . . . . . . . . 131

7.2.1 Infinite dimensional Wiener processes . . . . . . . . . 131
7.2.2 Stochastic integration . . . . . . . . . . . . . . . . . . 132

7.3 Dependence of the solutions to stochastic equations on initial
data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
7.3.1 Convolution and evaluation maps . . . . . . . . . . . . 133
7.3.2 Solutions of stochastic equations . . . . . . . . . . . . 138

7.4 Space and time regularity of the generalized solutions . . . . 139
7.5 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142



Contents vii

7.6 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
7.6.1 Uniqueness for the heat equation . . . . . . . . . . . . 145
7.6.2 Uniqueness in the general case . . . . . . . . . . . . . 146

7.7 Strong Feller property . . . . . . . . . . . . . . . . . . . . . . 150

8 Parabolic equations in open sets 156
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
8.2 Regularity of the generalized solution . . . . . . . . . . . . . . 158
8.3 Existence theorems . . . . . . . . . . . . . . . . . . . . . . . . 165
8.4 Uniqueness of the solutions . . . . . . . . . . . . . . . . . . . 178

II THEORY IN SOBOLEV SPACES 185

9 L2 and Sobolev spaces 187
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Preface

The main objects of this book are linear parabolic and elliptic equations of
the second order on an infinite dimensional separable Hilbert space H such
as{

Dtu(t, x) = 1
2Tr[Q(x)D

2u(t, x)] + 〈F (x), Du(t, x)〉, x ∈ H, t > 0,
u(0, x) = ϕ(x), x ∈ H,

(0.1)
and

λψ(x)− 1
2
Tr[Q(x)D2ψ(x)]− 〈F (x), Dψ(x)〉 = g(x), x ∈ H. (0.2)

Here F : D(F )⊂H → H, Q : D(Q)⊂H → L(H) and ϕ : H → R are given
mappings and λ a given nonnegative number, whereas u : [0, T ]×H → R and
ψ : H → R are the unknowns of (0.1) and (0.2) respectively. Moreover D
represents derivative and Tr the trace. Some classes of nonlinear equations
will be considered as well.

There are several motivations to develop infinite dimensional theory.
First of all the theory is a natural part of functional analysis. Moreover as
in finite dimensions, parabolic equations on Hilbert spaces appear in math-
ematical physics to model systems with infinitely many degrees of freedom.
Typical examples are provided by spin configurations in statistical mechan-
ics and by crystals in solid state theory.

Infinite dimensional parabolic equations provide an analytic description
of infinite dimensional diffusion processes in such branches of applied math-
ematics as population biology, fluid dynamics, and mathematical finance.
They are known there under the name of Kolmogorov equations.

Nonlinear parabolic problems on Hilbert spaces are present in the control
theory of distributed parameter systems. In particular the so called Bellman-
Hamilton-Jacobi equations for the value functions are intensively studied.

x



Preface xi

If H is finite dimensional and the coefficients Q and F are continuous
and bounded a satisfactory theory is available, see the classical monographs
by O. A. Ladyzhenskaja, V. A. Solonnikov and N. N. Ural’ceva [154], and
A. Friedman [115]. However, when the coefficients are continuous but un-
bounded, as in the present book, only a general result on existence, due to
S. Itô [143], is available but there is not uniqueness in general, see e.g. [146,
page 175].

First attempts to build a theory of partial differential equations on
Hilbert spaces were made by R. Gateaux and P. Lévy around 1920. Their
approach, based on a specific notion of averaging, was presented by P. Lévy
on two books on functional analysis published in 1922 and 1951, see [156].

We adopt here a different approach initiated by L. Gross [138] and Yu.
Daleckij [62] about 30 years ago, see also the monograph by Yu. Daleckij and
S. V. Fomin [63]. Its main tools are probability measures in Hilbert and Ba-
nach spaces, stochastic evolution equations, semigroups of linear operators
and interpolation spaces.

In this book we try to present the state of the art of the theory of
parabolic or elliptic equations in an infinite dimensional Hilbert space H.
Since the theory is rapidly changing and it is far from being complete we
shall limit ourselves to basic results referring to more specialized results in
notes.

Some results can be extended to general Banach spaces, but these are
outside of the scope of the book. Also, for the sake of brevity, we do not treat
equations with time dependent coefficients or with an additional potential
term V (x)u(t, x), where V : H → R.

The book is divided into three parts: I. Theory in the space of continuous
functions, II. Theory in Sobolev spaces with respect to a Gaussian measure,
III. Applications to control theory.

PART I. Here we discuss the case when F and G are continuous and
bounded, working on the space UCb(H) of all uniformly continuous and
bounded fuctions from H into R.

A natural starting point is the heat equation:{
Dtu(t, x) = 1

2Tr[QD
2u(t, x)], t > 0, x ∈ H,

u(0, x) = ϕ(x), x ∈ H,
(0.3)

where Q is a given symmetric nonnegative operator of trace class and ϕ ∈
UCb(H). The solution of (0.3) is given by the formula

u(t, x) =
∫
H
ϕ(x+ y)NtQ(dy), x ∈ H, t ≥ 0, (0.4)
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where NtQ is the Gaussian measure with mean 0 and covariance operator
tQ.

This problem, initially stated by L. Gross [138], is studied in Chapter 3
where we prove that the requirement that Q is of trace class is necessary to
solve problem (0.3) for sufficiently regular initial data ϕ.

We then study existence, uniqueness and regularity of solutions in
UCb(H). We show that, as noticed by Gross, solutions of (0.3) are smooth
only in the directions of the reproducing kernel Q1/2(H).

Finally we study the corresponding strongly continuous semigroup (Pt)
and characterize its infinitesimal generator.

In order to make the book self-contained we have devoted Chapter 1 to
Gaussian measures and Chapter 2 to properties of continuous functions in
an infinite dimensional Hilbert space.

Chapter 4 is the elliptic counterpart of Chapter 3; it is devoted to the
Poisson equation:

λψ(x)− 1
2
Tr[QD2ψ(x)] = g(x), x ∈ H. (0.5)

Here, besides existence and uniqueness, Schauder estimates are proved.
In Chapter 5, we go to the case of Hölder continuous and bounded co-

efficients F and G trying to generalize the finite dimensional theory. As in
finite dimensions we pass from equations with constant coefficients to equa-
tions with variable coefficients by first proving Schauder and interpolatory
estimates and then using the classical continuity method.

We notice that the results are not as satisfactory as in the finite dimen-
sional case. In particular they do not characterize the domain of the operator
which appears in (0.5). In fact, if g is Hölder continuous, we know that the
solution ψ of (0.5) has first and second derivatives Hölder continuous, but
we do not have any information about the trace of QD2ψ.

In Chapter 6 we pass to the case when the coefficients F and G are
unbounded. The typical important example is the Ornstein-Uhlenbeck
operator, that is

Lϕ(x) =
1
2
Tr[QD2ϕ(x)] + 〈Ax,Dϕ(x)〉, x ∈ D(A), ϕ ∈ UCb(H), (0.6)

where A : D(A)⊂H → H generates a C0 semigroup onH andQ is symmetric
and nonnegative.

We show that the problem

Dtu = Lu, u(0) = ϕ, ϕ ∈ UCb(H),
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is well posed if and only if∫ T

0
Tr[etAQetA

∗
]dt < +∞, T > 0. (0.7)

In this case, we can construct explicitly the corresponding transition semi-
group Rt:

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), x ∈ H, ϕ ∈ UCb(H), (0.8)

where

Qt =
∫ t

0
esAQesA

∗
ds. (0.9)

It is interesting to notice that now it is not necessary to assume that Q is of
trace class as in the case of the heat equation. In fact, there is an important
class of Ornstein-Uhlenbeck operators , when

etA(H) ⊂ Q
1/2
t (H), t > 0,

that behave as elliptic operators in finite dimensions. In this case, Rt is
strong Feller and the following property, typical of parabolic equations in
finite dimensions, holds:

ϕ ∈ Cb(H), t > 0⇒ Rtϕ ∈ C∞
b (H). (0.10)

Notice that (Rt) is not a semigroup of class C0 in UCb(H). However, it
is possible to define an infinitesimal generator L of (Rt) and study several
properties, including Schauder estimates.

Finally, the last two sections are devoted to perturbations of Ornstein-
Uhlenbeck operators .

Chapter 7 is concerned with a general Kolmogorov equation under rather
strong regularity assumptions on coefficients and on initial functions. We
use the method of stochastic characteristics. We recall basic results on
stochastic evolution equations and on implicit function theorems which are
used to prove regularity of generalized solutions. Existence and uniqueness
results are proved in §7.5 and §7.6. Stronger regularity results based on a
generalization of the Bismut-Elworthy-Xe formula are presented in §7.7.

In this direction there is still much work to be done to cover more general
coefficients; however, for the stochastic reaction-diffusion equations , several
results can be found in the monograph by S. Cerrai, [43].
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The greater part of the book is devoted to problems on the whole of H.
The theory in an open set O is just starting in the infinite dimensional case,
see the papers [92], [207] and [190], [193], [194], [195], [191].

In Chapter 8 we present quite general results on existence and regularity
in the interior due to G. Da Prato, B. Goldys and J. Zabczyk [92] and to A.
Talarczyk [207].

PART II. To consider equations with very irregular unbounded coeffi-
cients arising in different applications such as reaction-diffusion and Ginz-
burg-Landau systems and stochastic quantization, it is useful to work in
spaces L2(H, ν) with respect to an invariant measure ν.

Chapter 9 is devoted to basic properties of the space L2(H,µ) when µ
is a Gaussian measure. In particular the Itô-Wiener decomposition and the
compact embedding of W 1,2(H,µ) in L2(H,µ) are established.

In Chapter 10 we prove several properties of the Ornstein-Uhlenbeck
semigroup Rt on L2(H, ν), and of its infinitesimal generator L2. Here we
assume that the operator

Q∞ :=
∫ +∞

0
etAQetA

∗
dt (0.11)

is well defined and of trace class. This implies existence of an invariant
Gaussian measure µ = NQ∞ of Rt.

Other topics considered are symmetry of Rt and characterization of the
domain of L2. When Rt is strong Feller we show that µ = NQ∞ is absolutely
continuous with respect to NQt , proving that

Rtϕ(x) =
∫
H
ϕ(etAx+ y)ρ(t, x, y)NQ∞(dy). (0.12)

Then, using (0.12), we show that Rt is hypercontractive.
Finally, we show Poincaré and log-Sobolev inequalities and some of their

consequences such as spectral gap and exponential convergence to equilib-
rium.

Chapter 11 is devoted to the following perturbation of L:

N0ϕ(x) =
1
2
Tr[QD2ϕ(x)] + 〈Ax,Dϕ(x)〉+ 〈F (x), Dϕ(x)〉, x ∈ D(A),

(0.13)
where F is bounded or Lipschitz continuous.

More general perturbations of gradient form F (x) = −DU(x) are studied
in Chapter 12. In this case, we consider the “Gibbs measure”

ν(dx) = Z−1e−2U(x)µ(dx), (0.14)
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where Z is a normalization constant, and try to show that the operator N0,
defined in the space of all exponential functions, is dissipative in L2(H, ν)
and its closure is m dissipative.

This problem has been extensively studied, using the technique of Dirich-
let forms, starting from S. Albeverio and R. Høegh-Krohn [3], see Z. M. Ma
and M. Röckner [165].

For the sake of brevity we do not consider perturbations of L2 that are
not Lipschitz continuous and not of gradient form, see comments in Chapter
11 for references to the present literature.

PART III is devoted to applications to control theory. In Chapter 13
we are concerned with a controlled system on a separable Hilbert space H{

dX = (AX +G(X) + z(t))dt+Q1/2dWt, t ∈ [0, T ],
X(0) = x ∈ H,

(0.15)

where A : D(A)⊂H → H is a linear operator, G : H → H is a continuous
regular mapping, Q is a symme tric nonnegative operator on H, and W is a
cylindrical Wiener process. X represents the state, z the control and T > 0
is fixed.

Given g, ϕ ∈ UCb(H), and a convex lower semicontinuous function h :
H → [0,+∞), we want to minimize the cost

J(x, z) = E

(∫ T

0
[g(X(t, x; z)) + h(z(t))] dt+ ϕ(X(T, x; z))

)
, (0.16)

over all z ∈ L2W (0, T ;L2(Ω, H)), the Hilbert space of all square integrable
processes adapted to W defined on [0, T ] and with values in H.

We solve this problem using the dynamic programming approach, prov-
ing existence of a regular solution of the Hamilton-Jacobi equation{

Dtu = 1
2Tr[QD

2u] + 〈Ax+G(x), Du〉 − F (Du) + g
u(0) = ϕ,

(0.17)

where the Hamiltonian F is given by the Legendre transform of h:

F (x) = sup
y∈H

{〈x, y〉 − h(y)} , x ∈ H. (0.18)

Finally, Chapter 14 is devoted to Hamilton-Jacobi inequalities which are
satisfied by value functions corresponding to optimal stopping problems. In
their simplest version they are of the form

ut(t, x) ∈ 1
2Tr[QD

2u(t, x)] + 〈Ax+G(x), Du(t, x)〉
+α(x)u(t, x)− ∂IKh(u(t, x)),

u(0, x) = g(x), x ∈ H, t ≥ 0.
(0.19)
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Here
Kh =

{
f ∈ L2(H,µ) : f ≥ h

}
,

where µ is a properly chosen measure and IKh is the indicator function of
Kh :

IKh(f) =
{

0 if f ∈ Kh,
+∞ if f /∈ Kh.

(0.20)

Moreover ∂IKh is the subgradient of IKh .

There exist at present four monographs covering some aspects of the
infinite dimensional theory, by Z. M. Ma and M. Röckner [165], Yu. Daleckij
and S. V. Fomin [63], Y. M. Berezansky and Y. G. Kondratiev [12] and by
S. Cerrai, [43]. The overlap between those monographs and our book is
however rather small.

The authors acknowledge the financial support of the Italian National
Project MURST “Analisi e controllo di equazioni di evoluzione determin-
istiche e stocastiche”, the KBN grant No 2 PO3A 082 08 “Ewolucyjne
Równania Stochastyczne” and the Leverhulme Trust, during the preparation
of the book.

They also thank F. Gozzi, E. Priola and A. Talarczyk for pointing out
some errors and mistakes in earlier versions of the book and S. Cerrai for a
careful reading of the whole manuscript.

The authors would like to thank their home institutions Scuola Normale
Superiore and the Polish Academy of Sciences for good working conditions.
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Chapter 1

Gaussian measures

This chapter is devoted to some basic results on Gaussian measures on
separable Hilbert spaces, including the Cameron-Martin and Feldman-Hajek
formulae. The greater part of the results are presented with complete proofs.

1.1 Introduction and preliminaries

We are given a real separable Hilbert space H (with norm | · | and inner
product 〈·, ·〉). The space of all linear bounded operators from H into H,
equipped with the operator norm ‖·‖, will be denoted by L(H). If T ∈ L(H),
then T ∗ is the adjoint of T. Moreover, by L+(H) we shall denote the subset
of L(H) consisting of all nonnegative symmetric operators. Finally, we shall
denote by B(H) the σ-algebra of all Borel subsets of H.

Before introducing Gaussian measures we need some results about trace
class and Hilbert-Schmidt operators.

A linear bounded operator R ∈ L(H) is said to be of trace class if there
exist two sequences (ak), (bk) in H such that

Ry =
∞∑
k=1

〈y, ak〉bk, y ∈ H, (1.1.1)

and
∞∑
k=1

|ak| |bk| < +∞. (1.1.2)

Notice that if (1.1.2) holds then the series in (1.1.1) is norm convergent.
Moreover, it is not difficult to show that R is compact.

3
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We shall denote by L1(H) the set of all operators of L(H) of trace class.
L1(H), endowed with the usual linear operations, is a Banach space with
the norm

‖R‖L1(H) = inf

{ ∞∑
k=1

|ak| |bk| : Ry =
∞∑
k=1

〈y, ak〉bk, y ∈ H, (ak), (bk) ⊂ H

}
.

We set L+1 (H) = L+(H) ∩L1(H). If an operator R is of trace class then its
trace, Tr R, is defined by the formula

Tr R =
∞∑
j=1

〈Rej , ej〉,

where (ej) is an orthonormal and complete basis on H. Notice that, if R is
given by (1.1.1), we have

Tr R =
∞∑
j=1

〈aj , bj〉.

Thus the definition of the trace is independent on the choice of the basis
and

|Tr R| ≤ ‖R‖L1(H).

Proposition 1.1.1 Let S ∈ L1(H) and T ∈ L(H). Then

(i) ST, TS ∈ L1(H) and

‖TS‖L1(H) ≤ ‖S‖L1(H)‖T‖, ‖ST‖L1(H) ≤ ‖S‖L1(H)‖T‖.

(ii) Tr(ST ) = Tr(TS).

Proof. (i) Assume that Sy =
∞∑
k=1

〈y, ak〉bk, y ∈ H, where
∞∑
k=1

|ak||bk| < +∞.

Then

STy =
∞∑
k=1

〈y, T ∗ak〉bk, y ∈ H,

and ∞∑
k=1

|T ∗ak||bk| ≤ ‖T‖
∞∑
k=1

|ak||bk|.
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It is therefore clear that ST ∈ L1(H) and ‖ST‖L1(H) ≤ ‖S‖L1(H)‖T‖. Sim-
ilarly we can prove that ‖TS‖L1(H) ≤ ‖S‖L1(H)‖T‖.

(ii) From part (i) it follows that

Tr(ST ) =
∞∑
k=1

〈bk, T ∗ak〉 =
∞∑
k=1

〈Tbk, ak〉.

In the same way Tr (TS) =
∞∑
k=1

〈ak, T bk〉, and the conclusion follows.

We say that R ∈ L(H) is of Hilbert-Schmidt class if there exists an
orthonormal and complete basis (ek) in H such that

∞∑
k,j=1

|〈Sek, ej〉|2 < +∞. (1.1.3)

If (1.1.3) holds then we have

∞∑
k=1

|Sek|2 =
∞∑

k,j=1

|〈Sek, ej〉|2 =
∞∑

k,j=1

|〈ek, S∗ej〉|2 =
∞∑
j=1

|S∗ej |2. (1.1.4)

Now if (fk) is another complete orthonormal basis in H, we have

∞∑
m=1

|Sfm|2 =
∞∑

m,n=1

|〈Sfm, en〉|2 =
∞∑

m,n=1

|〈fm, S∗en〉|2 =
∞∑
n=1

|S∗en|2.

Thus, by (1.1.4) we see that the assertion (1.1.3) is independent of the choice
of the complete orthonormal basis (ek). We shall denote by L2(H) the space
of all Hilbert-Schmidt operators on H. L2(H), endowed with the norm

‖S‖2L2(H)
=

∞∑
k,j=1

|〈Sek, ej〉|2 =
∞∑
k=1

|Sek|2,

is a Banach space.

Proposition 1.1.2 Let S, T ∈ L2(H). Then ST ∈ L1(H) and

‖ST‖L1(H) ≤ ‖S‖L2(H)‖T‖L2(H). (1.1.5)
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Proof. Let (ek) be a complete and orthonormal basis in H, then

Ty =
∞∑
k=1

〈Ty, ek〉ek =
∞∑
k=1

〈y, T ∗ek〉ek,

STy =
∞∑
k=1

〈y, T ∗ek〉Sek.

Consequently ST ∈ L1(H) and

‖ST‖L1(H) ≤
∞∑
k=1

|T ∗ek| |Sek| ≤
( ∞∑
k=1

|T ∗ek|2
)1/2( ∞∑

k=1

|Sek|2
)1/2

= ‖T‖L2(H)‖S‖L2(H).

Therefore the conclusion follows.
Warning. If S and T are bounded operators, and ST is of trace class

then in general TS is not, as the following example, provided by S. Peszat
[183], shows.

Define two linear operators S and T on the product space H ×H, by

S =
(

0 A
B 0

)
, T =

(
I 0
0 0

)
.

Then

ST =
(

0 0
B 0

)
, TS =

(
0 A
0 0

)
,

and it is enough to take B of trace class and A not of trace class.
We have also the following result, see e.g. A. Pietsch [187].

Proposition 1.1.3 Assume that S is a compact self-adjoint operator, and
that (λk) are its eigenvalues (repeated according to their multiplicity).

(i) S ∈ L1(H) if and only if
∞∑
k=1

|λk| < +∞.Moreover ‖S‖L1(H) =
∞∑
k=1

|λk|,

and Tr S =
∞∑
k=1

λk.

(ii) S ∈ L2(H) if and only if
∞∑
k=1

|λk|2 < +∞. Moreover

‖S‖L2(H) =

( ∞∑
k=1

|λk|2
)1/2

.
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More generally let S be a compact operator on H. Denote by (λk)
the sequence of all positive eigenvalues of the operator (S∗S)1/2, repeated
according to their multiplicity. Denote by Lp(H), p > 0, the set of all
operators S such that

‖S‖Lp(H) =
( ∞∑

k=1

λpk

)1/p
< +∞. (1.1.6)

Operators belonging to L1(H) and L2(H) are precisely the trace class and
the Hilbert-Schmidt operators.

The following result holds, see N. Dunford and J. T. Schwartz [107].

Proposition 1.1.4 Let S ∈ Lp(H), T ∈ Lq(H) with p > 0, q > 0. Then
ST ∈ Lr(H) with 1

r = 1
p +

1
q , and

‖TS‖Lr(H) ≤ 21/r‖S‖Lp(H)‖T‖Lq(H). (1.1.7)

1.2 Definition and first properties of Gaussian mea-
sures

1.2.1 Measures in metric spaces

If E is a metric space, then B(E) will denote the Borel σ-algebra, that is the
smallest σ-algebra of subsets of E which contains all closed (open) subsets
of E.

Let metric spaces E1, E2 be equipped with σ-fields E1, E2 respectively.
Measurable mappings X : E1 → E2 will often be called random variables.
If µ is a measure on (E1, E1), then its image by the transformation X will
be denoted by X ◦ µ :

X ◦ µ(A) = µ(X−1(A)), A ∈ E2.

We call X ◦ µ the law or the distribution of X, and we set X ◦ µ = L(X).
If ν and µ are two finite measures on (E, E) such that Γ ∈ E , µ(Γ) = 0

implies ν(Γ) = 0 then one writes ν << µ and one says that ν is absolutely
continuous with respect to µ. If there exist A,B ∈ E such that A ∩ B = ∅,
µ(A) = ν(B) = 1, one says that µ and ν are singular.

If ν << µ then by the Radon-Nikodým theorem there exists g ∈ L1(E, E , µ)
nonnegative such that

ν(Γ) =
∫
Γ
g(x)µ(dx), Γ ∈ E .
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The function g is denoted by dν
dµ .

If ν << µ and µ << ν then one says that µ and ν are equivalent and
writes µ ∼ ν.

We have the following change of variable formula. If ϕ is a nonnegative
measurable real function on E2, then∫

E1

ϕ(X(x))µ(dx) =
∫
E2

ϕ(y)X ◦ µ(dy). (1.2.1)

Let µ and ν be two measures on a separable Hilbert space H; if T ◦µ = T ◦ν
for any linear operator T : H → R

n, n ∈ N, then µ = ν.

Random variables X1, . . . , Xn are said to be independent if

L(X1, . . . , Xn) = L(X1)× · · · × L(Xn).

A family of random variables (Xα)α∈A is said to be independent, if any finite
subset of the family is independent.

Probability measures on a separable Hilbert space H will always be re-
garded as defined on B(H). If µ is a probability measure on H, then its
Fourier transform is defined by

µ̂(λ) =
∫
H
ei〈λ,x〉µ(dx), λ ∈ H;

µ̂ is called the characteristic function of µ. One can show that if the char-
acteristic functions of two measures are identical, then the measures are
identical as well.

1.2.2 Gaussian measures

We first define Gaussian measures on R. If a ∈ R we set

Na,0(dx) = δa(dx),

where δa is the Dirac measure at a. If moreover λ > 0 we set

Na,λ(dx) =
1√
2πλ

e−
(x−a)2

2λ dx.

The Fourier transform of Na,λ is given by

N̂a,λ(h) =
∫

R

eihxNa,λ(dx) = eiah−
1
2
λh2

, h ∈ R.
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More generally we show now that in an arbitrary separable Hilbert space
and for arbitrary Q ∈ L+1 (H) there exists a unique measure Na,Q such that

N̂a,λ(h) =
∫
H
ei〈h,x〉Na,Q(dx) = ei〈h,x〉−

1
2
〈Qh,h〉, h ∈ H.

Let in fact Q ∈ L+1 (H). Then there exist a complete orthonormal system
(ek) on H and a sequence of nonnegative numbers (λk) such that Qek =
λkek, k ∈ N. We set xh = 〈x, eh〉, h ∈ N, and Pnx =

∑n
k=1 xkek, x ∈ H, n ∈

N. Let us introduce an isomorphism γ from H into =2: (1)

x ∈ H → γ(x) = (xk) ∈ =2.

In the following we shall always identify H with =2. In particular we shall
write Pnx = (x1, ..., xn), x ∈ =2.

A subset I of H of the form I = {x ∈ H : (x1, ... , xn) ∈ B}, where
B ∈ B(Rn), is said to be cylindrical. It is easy to see that the σ-algebra
generated by all cylindrical subsets of H coincides with B(H).

Theorem 1.2.1 Let a ∈ H, Q ∈ L+1 (H). Then there exists a unique proba-
bility measure µ on (H,B(H)) such that∫

H
ei〈h,x〉µ(dx) = ei〈a,h〉e−

1
2
〈Qh,h〉, h ∈ H. (1.2.2)

Moreover µ is the restriction to H (identified with =2) of the product measure

∞×
k=1

µk =
∞×
k=1

Nak,λk ,

defined on (R∞,B(R∞)). (2)

We set µ = Na,Q, and call a the mean and Q the covariance operator of µ.
Moreover N0,Q will be denoted by NQ.
Proof of Theorem 1.2.1. Since a characteristic function uniquely deter-
mines the measure, we have only to prove existence.

Let us consider the sequence of Gaussian measures (µk) on R defined as

µk = Nak,λk , k ∈ N, and the product measure µ =
∞×
k=1

µk in R
∞, see e.g

1For any p ≥ 1, we denote by �p the Banach space of all sequences (xk) of real numbers
such that |x|p := (

∑∞
k=1 |xk|p)1/p < +∞.

2We shall consider R
∞ as a metric space with the distance d(x, y) :=∑∞

k=1 2
−k |xk−yk|

1+|xk−yk| , x, y ∈ R
∞
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P. R. Halmos [141, §38.B]. We want to prove that µ is concentrated on =2,
(that it is clearly a Borel subset of R

∞). For this it is enough to show that∫
!∞
|x|2!2 µ(dx) < +∞. (1.2.3)

We have in fact, by the monotone convergence theorem,∫
R∞

|x|2!2µ(dx) =
∞∑
k=1

∫
R∞

x2k µ(dx) =
∞∑
k=1

(∫
R

(xk − ak)2µk(dx) + a2k

)

=
∞∑
k=1

(λk + a2k) = Tr Q+ |a|2 < +∞.

Now we consider the restriction of µ to =2, which we still denote by µ. We
have to prove that (1.2.2) holds. Setting νn =

∏n
k=1 µk, we have∫

!2
ei〈x,h〉µ(dx) = lim

n→∞

∫
!2
ei〈Pnh,Pnx〉µ(dx)

= lim
n→∞

∫
Rn

ei〈Pnh,Pnx〉νn(dx) = lim
n→∞ ei〈Pnh,Pna〉−

1
2
〈QPnh,Pnh〉

= ei〈h,a〉−
1
2
〈Qh,h〉.

If the law of a random variable is a Gaussian measure, then the random
variable is called Gaussian. It easily follows from Theorem 1.2.1 that a
random variable X with values in H is Gaussian if and only if for any
h ∈ H the real valued random variable 〈h,X〉 is Gaussian.

Remark 1.2.2 From the proof of Theorem 1.2.1 it follows that∫
H
|x|2Na,Q(dx) = Tr Q+ |a|2. (1.2.4)

Proposition 1.2.3 Let T ∈ L(H), and a ∈ H, and let Γx = Tx+a, x ∈ H.
Then Γ ◦Nm,Q = NTm+a,TQT ∗ .

Proof. Notice that, by the change of variables formula (1.2.1), we have∫
H
ei〈λ,y〉Γ ◦Nm,Q(dy) =

∫
H
ei〈λ,Γx〉Nm,Q(dy)

=
∫
H
ei〈λ,Tx+a〉Nm,Q(dy) = ei〈λ,a〉ei〈T

∗λ,m〉− 1
2
〈QT ∗λ,T ∗λ〉.

This shows the result.
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1.2.3 Computation of some Gaussian integrals

We are here given a Gaussian measure Na,Q. We set

L2(H,Na,Q) = L2(H,B(H), Na,Q).

The following identities can be easily proved, using (1.2.2).

Proposition 1.2.4 We have ∫
H
xNa,Q(dx) = a, (1.2.5)∫

H
〈x− a, y〉〈x− a, z〉Na,Q(dx) = 〈Qy, z〉. (1.2.6)∫

H
|x− a|2Na,Q(dx) = Tr Q. (1.2.7)

Proof. We prove as instance (1.2.6). We have∫
H
xNa,Q(dx) = lim

n→∞

∫
H
PnxNa,Q(dx).

But ∫
H
PnxNa,Q(dx) = (2π)−n/2

n∏
k=1

∫
R

xkλ
−1/2
k e

− (xk−ak)2

2λk dxk = ak,

and the conclusion follows.

Proposition 1.2.5 For any h ∈ H, the exponential function Eh, defined as

Eh(x) = e〈h,x〉, x ∈ H,

belongs to Lp(H,Na,Q), p ≥ 1, and∫
H
e〈h,x〉Na,Q(dx) = e〈a,h〉e

1
2
〈Qh,h〉. (1.2.8)

Moreover the subspace of L2(H,Na,Q) spanned by all Eh, h ∈ H, is dense
on L2(H,Na,Q).

Proof. We have∫
H
e〈Pnh,Pnx〉Na,Q(dx) = e〈Pna,Pnh〉e

1
2
〈QPnh,Pnh〉.
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Letting n tend to 0 this gives (1.2.8).
Let us prove the last statement. Let ϕ ∈ L2(H,Na,Q) be such that∫

H
e〈h,x〉ϕ(x)Na,Q(dx) = 0, h ∈ H.

Denote by ϕ+ and ϕ− the positive and negative parts of ϕ. Then∫
H
e〈h,x〉ϕ+(x)Na,Q(dx) =

∫
H
e〈h,x〉ϕ−(x)Na,Q(dx), h ∈ H.

Let us define two measures

µ(dx) = ϕ+(x)Na,Q(dx), ν(dx) = ϕ−(x)Na,Q(dx).

Then µ and ν are finite measures such that∫
H
e〈h,x〉µ(dx) =

∫
H
e〈h,x〉ν(dx), h ∈ H.

Let T be any linear transformation from H into R
n, n ∈ N. Then for any

λ ∈ R
n∫

Rn

e〈λ,z〉T ◦ µ(dz) =
∫
H
e〈λ,Tx〉µ(dx) =

∫
H
e〈T

∗λ,〉>µ(dx)

=
∫
H
e〈T

∗λ,x〉ν(dx) =
∫

Rn

e〈λ,z〉T ◦ ν(dz).

By a well known finite dimensional result T ◦ µ = T ◦ ν. Consequently
measures µ and ν are identical and so ϕ = 0.

1.2.4 The reproducing kernel

Here we are given an operator Q ∈ L+1 (H). We denote as before by (ek)
a complete orthonormal system in H and by (λk) a sequence of positive
numbers such that Qek = λkek, k ∈ N.

The subspace Q1/2(H) is called the reproducing kernel of the measure
NQ. If Ker Q = {0}, Q1/2(H) is dense on H. In fact, if x0 ∈ H is such that
〈Q1/2h, x0〉 = 0 for all h ∈ H, we have Q1/2x0 = 0 and so Qx0 = 0, which
yields x0 = 0.

Let Ker Q = {0}. We are now going to introduce an isomorphism W
from H into L2(H,NQ) that will play an important rôle in the following.
The isomorphism W is defined by

f ∈ Q1/2(H)→Wf ∈ L2(H,NQ), Wf (x) = 〈Q−1/2f, x〉, x ∈ H.
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By (1.2.7) it follows that∫
H
Wf (x)Wg(x)NQ(dx) = 〈f, g〉, f, g ∈ H.

Thus W is an isometry and it can be uniquely extended to all of H. It will
be denoted by the same symbol. For any f ∈ H, Wf is a real Gaussian
random variable N|f |2 .

More generally, for arbitrary elements f1, ..., fn, (Wf1 , ...,Wfn) is a Gaus-
sian vector with mean 0 and covariance matrix (〈fi, fj〉). If Ker Q �= {0}
then the trasformation f →Wf can be defined in exactly the same way but
only for f ∈ H0 = Q1/2(H). We will write in some cases 〈Q−1/2y, f〉 instead
of Wf (y).

The proof of the following proposition is left as an exercise to the reader.

Proposition 1.2.6 For any orthonormal sequence (fn) in H, the family

1, Wfn , WfkWfl , 2
−1/2 (W 2

fm − 1
)
, m, n, k, l ∈ N, k �= l,

is orthonormal in L2(H,NQ).

Next we consider the function f → eWf .

Proposition 1.2.7 The transformation f → eWf acts continuously from H
into L2(H,NQ), and∫

H
eWf (x)NQ(dx) = e

1
2
|f |2 ,

∫
H
ei λWf (x)NQ(dx) = e−

1
2
λ2|f |2 , λ ∈ R.

(1.2.9)

Proof. Since Wf is Gaussian with law N0,|f |2 , (1.2.9) follows. Moreover,
taking into account (1.2.8) it follows that∫

H

[
eWf − eWg

]2
dNQ =

∫
H

[
e2Wf − 2eWf+g + e2Wg

]
dNQ

= e2|f |
2 − 2e

1
2
|f+g|2 + e2|g|

2
=
[
e|f |

2 − e|g|
2
]2

+ 2e|f |
2+|g|2

[
1− e−

1
2
|f−g|2

]
,

which shows that Wf is locally uniformly continuous on H.
Let us define the determinant of 1+S where S is a compact self-adjoint

operator in L1(H) :

det (1 + S) =
∞∏
k=1

(1 + sk),
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where (sk) is the sequence of eigenvalues of S (repeated according to their
multiplicity).

Proposition 1.2.8 Assume that M is a symmetric operator such that
Q1/2MQ1/2 < 1, (3) and let b ∈ H. Then∫

H
exp

{
1
2
〈My, y〉+ 〈b, y〉

}
NQ(dy)

=
[
det(1−Q1/2MQ1/2)

]−1/2
exp

{
1
2
|(1−Q1/2MQ1/2)−1/2Q1/2b|2

}
.

(1.2.10)

Proof. Let (gn) be an orthonormal basis for the operator Q1/2MQ1/2, and
let (γn) be the sequence of the corresponding eigenvalues.

Claim 1. We have

〈b, x〉 =
∞∑
k=1

〈Q1/2b, gn〉Wgn(x), NQ-a.e.

Claim 2. We have

〈Mx, x〉 =
∞∑
n=1

γn|Wgn(x)|2, NQ-a.e,

the series being convergent in L1(H,NQ).
We shall only prove the more difficult second claim.
Let PN =

∑N
k=1 ek ⊗ ek. (4) Then for any x ∈ H we have

〈MPNx, PNx〉 = 〈(Q1/2MQ1/2)Q−1/2PNx,Q−1/2PNx〉

=
∞∑
n=1

〈(Q1/2MQ1/2)Q−1/2PNx, gn〉〈Q−1/2PNx, gn〉

=
∞∑
n=1

γn|〈Q−1/2PNx, gn〉|2.

Consequently, for each fixed x

〈MPNx, PNx〉 =
∞∑
n=1

γn|WPNgn |2, N ∈ N.

3This means that 〈Q1/2MQ1/2x, x〉 < |x|2 for any x ∈ H different from 0.
4We rember that (ek) is the sequence of eigenvectors of Q.
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Moreover for each L ∈ N∫
H

∣∣∣∣∣〈MPNx, PNx〉 −
L∑

n=1

γn|WPNgn |2
∣∣∣∣∣NQ(dx)

≤
∞∑

n=L+1

|γn|
∫
H
|WPNgn |2NQ(dx)

=
∞∑

n=L+1

|γn| |PNgn|2 ≤
∞∑

n=L+1

|γn|.

As N → ∞ then PNx → x and WPNgn → Wgn in L2(H,NQ). Passing to
subsequences if needed, and using the Fatou lemma, we see that∫

H

∣∣∣∣∣〈Mx, x〉 −
L∑

n=1

γn|Wgn |2
∣∣∣∣∣NQ(dx) ≤

∞∑
n=L+1

|γn|.

Therefore the claim is proved.
By the claims it follows that

exp
{
1
2
〈Mx, x〉+ 〈b, x〉

}

= lim
L→∞

exp

{
L∑

n=1

1
2
γn|Wgn(x)|2 + 〈Q1/2b, gn〉Wgn(x)

}
,

with a.e. convergence with respect to NQ for a suitable subsequence. Using
the fact that (Wgn) are independent Gaussian random variables, we obtain,
by a direct calculation, for p ≥ 1,∫

H

exp

{
p

L∑
n=1

1
2
γn|Wgn(x)|2 + p〈Q1/2b, gn〉Wgn(x)

}
NQ(dx)

=

[
L∏

n=1

(1− pγn)

]−1/2
exp

{
1
2

∞∑
n=1

|〈Q1/2b, gn〉|2
1− pγn

}
.
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Since γn < 1, and
∑∞

n=1 |γn| <∞, there exists p > 1 such that pγn < 1, for
all n ∈ N. Therefore

lim
L→∞

L∏
n=1

(1− pγn)−1/2 exp

{
1
2
|〈Q1/2b, gn〉|2

1− pγn

}

=

[ ∞∏
n=1

(1− pγn)

]−1/2
exp

{
1
2

∞∑
n=1

|〈Q1/2b, gn〉|2
1− pγn

}
.

So the sequence

(
exp

{
L∑

n=1

[
1
2
γn|Wgn(x)|2 + 〈Q1/2b, gn〉Wgn(x)

]})
is uni-

formly integrable. Consequently, passing to the limit, we find

∫
H
exp {1/2 〈My, y〉+ 〈b, y〉}NQ(dy)

= lim
L→∞

∫
H

exp

{
L∑

n=1

[
1/2 γn|Wgn(x)|2 + 〈Q1/2b, gn〉Wgn(x)

]}
NQ(dx)

= lim
L→∞

L∏
n=1

(1− γn)−1/2 exp

{
1
2
|〈Q1/2b, gn〉|2

1− γn

}

=
∞∏
n=1

(1− γn)−1/2 exp

{
1
2
|〈Q1/2b, gn〉|2

1− γn

}

=
(
det(1−Q1/2MQ1/2)

)−1/2
exp

{
1
2
|(1−Q1/2MQ1/2)−1/2Q1/2b|2

}
.

Remark 1.2.9 It follows from the proof of the proposition that

〈Mx, x〉 =
∞∑
k=1

γnW
2
gn(x) =

√
2

∞∑
k=1

γn

[
2−1/2(W 2

gn(x)− 1)
]
+

∞∑
k=1

γn,
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and so, by Proposition 1.2.6, we have

∫
H
[〈Mx, x〉]2NQ(dx) = 2

∞∑
k=1

γ2n +

( ∞∑
k=1

γn

)2

= 2‖Q1/2MQ1/2‖2L2(H)
+ (Tr Q1/2MQ1/2)2

< +∞.

Proposition 1.2.10 Let T ∈ L1(H). Then there exists the limit

〈TQ−1/2y,Q−1/2y〉 := lim
n→∞〈TQ

−1/2Pny,Q−1/2Pny〉, NQ-a.e.,

where Pn =
∑n

k=1 ek ⊗ ek.

Moreover we have the following expansion in L2(H,NQ):

〈TQ−1/2y,Q−1/2y〉 =
∞∑
n=1

〈Tgn, gn〉+
∞∑

m	=n=1
〈Tgn, gm〉WgnWgm

×
√
2

∞∑
n=1

〈Tgn, gn〉
[
2−1/2

(
W 2

gn − 1
)]
. (1.2.11)

The proof of the following result is similar to that of Claim 2 in the proof
of Proposition 1.2.8 and it is left to the reader.

Proposition 1.2.11 Assume that M is a symmetric trace-class operator
such that M < 1, (5) and b ∈ H. Then∫

H
exp

{
1/2 〈MQ−1/2y,Q−1/2y〉+ 〈b,Q−1/2y〉

}
NQ(dy)

= (det(1−M))−1/2 e
1
2
|(1−M)−1/2b|2 . (1.2.12)

1.3 Absolute continuity of Gaussian measures

We consider here two Gaussian measures µ, ν.We want to prove the Feldman-
Hajek theorem , that is they are either singular or equivalent.

5That is 〈Mx, x〉 < |x|2 for all x �= 0.
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In §1.3.1 we recall some results on equivalence of measures on R
∞ in-

cluding the Kakutani theorem. In §1.3.2 we consider the case when µ = NQ

and ν = Na,Q with Q ∈ L+1 (H) and a ∈ H, proving the Cameron-Martin
formula. Finally in §1.3.3 we consider the more difficult case when µ = NQ

and ν = NR with Q,R ∈ L+1 (H).

1.3.1 Equivalence of product measures in R
∞

It is convenient to introduce the notion of Hellinger integral.
Let µ, ν be probability measures on a measurable space (E, E). Then

λ = 1
2(µ+ ν) is also a probability measure on (E, E) and we have obviously

µ << λ, ν << λ.

We define the Hellinger integral by

H(µ, ν) =
∫
E

[
dµ

dλ
(x)

dν

dλ
(x)

]1/2
λ(dx).

Instead of 12(µ+ν) one could choose as λ any measure equivalent to 1
2(µ+ν)

without changing the value of H(µ, ν).
By using Hölder’s inequality we see that

|H(µ, ν)|2 ≤
∫
E

dµ

dλ
(x)λ(dx)

∫
E

dν

dλ
(x)λ(dx) = 1,

so that 0 ≤ H(µ, ν) ≤ 1.

Exercise 1.3.1 (a) Let µ = Nq and ν = Na,q, where a ∈ R and q > 0.
Show that we have

H(µ, ν) = e
−a2

4q . (1.3.1)

(b) Let µ = Nq and ν = Nρ, where q, ρ > 0. Show that we have

H(µ, ν) =
[

4qρ
(q + ρ)2

]1/4
. (1.3.2)

Proposition 1.3.2 Assume that H(µ, ν) = 0. Then the measures µ and ν
are singular.
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Proof. Set α = dµ
dλ , β = dν

dλ . Since H(µ, ν) =
∫
Ω

√
αβ dλ = 0, we have

αβ = 0, λ-a.e. Consequently, setting

A = {ω ∈ Ω : α(ω) = 0} , B = {ω ∈ Ω : β(ω) = 0} ,

we have λ(A ∪ B) = 1. This means that λ(C) = 0 where C = Ω\(A ∪ B),
and hence µ(C) = ν(C) = 0. Then, as

µ(A) =
∫
A
α dλ = 0, ν(B) =

∫
B
β dλ = 0,

we have that µ and ν are singular since

µ(A ∪ C) = ν(B) = 0, (A ∪ C) ∩B = ∅.

Proposition 1.3.3 Let G ⊂ E be a σ-algebra, and let µG and νG be the
restrictions of µ and ν to (E,G). Then we have H(µ, ν) ≤ H(µG , νG).

Proof. Let λG be the restriction of λ to (E,G). It is easy to check that

dµG
dλG

= Eλ

(
dµ

dλ

∣∣∣G) dνG
dλG

= Eλ

(
dν

dλ

∣∣∣G) , λ-a.e.(6)

Consequently we have (7)

H(µG , νG) =
∫
E

[
Eλ

(
dµ

dλ

∣∣∣G)Eλ

(
dν

dλ

∣∣∣G)]1/2 dλ.
Since λ-a.e. [

dµ
dλ

dν
dλ

]1/2
[
Eλ

(
dµ
dλ |G

)
Eλ

(
dν
dλ |G

)]1/2 ≤ 1
2

 dµ
dλ

Eλ

(
dµ
dλ |G

) +
dν
dλ

Eλ

(
dν
dλ |G

)
 ,

taking conditional expectations of both sides one finds, λ-a.e.,[
Eλ

(
dµ

dλ

∣∣∣G) Eλ

(
dν

dλ

∣∣∣G)]1/2 ≥ Eλ

((
dµ

dλ

)1/2 (dν
dλ

)1/2 ∣∣∣G) . (1.3.3)

6Eλ(η|G) is the conditional expectation of the random variable η with respect to G and
measure λ.

7For positive numbers a, b, c, d,
√
ab
cd

≤ 1
2

(
a
c
+ b
d

)
.
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Integrating with respect to λ both sides of (1.3.3), the required result follows.

Now let us consider two sequences of measures (µk) and (νk) on (R,B(R))
such that νk ∼ µk for all k ∈ N. We set λk = 1

2(µk + νk), and we consider
the Hellinger integral

H(µk, νk) =
∫

R

[
dµk
dλk

(x)
dνk
dλk

(x)
]1/2

λk(dx), k ∈ N.

Remark 1.3.4 Since (µk) and (νk) are equivalent, we have

dµk
dλk

dνk
dλk

=
dµk
dλk

dνk
dµk

dµk
dλk

=
dνk
dµk

(
dµk
dλk

)2
.

Thus

H(µk, νk) =
∫

R

[
dνk
dµk

(x)
]1/2

µk(dx). (1.3.4)

We also consider the product measures on R
∞

µ =
∞∏
k=1

µk, ν =
∞∏
k=1

νk,

and the corresponding Hellinger integral H(µ, ν). As is easily checked we
have

H(µ, ν) =
∞∏
k=1

H(µk, νk).

Proposition 1.3.5 (Kakutani) If H(µ, ν) > 0 then µ and ν are equiva-
lent. Moreover

f(x) :=
dν

dµ
(x) =

∞∏
k=1

dνk
dµk

(xk), x ∈ R
∞, µ-a.e. (1.3.5)

Proof. We set

fn(x) =
n∏

k=1

dνk
dµk

(xk), x ∈ R
∞, n ∈ N.
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We are going to prove that the sequence (fn) is convergent on
L1(R∞,B(R∞), µ). Let m,n ∈ N, then we have∫

R∞

∣∣∣f1/2n+m(x)− f1/2n (x)
∣∣∣2 µ(dx)

=

∫
R∞

n∏
k=1

dνk
dµk

(xk)

∣∣∣∣∣
n+m∏
k=n+1

(
dνk
dµk

(xk)
)1/2

− 1

∣∣∣∣∣
2

µ(dx)

=
n∏

k=1

∫
R∞

dνk
dµk

(xk)µ(dx)

∫
R∞

∣∣∣∣∣
n+m∏
k=n+1

(
dνk
dµk

(xk)
)1/2

− 1

∣∣∣∣∣
2

µ(dx).

Consequently∫
R∞

|f1/2n+p(x)− f1/2n (x)|2µ(dx)

=

∫
R∞

[
n+p∏

k=n+1

dνk
dµk

(xk)− 2
n+p∏

k=n+1

(
dνk
dµk

(xk)
)1/2

+ 1

]
µ(dx)

= 2

1−
n+p∏

k=n+1

∫
R

(
dνk
dµk

(xk)
)1/2

µk(dxk)


= 2

(
1−

n+p∏
k=n+1

H(µk, νk)

)
. (1.3.6)

On the other hand we know by assumption that

H(µ, ν) =
∞∏
k=1

H(µk, νk) > 0,

or, equivalently, that

− logH(µ, ν) = −
∞∑
k=1

log[H(µk, νk)] < +∞.
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Consequently, for any ε > 0 there exists nε ∈ N such that if n > nε and
p ∈ N, we have

−
n+p∑

k=n+1

log[H(µk, νk)] < ε.

By (1.3.6) if n > nε we have∫
R∞

|
√
fn+p −

√
fn|2dµ ≤ 2(1− e−ε).

Thus the sequence (f1/2n ) is convergent on L2(R∞,B(R∞), µ) to some func-
tion f1/2. Therefore fn → f in L1(R∞,B(R∞), µ).

Finally, we prove that ν << µ and f = dν
dµ . Let ϕ be a continuous

bounded Borel function on R
∞, and set ϕn(x) = ϕ(Pn(x)), x ∈ R

∞, where
Pnx = {x1, . . . , xn, 0, 0, . . . }. Then we have∫

R∞
ϕ(Pnx)ν(dx) =

∫
Rn

ϕ(Pnx) ν1(dx1) . . . νn(dxn)

=
∫

Rn

ϕ(Pnx)
dν1
dµ1

(x1) . . .
dνn
dµn

(xn) µ1(dx1) . . . µn(dxn)

=
∫

R∞
ϕ(Pnx)fn(x)µ(dx).

Letting n tend to infinity, we find∫
R∞

ϕ(x)ν(dx) =
∫

R∞
ϕ(x)f(x)µ(dx),

so that ν << µ. Finally, by exchanging the rôles of µ and ν, we find µ << ν.

1.3.2 The Cameron-Martin formula

We consider here the measures µ = Na,Q and ν = NQ, and for any a ∈
Q1/2(H) we set

ρa(x) = exp
{
−1
2
|Q−1/2a|2 + 〈Q−1/2a,Q−1/2x〉

}
, x ∈ H. (1.3.7)

Let us recall, see §1.2.4, that Wf (x) = 〈f,Q−1/2x〉 was defined for all f ∈
Q1/2(H). Since Q−1/2a ∈ Q1/2(H) the definition (1.3.7) is meaningful.
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Theorem 1.3.6 (i) If a ∈ Q1/2(H) then the measures µ and ν are equiva-
lent and

dµ

dν
(x) = ρa(x), x ∈ H. (1.3.8)

(ii) If a /∈ Q1/2(H) then the measures µ and ν are singular.

Proof. To prove (i) it is enough to show that for any real function ϕ in H
bounded and Borel we have∫

H
ϕ(x)Na,Q(dx) =

∫
H
ϕ(x)ρa(x)NQ(dx). (1.3.9)

It is enough to show (1.3.9) for ϕ = Eh, h ∈ H. In this case we have in
fact ∫

H
Eh(x)Na,Q(dx) = e〈a,h〉+

1
2
〈Qh,h〉,

and∫
H
Ea(x)ρa(x)NQ(dx)

= exp
{
−1
2
|Q−1/2a|2

} ∫
H
exp

{
〈h, x〉+ 〈Q−1/2a,Q−1/2x〉

}
NQ(dx)

= exp
{
〈a, h〉+ 1

2
〈Qh, h〉

}
.

Therefore (i) is proved. Let us prove (ii). By identifying as before H with
=2 we can write

µ =
∞∏
k=1

Nλk , ν =
∞∏
k=1

Nak,λk .

Then by (1.3.1) we can compute the Hellinger integral H(µ, ν) :

H(µ, ν) =
∞∏
k=1

e
− a2k

4λk .

Now if a /∈ Q1/2(H) we have H(µ, ν) = 0.
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1.3.3 The Feldman-Hajek theorem

We consider here two linear operators Q,R ∈ L+1 (H) such that

Ker Q = Ker R = {0},

and set µ = NQ and ν = NR. We denote by (ek) a complete orthonormal
system in H such that Qek = λkek, k ∈ N, where (λk) is the sequence of
eigenvalues of Q. We set xk = 〈x, ek〉, x ∈ H, k ∈ N.

The following result is a consequence of the general theorem 1.3.9. We
prefer however to prove it directly.

Theorem 1.3.7 Assume that Q and R commute and that for a sequence of
positive numbers (ρk) we have Rek = ρkek, k ∈ N.

(i) If
∞∑
k=1

(λk − ρk)2

(λk + ρk)2
< +∞, µ and ν are equivalent and we have

dν

dµ
(x) =

∞∏
k=1

exp
{
−(λk − ρk)x2k

2λkρk

}
. (1.3.10)

(ii) If
∞∑
k=1

(λk − ρk)2

(λk + ρk)2
= +∞, µ and ν are singular.

Proof. Let us compute the Hellinger integralH(µ, ν) =
∞∏
k=1

H(µk, νk), where

µk = Nλk , νk = Nρk . By (1.3.2) we have H(µ, ν) =
∏∞

k=1

[
4λkρk

(λk+ρk)2

]1/4
,

therefore the conclusion follows from Propositions 1.3.2 and 1.3.5.

Example 1.3.8 (i) Let R = αQ, for some α > 0 different from 1. Then µ
and ν are singular.

(ii) Let λk = 1
k2 , ρk = 1

k2 + 1
k3 , k ∈ N. Then µ and ν are equivalent.

Theorem 1.3.9 Assume that µ and ν are not singular. Then there exists
a symmetric Hilbert-Schmidt operator S such that R = Q1/2(1− S)Q1/2.

Proof. Since µ and ν are not singular we have H(µ, ν) =: δ > 0 by Propo-
sition 1.3.2. Let us consider the mapping:

γn : H → R
n, x→

(
x1√
λ1
, . . . ,

xn√
λn

)
.
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Set µ̃n = γn◦µ, and ν̃n = γn◦ν. Then µ̃n and ν̃n are Gaussian measures with
mean 0 and covariance operators γnQγ∗n and γnRγ

∗
n respectively. Moreover

γ∗n : R
n → H, (ξ1, . . . , ξn)→

n∑
k=1

ξkek√
λk
.

It follows γnQγ∗n = In, where In is the identity in R
n, and for Tn = γnRγ

∗
n,

(Tn)h,k =
〈Reh, ek〉√

λhλk
, h, k = 1, . . . , n.

Let Gn be the mimimal σ-field such that x1, . . . , xn are measurable. Then
by Proposition 1.3.3 we have 0 < δ ≤ H(µ, ν) ≤ H(µ̃n, ν̃n). Now, by an
elementary computation, we find

δ2 ≤ H2(µ̃n, ν̃n) = det

[
2T 1/2n

1 + Tn

]
=

n∏
j=1

2
θ
1/2
n,j

1 + θn,j
,

where θn,j , j = 1, . . . , n, are the eigenvalues of Tn. Consequently
n∑

j=1

[
2 log

(
1 + θn,i

2

)
− log θn,j

]
= −4 logH(µ̃nν̃n) ≤ −4 log δ.

Moreover, since ‖Tn‖ ≤ ‖1 +R‖, there exists c > 0 such that

2 log
1 + x

2
− log x ≥ c(1− x)2, x > 0, and 0 < x < ‖1 +R‖,

we have
n∑

j=1

(1− θn,j)2 ≤ −4 log δ. By the arbitrariness of n we infer

∞∑
j=1

(1− θn,j)2 ≤ −4 log δ. (1.3.11)

Now we can conclude the proof. Set in fact

T =
∞∑

i,j=1

〈Rei, ej〉√
λiλj

ei ⊗ ej ,

and S = 1− T. Then S is of Hilbert-Schmidt class. Moreover

Q1/2TQ1/2ei = Rei, i ∈ N,

so that R = Q1/2TQ1/2 as required.
We now prove a converse of Theorem 1.3.9.
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Theorem 1.3.10 Assume that there exists S ∈ L(H) symmetric and of
Hilbert-Schmidt class such that R = Q1/2(1 − S)Q1/2. Then µ and ν are
equivalent.

Proof. Let (gk) be a complete orthonormal system that diagonalizes 1+S,
that is (1 + S)gk = τkgk, k ∈ N, where (τk) are the eigenvalues of 1 + S.

Let us consider two measures µ̂ and ν̂ on R
∞

µ̂ =
∞∏
k=1

N1, ν̂ =
∞∏
k=1

Nτk ,

and the mapping ψ

ψ : R
∞ → H, c = (ck)→ ψ(c) =

∞∑
k=1

ckQ
1/2gk,

with value 0 if the series is not convergent inH. Then we have µ = ψ◦µ̂, ν =
ψ ◦ ν̂. Moreover, by Proposition 1.3.5 µ̂ and ν̂ are equivalent since

H(µ̂, ν̂) =
∞∏
k=1

[
4τk

(1 + τk)2

]
> 0,

and so µ and ν are equivalent as well.
Assume that µ = NQ and ν = NR are equivalent. Then we know by

Theorem 1.3.9 that there exists S ∈ L2(H) such that R = Q1/2(1− S)Q1/2.
If S ∈ L+1 (H) we can give a simple formula for the density dν/dµ.

Proposition 1.3.11 Let Q,R ∈ L+1 (H) and R = Q1/2(1 − S)Q1/2 with
S ∈ L1(H) and S < 1. Then µ = NQ and ν = NR are equivalent and

dν

dµ
(x) = [det(1− S)]−1/2 exp

{
−1
2
〈S(1− S)−1Q−1/2x,Q−1/2x〉

}
, x ∈ H.

(1.3.12)

Proof. We set

ρ(x) = [det(1− S)]−1/2 exp
{
−1
2
〈S(1− S)−1Q−1/2x,Q−1/2x〉

}
, x ∈ H,

and prove that the characteristic function of the measure ζ : ζ(dx) =
ρ(x)µ(dx) coincide with that of ν. In fact, by applying a slight modifica-
tion of Proposition 1.2.8 with M = −Q−1/2S(1 − S)−1Q−1/2, b = ih, we
find ∫

H
ei〈h,x〉ρ(x)µ(dx) = exp

{
−1
2
|(1− S)1/2Q1/2h|2

}
.
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Since
|(1− S)1/2Q1/2h|2 = 〈Q1/2(1− S)Q1/2h〉 = 〈Rh, h〉,

we have ∫
H
ei〉h,x〉ρ(x)µ(dx) = exp

{
−1
2
〈Rh, h〉

}
,

as required.

1.4 Brownian motion

Let (Ω,F ,P) be a probability space. A family of real random variables
X = (X(t))t≥0 is called a real stochastic process in [0,+∞). The stochastic
process X is said to be continuous if the function X(·)(ω) is continuous
P-a.s.

A real Brownian motion B is a continuous real stochastic process in
[0,+∞) such that

(i) B(0) = 0 and if 0 ≤ s < t, B(t) − B(s) is a real Gaussian random
variable with law Nt−s,

(ii) if n ∈ N and 0 < t1 < · · · < tn, the random variables

B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1)

are independent.

We are now going to construct a Brownian motion. To this purpose, let
us consider the probability space (H,B(H), µ), where H = L2(0,+∞), and
µ = NQ, where Q is any operator in L+1 (H) such that Ker Q = {0}.

Theorem 1.4.1 Let B(t) = Wχ[0,t]
, t ≥ 0, where χ[0,t] is the character-

istic function of the interval [0, t]. Then B is a real Brownian motion on
(H,B(H), µ). (8 )

Proof. Clearly B(0) = 0. Since for t > s,

B(t)−B(s) =Wχ[0,t]
−Wχ[0,s]

=Wχ(s,t]
,

we have that B(t) − B(s) is a real Gaussian random variable Nt−s and (i)
is proved. Let us prove (ii). Since the system of elements of H,

(χ[0,t1], χ(t1,t2], . . . , χ(tn−1,tn]),

8More precisely B has a modification which is a continuous path Brownian motion.
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is orthogonal, we see that the random variables

B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1)

are independent. Thus (ii) is proved.
It remains to show the continuity of B. For this we shall use the so called

factorization method, see [93], based on the following elementary identity:∫ t

s
(t− σ)α−1(σ − s)−αdσ =

π

sinπα
, 0 ≤ s ≤ σ ≤ t ≤ 1, (1.4.1)

where α ∈ (0, 1).
From now on we take α < 1/2. Then identity (1.4.1) can be written as

χ
[0,t]

(s) =
sinπα
π

∫ t

0
(t− σ)α−1χ

[0,σ]
(s)(σ − s)−αdσ, t, s ∈ [0,+∞).

We can also write

χ
[0,t]

=
sinπα
π

∫ t

0
(t− σ)α−1gσdσ, (1.4.2)

where gσ(s) = χ
[0,σ]

(s)(σ − s)−α. Since α < 1/2, gσ ∈ H and |gσ|2 = σ1−2α

1−2α .
We note that the integral in (1.4.2) is a Riemann integral of the H-valued
function (t−σ)α−1gσ. Using the fact that the mapping H → L2(H,µ), f →
Wf , is continuous, we obtain the following representation formula for B:

B(t) =
sinπα
π

∫ t

0
(t− σ)α−1Wgσdσ. (1.4.3)

Now it is enough to prove that if m > 1/(2α), then Wg(·)(x) ∈ L2m(0, T )
for µ-almost all x ∈ H and for any T > 0; in fact this implies that B is
continuous by the elementary Lemma 1.4.2 below.

To show summability of Wg(·)(x), we notice that, since Wgσ is a real
Gaussian random variable with law Nσ1−2α

1−2α

, we have∫
H
|Wgσ(x)|2mµ(dx) =

(2m)!
2mm!

(1− 2α)−mσm(1−2α). (1.4.4)

Since α < 1/2 we have, by the Fubini theorem,∫
H

[∫ T

0
|Wgσ(x)|2mdσ

]
µ(dx) =

∫ T

0

[∫
H
|Wgσ(x)|2mµ(dx)

]
dσ < +∞.

(1.4.5)

It follows thatWg·(x) ∈ L2m(0, T ) for µ-almost all x ∈ H and the conclusion
follows.
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Lemma 1.4.2 Let m > 1, α ∈ (1/(2m), 1) and f ∈ L2m(0, T ). Set

F (t) =
∫ t

0
(t− σ)α−1f(σ)dσ, t ∈ [0, 1].

Then F ∈ C([0, T ]).

Proof. Let t ∈ [0, T ], then by Hölder’s inequality we have (notice that
2mα− 1 > 0)

|F (t)| ≤
(∫ t

0
(t− σ)(α−1)

2m
2m−1dσ

) 2m−1
2m

|f |L2m(0,1). (1.4.6)

Therefore F ∈ L∞(0, 1). It remains to show continuity of F. Continuity
at 0 follows from (1.4.6). Let t0 ∈ (0, T ]. We are going to prove that F is
continuous on [ t02 , T ]. Let us set for ε <

t0
2 ,

Fε(t) =
∫ t−ε

0
(t− σ)α−1f(σ)dσ, t ∈ [0, 1].

Fε is obviously continuous on [ t02 , T ]. Moreover, using once again Hölder’s
inequality, we find

|F (t)− Fε(t)| ≤M

(
2m− 1
2mα− 1

) 2m−1
2m

εα−
1

2m |f |L2m(0,1).

Thus limε→0 Fε(t) = F (t), uniformly on [ t02 , T ], and F is continuous as
required.

Exercise 1.4.3 Prove that B(·)x is Hölder continuous with any exponent
β < 1/2 for almost all x ∈ H.
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Spaces of continuous
functions

In this chapter we deal with spaces of continuous functions on a separable
Hilbert space H (with norm | · | and inner product 〈·, ·〉). After some defi-
nitions in §2.1, we prove approximation results for continuous functions in
terms of smoother ones. When H is finite dimensional this kind of results
is usually proved with the help of convolutions. In the infinite dimensional
case, since a reference measure playing the rôle of the Lebesgue measure is
not available, we will use the so called inf-sup convolutions introduced by J.
M. Lasry and P. L. Lions [155], see §2.2.

Notice that in infinite dimensions some classical approximation results,
valid when the dimension of H is finite, fail. For instance the space of real
bounded functions of class C2 is not dense in the space of continuous and
bounded functions.

Finally, §2.3 is devoted to interpolation between space of continuous
functions .

2.1 Preliminary results

The basic space we will consider in this section is the space Cb(H) (resp.
UCb(H)), consisting of all mappings ϕ : H → R that are continuous (resp.
uniformly continuous) and bounded. As is easily checked Cb(H) (resp.
UCb(H)), endowed with the norm

‖ϕ‖0 = sup
x∈H

|ϕ(x)|, ϕ ∈ Cb(H),

is a Banach space.

30
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Remark 2.1.1 UCb(H) is not a separable space even if H = R. Here is
an example of an uncountable family of functions such that any pair of
functions of the family have distance greater than 1.

Fix a nonnegative function ρ ∈ C∞
0 (R) with support in [0, 1] and maxi-

mum equal to 1/2. For arbitrary sequences ε = (εk), with εk = 1 or −1, we
set

ϕε(x) =
∞∑
k=1

ρ(x+ k)εk.

Then if ε �= ε′ we have ‖ϕε − ϕε′‖0 ≥ 1.

We shall also consider the space Cb(H;E) (resp. UCb(H;E)), where E is
a Banach space, consisting of all mappings F : H → E that are continuous
(resp. uniformly continuous) and bounded. Cb(H;E) (resp. UCb(H;E)),
endowed with the norm

‖F‖0 = sup
x∈H

|F (x)|E , F ∈ UCb(H;E),

is a Banach space.
Let us define some important subspaces of Cb(H) (resp. UCb(H)).

(i) C1b (H) (resp. UC1b (H)) is the space of all continuous (resp. uniformly
continuous) and bounded functions ϕ : H → R which are Fréchet
differentiable on H with a continuous (resp. uniformly continuous)
and bounded derivative Dϕ. We set

[ϕ]1 := sup
x∈H

|Dϕ(x)|, ‖ϕ‖1 = ‖ϕ‖0 + [ϕ]1, ϕ ∈ C1b (H).

If ϕ ∈ C1b (H) and x ∈ H, we shall identify Dϕ(x) with the unique
element h of H such that

Dϕ(x)y = 〈h, y〉, y ∈ H.

(ii) C2b (H) (resp. UC2b (H)) is the subspace of UC1b (H) of all functions ϕ :
H → R which are twice Fréchet differentiable on H with a continuous
(resp. uniformly continuous) and bounded second derivative D2ϕ. We
set

[ϕ]2 := sup
x∈H

‖D2ϕ(x)‖, ‖ϕ‖2 := ‖ϕ‖1 + [ϕ]2, ϕ ∈ C2b (H).

If ϕ ∈ C2b (H) and x ∈ H, we shall identify D2ϕ(x) with the unique
linear operator T ∈ L(H) such that

Dϕ(x)(y, z) = 〈Ty, z〉, y, z ∈ H.
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(iii) For any k ∈ N, Ck
b (H) (resp. UCk

b (H)) is the subspace of UCb(H) of
all functions ϕ : H → R which are k times Fréchet differentiable on H
with continuous (resp. uniformly continuous) and bounded derivatives
Dhϕ with h less than or equal to k. We set

[ϕ]k := sup
x∈H

‖Dkϕ(x)‖, ‖ϕ‖k = ‖ϕ‖1 + [ϕ]2, ϕ ∈ Ck
b (H).

We set moreover

C∞
b (H) =

∞⋂
k=1

Ck
b (H).

(iv) C0,1b (H) is the subspace of UCb(H) of all Lipschitz continuous func-
tions. If ϕ ∈ C0,1b (H) we set

[ϕ]1 := sup
x,y∈H
x 	=y

|ϕ(x)− ϕ(y)|
|x− y| , ϕ ∈ C0,1b (H).

C0,1b (H) is a Banach space with the norm

‖ϕ‖1 := ‖ϕ‖0 + [ϕ]1, ϕ ∈ C0,1b (H).

(v) C1,1b (H) is the space of all functions ϕ ∈ C1b (H) such that Dϕ is
Lipschitz continuous. We set

[ϕ]1,1 := sup
x 	=y

|Dϕ(x)−Dϕ(y)|
|x− y| , ϕ ∈ C1,1b (H).

C1,1b (H) is a Banach space with the norm

‖ϕ‖1,1 = ‖f‖1 + [ϕ]1,1, ϕ ∈ C1,1b (H).

(vi) Cα
b (H), α ∈ (0, 1), is the subspace of Cb(H) of all functions ϕ : H → R

such that

[ϕ]1 := sup
x,y∈H
x 	=y

|ϕ(x)− ϕ(y)|
|x− y|α , ϕ ∈ C0,1b (H).

Cα
b (H) is a Banach space with the norm

‖ϕ‖α := ‖ϕ‖0 + [ϕ]α, ϕ ∈ Cα
b (H).
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(vii) C1,αb (H), α ∈ (0, 1), is the space of all functions ϕ ∈ C1b (H) such that
Df is α-Hölder continuous. We set

[ϕ]1,α := sup
x	=y

|Df(x)−Df(y)|
|x− y|α , ϕ ∈ C1,αb (H).

C1,αb (H) is a Banach space with the norm

‖ϕ‖1,α := ‖f‖1 + [ϕ]1,α, ϕ ∈ C1,αb (H).

(viii) C2,αb (H) α ∈ (0, 1), is the space of all functions ϕ ∈ C2b (H) such that
D2f is α-Hölder continuous. We set

[ϕ]2,α := sup
x 	=y

‖D2f(x)−D2f(y)‖
|x− y|α , ϕ ∈ C2,αb (H).

C2,αb (H) is a Banach space with the norm

‖ϕ‖2,α := ‖f‖1 + [ϕ]1,α, ϕ ∈ C2,αb (H).

2.2 Approximation of continuous functions

In this section we want to show that a given function ϕ ∈ UCb(H) can be
uniformly approximated by functions on UC1b (H). This fact can be easily
proved, using convolutions, when dim H < ∞. Let in fact ρ ∈ C∞

b (H) be
nonnegative, with compact support and such that

∫
H ρ(x)dx = 1. Then it

is easy to see that setting

ϕt(x) = t−n
∫
H
ρ

(
x− y

t

)
ϕ(y)dy, t > 0,

we have ϕt ∈ C∞
b (H) and limt→0 ‖ϕ− ϕt‖0=0.

If dim H = ∞, it was proved in 1954 by J. Kurtzweil [152] that there
exists a sequence (ϕε) ⊂ UCb(H)∩C∞(H) such that limε→0 supx∈H |ϕ(x)−
ϕε(x)| = 0. However in 1973 A. S. Nemirowski and S. M. Semenov [176]
proved that UC2b (H) is not dense in UCb(H), whereas UC1,1b (H) is.

We will give now a proof of this last result following J. M. Lasry and P.
L. Lions [155]. For any t > 0 and any ϕ ∈ UCb(H), we set ϕt = Vt/2Utϕ,
where U, V are defined by

Utϕ(x) = inf
y∈H

{
ϕ(y) +

|x− y|2
2t

}
= inf

y∈H

{
ϕ(x− y) +

|y|2
2t

}
(2.2.1)
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and

Vtϕ(x) = sup
y∈H

{
ϕ(y)− |x− y|2

2t

}
= sup

y∈H

{
ϕ(x− y)− |y|2

2t

}
. (2.2.2)

We set moreover

U0ϕ = V0ϕ = ϕ, ϕ ∈ UCb(H). (2.2.3)

Several properties of Ut and Vt are studied in Appendix C.
Note that

ϕt(x) = sup
z∈H

{
inf
y∈H

[
ϕ(y) +

|z − y|2
2t

]
− |z − x|2

t

}
. (2.2.4)

For any ϕ ∈ UCb(H) we define the uniform continuity modulus ωϕ of ϕ by
setting

ωϕ(t) = sup{|ϕ(x)− ϕ(y)| : x, y ∈ H, |x− y| ≤ t}, t ≥ 0.

Theorem 2.2.1 Let ϕ ∈ UCb(H) and let ϕt, t ∈ [0, 1], be defined by (2.2.4).
Then the following statements hold.

(i) If ϕ,ψ ∈ UCb(H) and ϕ(x) ≤ ψ(x) for all x ∈ H, then ϕt(x) ≤ ψt(x)
for all x ∈ H.

(ii) ϕt ∈ UC1,1b (H) and the following estimates hold.

‖ϕt‖0 ≤ ‖ϕ‖0, [ϕt]1 ≤
2√
t

√
‖ϕ‖0, t ∈ [0, 1].

[ϕt]1,1 ≤ 1
t
, ‖ϕ− ϕt‖0 ≤ ωϕ

(
2
√
t‖ϕ‖0

)
, t ∈ [0, 1].

(iii) Let α ∈ (0, 1). If ϕ ∈ UCα
b (H) then there exists Cα > 0 such that

‖ϕ− ϕt‖0 ≤ Cα[ϕ]
2

2−α
α t

α
2−α , (2.2.5)

[ϕt]1 ≤ Cα[ϕ]
2

2−α
α t

α−1
2−α . (2.2.6)

From the theorem it follows that UC1,1b (H) is dense in UCb(H).
Proof of Theorem 2.2.1. Part (i) follows from the definition (2.2.4). Let
us prove (ii). Let ϕ ∈ UCb(H), t > 0, and ϕt = Vt/2Utϕ. Then ϕt is Lipschitz

continuous. From Proposition C.3.4 the mapping x→ ϕt(x)+
|x|2
t is convex.
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Moreover by Proposition C.3.6, since the mapping x → Utϕ(x) − |x|2
2t is

concave, we have that the mapping x→ ϕt(x)− |x|2
t is concave too. So the

conclusion follows from Proposition C.2.1.
Finally, we prove (iii). We start with (2.2.5). We have

|ϕ(x)− ϕt(x)| = |ϕ(x)− Vt/2Utϕ(x)|

≤ |ϕ(x)− Vt/2ϕ(x)|+ |Vt/2ϕ(x)− Vt/2Utϕ(x)|.
Using (C.3.6) and the fact that Vt is a contraction, we find

|ϕ(x)− ϕt(x)| ≤ Cα[ϕ]
1

2−α
α (t/2)

α
2−α + ‖ϕ− Ut/2ϕ‖0.

Using (C.3.6) again, the estimate (2.2.5) follows. Finally we prove (2.2.6).
We first remark that for any ε > 0 and x ∈ H, there exists zε,x ∈ H such
that

ϕt(x) < inf
y∈H

[
ϕ(y) +

|zε,x − y|2
2t

]
− |zε,x − x|2

t
+ ε. (2.2.7)

It follows that

ϕt(x) ≤ ϕ(x) +
|zε,x − x|2

2t
− |zε,x − x|2

t
+ ε = ϕ(x)− |zε,x − x|2

2t
+ ε,

which implies, by (2.2.5),

|zε,x − x|2
2t

≤ ϕ(x)− ϕt(x) + ε ≤ Cα[ϕ]
2

2−α
α t

α
2−α + ε. (2.2.8)

Now, if x, x ∈ H then by (2.2.7) it follows that

ϕt(x)− ϕt(x) < inf
y∈H

[
ϕ(y) +

|zε,x − y|2
2t

]
− |zε,x − x|2

t
− ϕt(x) + ε. (2.2.9)

On the other hand by (2.2.4) it follows that

ϕt(x) ≥ inf
y∈H

[
ϕ(y) +

|zε,x − y|2
2t

]
− |zε,x − x|2

t
,

and so, taking into account (2.2.8), we get

ϕt(x)− ϕt(x) ≤ |zε,x − x|2
t

− |zε,x − x|2
t

+ ε

= ε+
1
t

{
|x− x|2 + 2〈x− x, zε,x − x〉

}
≤ ε+

1
t

{
|x− x|2 + 2|x− x|

√
Cα[ϕ]

1
2−α
α t

1
2−α

}
,
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and the conclusion follows.

2.3 Interpolation spaces

This section is devoted to a characterization of some interpolation spaces
between UCb(H) and UC1b (H), and to some interpolatory estimates which
will be needed in the following.

Let us recall the definition of interpolation spaces. We shall use the so
called K-method, see e.g. H. Triebel [212].

Let X and Y be Banach spaces such that Y ⊂ X with continuous em-
bedding. We denote by M a number greater than 1 such that ‖x‖X ≤
M‖x‖Y , x ∈ Y. Then we define

K(t, x) = inf{‖a‖X + t‖b‖Y : x = a+ b, a ∈ X, b ∈ Y },

and for arbitrary θ ∈ [0, 1] we set

[x](X,Y )θ,∞ = sup
t∈(0,1]

t−θK(t, x),

(X,Y )θ,∞ = {x ∈ X : [x](X,Y )θ,∞ < +∞}.

As is easily seen (X,Y )θ,∞, endowed with the norm

‖x‖(X,Y )θ,∞ = ‖x‖X + [x](X,Y )θ,∞ , x ∈ (X,Y )θ,∞,

is a Banach space.

Remark 2.3.1 It is not difficult to check that the following statements are
equivalent.

(i) x ∈ (X,Y )θ,∞ and [x](X,Y )θ,∞ ≤ L.

(ii) For all t ∈ (0, 1] there exist at ∈ X and bt ∈ Y such that x = at + bt
and

‖at‖X + t‖bt‖Y ≤ Ltθ.

2.3.1 Interpolation between UCb(H) and UC1
b (H)

Let us start with the one dimensional case.

Proposition 2.3.2 We have(
UCb(R), UC1b (R)

)
θ,∞ = Cθ

b (R), θ ∈ (0, 1). (2.3.1)
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Proof.

Step 1.
(
UCb(R), UC1b (R)

)
θ,∞ is continuously embedded in Cθ

b (R).

Let x ∈
(
UCb(R), UC1b (R)

)
θ,∞ , and set L = [x](UCb(R),UC1

b (R))θ,∞
. Then by

definition, for any t ∈ (0, 1] there exist at ∈ UCb(R), bt ∈ C1b (R), such that
ϕ = at + bt and

‖at‖0 + t‖bt‖1 ≤ Ltθ, t ∈ (0, 1].

Then, if x, y ∈ R, we have

ϕ(x)− ϕ(y) = at(x)− at(y) + bt(x)− bt(y)

= at(x)− at(y) +
∫ 1

0
〈Dbt(ξx+ (1− ξ)y), x− y〉 dξ.

It follows that

|ϕ(x)− ϕ(y)| ≤ 2Ltθ + Ltθ−1|x− y|, t ∈ (0, 1], x, y ∈ R.

Now, if |x− y| ≤ 1, setting t = |x− y|, we have

|ϕ(x)− ϕ(y)| ≤ 3L|x− y|θ, x, y ∈ R,

whereas if |x− y| ≥ 1, we have

|ϕ(x)− ϕ(y)| ≤ 2‖ϕ‖0|x− y|θ, x, y ∈ R.

Consequently

|ϕ(x)− ϕ(y)| ≤ (3L+ 2‖ϕ‖0)|x− y|θ, x, y ∈ R,

and the statement is proved.

Step 2. Cθ
b (R) is continuously embedded in

(
UCb(R), UC1b (R)

)
θ,∞ .

Let ρ ∈ UC∞
b (R) be nonnegative, with compact support and such that∫ ∞

−∞
ρ(x)dx = 1,

and let ρt(x) = 1
t ρ
(
x
t

)
for t > 0 and x ∈ R. Let ϕ ∈ Cθ

b (R) be fixed, and
denote by ϕt the convolution ϕt = ϕ ∗ ρt. Set moreover at = ϕ − ϕt, bt =
ϕt, t ∈ (0, 1]. We are going to show that, for some constant C > 0, we have

‖at‖0 ≤ C‖ϕ‖θ tθ, ‖Dbt‖0 ≤ C‖ϕ‖θ tθ−1, t ∈ (0, 1]. (2.3.2)
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We have in fact

at(x) = ϕ(x)− ϕt(x) = ϕ(x)− 1
t

∫ +∞

−∞
ϕ(x− y)ρ

(y
t

)
dy

= ϕ(x)−
∫ +∞

−∞
ϕ(x− tz)ρ(z)dz =

∫ +∞

∞
[ϕ(x)− ϕ(x− tz)]ρ(z)dz.

It follows that

|at(x)| ≤ [ϕ]θtθ
∫ +∞

−∞
|z|θρ(z) dz. (2.3.3)

Moreover

Dbt(x) =
1
t2

∫ +∞

−∞
ϕ(y)Dρ

(
x− y

t

)
dy

=
1
t

∫ +∞

−∞
ϕ(x− tz)Dρ(z) dz

=
1
t

∫ +∞

−∞
[ϕ(x)− ϕ(x− tz)]Dρ(z) dz.

Consequently

|Dbt(x)| ≤
1
t
[ϕ]θtθ

∫ +∞

−∞
|z|θDρ(z) dz. (2.3.4)

Finally, (2.3.2) follows from (2.3.3) and (2.3.4).
Now we go to the infinite dimensional case proving a result due to P.

Cannarsa and G. Da Prato [31].

Theorem 2.3.3 Let H be a separable Hilbert space. Then we have(
UCb(H), UC1b (H)

)
θ,∞ = Cθ

b (H), θ ∈ (0, 1). (2.3.5)

Proof.
Step 1.

(
UCb(H), UC1b (H)

)
θ,∞ is continuously embedded in UCθ

b (H).

The proof is completely similar to that of Proposition 2.3.2 and it is left as
an exercise to the reader.

Step 2. Cθ
b (H) is continuously embedded in

(
UCb(H), UC1b (H)

)
θ,∞ .
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Let ϕ ∈ UCθ
b (H) and let ϕt be defined by (2.2.4). Set

at = ϕ− ϕt2−θ , bt = ϕt2−θ .

Then by (2.2.5)-(2.2.6) we see that, for some constant C > 0 depending on
‖ϕ‖θ, we have

‖at‖0 ≤ Ctθ, ‖bt‖1 ≤ Ctθ−1, t ∈ (0, 1]

so the conclusion follows.

2.3.2 Interpolatory estimates

Let X,Y,E be Banach spaces with Y ⊂ E ⊂ X, all embeddings being
continuous.

Let θ ∈ [0, 1]. We say that E belongs to the class Jθ(X,Y ) if there exists
C > 0 such that

‖x‖E ≤ C‖x‖1−θX ‖x‖θY , x ∈ Y.

Example 2.3.4 The interpolation space (X,Y )θ,∞ belongs to the class
Jθ(X,Y ). In fact if x ∈ Y we have

K(t, x) ≤ ‖x‖X , K(t, x) ≤ t‖x‖Y .

It follows that K(t, x) ≤ tθ‖x‖1−θX ‖x‖θY , and so [x]θ,∞ ≤ ‖x‖1−θX ‖x‖θY .

Now we want to extend some classical interpolatory estimates between
different spaces of continuous functions to the case of an infinite dimensional
Hilbert space.

Theorem 2.3.5 Let 0 ≤ a < b < c. Then we have (1)

UCb
b (H) ∈ J b−a

c−a
(UCa

b (H), UCc
b (H)) , (2.3.6)

and there exists a constant Ca,b,c > 0 such that

‖u‖b ≤ Ca,b,c ‖u‖
c−b
c−a
a ‖u‖

b−a
c−a
c , u ∈ UCc

b (H). (2.3.7)

Proof. The proof is very similar to the finite dimensional one: it consists
in several steps following the different possible choices of a, b, c. We will
consider only those cases that we will use in the following.

1If a ≥ 0 is integer we set UCab (H) = Cab (H).
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Case 1. a = 0, b = 1, c = 2.

Formula (2.3.6) reads UC1b (H) ∈ J1/2
(
UCb(H), UC2b (H)

)
, and formula

(2.3.7) becomes

‖u‖1 ≤ C0,1,2 ‖u‖1/20 ‖u‖1/22 , u ∈ UC2b (H). (2.3.8)

Let u ∈ UC2b (H), h > 0, x, z ∈ H with |z| = 1. From the equality

u(x+ hz) = u(x) + h〈Du(x), z〉

+h2
∫ 1

0
(1− σ)〈D2u(x+ σhz) · z, z〉dσ, (2.3.9)

it follows that

|〈Du(x), z〉| ≤ 2
h
‖u‖0 +

h

2
‖D2u‖0, h > 0.

Since minh>0
(
a
h + bh

)
= 2

√
ab, we have

|〈Du(x), z〉| ≤ 2‖u‖1/20 ‖D2u‖1/20 .

Then, from the arbitrariness of z we have ‖Du‖0 ≤ 2‖u‖1/20 ‖u‖1/22 . On the
other hand ‖u‖0 = ‖u‖1/20 ‖u‖1/20 ≤ ‖u‖1/20 ‖u‖1/22 , which yields ‖u‖1 ≤
3‖u‖1/20 ‖u‖1/22 .

Case 2. a = 1, b = 2, c = 2 + α, α ∈ (0, 1).

Formula (2.3.6) reads

UC2b (H) ∈ J 1
1+α

(
UC1b (H), UC2+αb (H)

)
,

and (2.3.7)

‖u‖2 ≤ C1,2,2+α ‖u‖
α

1+α

1 ‖u‖
1

1+α

2+α, u ∈ C2+αb (H). (2.3.10)

Let u ∈ UC2+αb (H) and let h > 0, x, z ∈ H with |z| = 1. Then from the
equality

u(x+ hz) = u(x) + h〈Du(x), z〉+ 1
2
h2〈D2u(x) · z, z〉

+h2
∫ 1

0
(1− σ)〈(D2u(x+ σhz)−D2u(x)) · z, z〉dσ,
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there exists Cα > 0 such that

1
2
h2|〈D2u(x) · z, z〉| ≤ |u(x+ hz)− u(x)− hDu(x) · z|

+h2 [D2u]α
∫ 1

0
(1− σ)σαhα dσ

≤ 2h‖Du‖0 + Cαh
2+α[D2u]α.

It follows that
‖D2u(x)‖ ≤ 1

h
‖u‖0 + 2Cαh

α[D2u]α.

Taking the minimum for h > 0 it follows, for a suitable constant C1,α, that

‖D2u‖0 ≤ C ‖Du‖
α

1+α

0 [D2u]
1

1+α
α ,

and the conclusion follows.

Case 3. a = α, b = 1, c = 2, α ∈ (0, 1).

Formula (2.3.6) becomes UC1b (H) ∈ J 1−α
2−α

(
UCα

b (H), UC2b (H)
)
, and (2.3.7)

‖u‖1 ≤ Cα,1,2 ‖u‖
1

2−α
α ‖u‖

1−α
2−α
2 , u ∈ C2b (H). (2.3.11)

Let u ∈ UC2b (H) and let h > 0, x, z ∈ H with |z| = 1. From (2.3.9) it follows
that

‖Du‖0 ≤ hα−1[u]α + h2‖D2u‖0.
The conclusion follows again taking minimum for h > 0.

Case 4 a = α, b = 2, c = 2 + α, α ∈ (0, 1).

Formula (2.3.6) becomes UC2b (H) ∈ J1−α/2
(
UCα

b (H), UC2+αb (H)
)
, and

(2.3.7)

‖u‖2 ≤ Cα,2,2+α ‖u‖1−α/22+α ‖u‖α/2α , u ∈ C2+αb (H). (2.3.12)

From (2.3.10) we have

‖u‖2 ≤ C‖u‖
1

1+α

2+α ‖u‖
α

1+α

1 ,

from which, using (2.3.11), we have, for suitable constants C1 and C2,

‖u‖2 ≤ C1‖u‖
1

1+α

2+α ‖u‖
α

(2−α)(1+α)
α ‖u‖

α(1−α)
(2−α)(1+α)

2 ,
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which yields

‖u‖
2

(1+α)(2−α)

2 ≤ C2‖u‖
1

1+α

2+α ‖u‖
α

(2−α)(1+α)
α ,

and the conclusion follows.

Case 5. a = 0, b = 2, c = 2 + α, α ∈ (0, 1).

Now (2.3.6) becomes UC2b (H) ∈ J 2
2+α

(
UCb(H), UC2+αb (H)

)
, and (2.3.7)

‖u‖2 ≤ C0,2,2+α ‖u‖
α

2+α

0 ‖u‖
2

2+α

2+α, u ∈ C2+αb (H). (2.3.13)

The conclusion follows from (2.3.9) and (2.3.8).

2.3.3 Additional interpolation results

Let us first recall the classical reiteration theorem, Theorems 2.3.6 and 2.3.7
below. For a proof see e.g A. Lunardi [162].

Let X,Y,E, F be Banach spaces with Y ⊂ F ⊂ E ⊂ X, all embeddings
being continuous.

Theorem 2.3.6 Assume that
(i) there exists α ∈ (0, 1) such that E ∈ Jα(X,Y ),
(ii) there exists β ∈ (0, 1) with α �= β, such that F ∈ Jβ(X,Y ).
Then, given θ ∈ (0, 1), and setting ω = (1− θ)α+ θβ, we have

(X,Y )ω,∞ ⊂ (E,F )θ,∞, (2.3.14)

the inclusion being continuous.

Theorem 2.3.7 Assume that
(i) there exists α ∈ (0, 1) such that E ⊂ (X,Y )α,∞,
(ii) there exists β ∈ (0, 1) with α �= β, such that F ⊂ (X,Y )β,∞.
Then, given θ ∈ (0, 1) and setting ω = (1− θ)α+ θβ, we have

(X,Y )ω,∞ ⊃ (E,F )θ,∞, (2.3.15)

the inclusion being continuous.

We now give two applications of the reiteration theorem, useful later.

Proposition 2.3.8 Let β, θ ∈ (0, 1). Then we have(
UCb(H), Cβ

b (H)
)
θ,∞

= Cθβ
b (H), (2.3.16)(

Cβ
b (H), C1b (H)

)
θ,∞

= C
β+θ(1−β)
b (H). (2.3.17)
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Proof. To prove (2.3.16) it suffices to apply Theorems 2.3.6 and 2.3.7 with

Y = UC1b (H), F = Cβ
b (H), E = X = UCb(H),

and with α = 0. The proof of (2.3.17) is similar.

Proposition 2.3.9 Let δ, γ ∈ (0, 1). Then we have(
Cδ
b (H), C2+δb (H)

)
1− δ

2
(1−γ),∞

⊂ C2+δγb (H). (2.3.18)

Proof.

Step 1. We have(
Cδ
b (H), C2+δb (H)

)
1− δ

2
(1−γ),∞

⊂
(
UC2b (H), C2+δb (H)

)
γ,∞

.

Set Y = F = C2+δb (H), E = UC2b (H), X = Cδ
b (H). Then from Theorem

2.3.5 it follows that E ∈ J1− δ
2
(X,Y ), and obviously F ∈ J1(X,Y ). So we

can apply Theorem 2.3.6 with α = 1− δ
2 , β = 1, θ = γ. In this case, setting

ω = (1− θ)α+ θβ = 1− δ
2(1− γ), we have

(X,Y )1− δ
2
(1−γ),∞ ⊂ (E,F )γ,∞.

Step 2.
(
UC2b (H), C2+δb (H)

)
γ,∞

⊂ C2+δγb (H).

Let ϕ ∈
(
UC2b (H), C2+δb (H)

)
γ,∞

. From the very definition of an interpola-

tion space, there exists C > 0, at ∈ UC2b (H), bt ∈ C2+δb (H), such that

at + bt = ϕ, ‖D2at‖0 ≤ Ctγ , [D2bt]δ ≤ Ctγ , t ∈ (0, 1].

It follows that

‖D2ϕ(x)−D2ϕ(y)‖ ≤ 2Ctγ + Ctγ−1|x− y|δ, t ∈]0, 1]. (2.3.19)

Setting t = |x− y|δ in (2.3.19) we have the conclusion.
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The heat equation

The chapter is devoted to the existence, uniqueness and regularity of solu-
tions of the following heat equation on a separable Hilbert space H (norm
| · |, inner product 〈·, ·〉):

{
Dtu(t, x) = 1

2 Tr[QD
2u(t, x)], t > 0, x ∈ H,

u(0, x) = ϕ(x), x ∈ H,

whereQ ∈ L+(H).We first show in §3.1 that, in order to have well-posedness
of this problem for all ϕ ∈ UCb(H), one has to assume that the operator
Q is of trace class. In §3.2 and §3.3 we study existence, uniqueness and
regularity of solutions in UCb(H). In §3.5 we give several properties of the
corresponding strongly continuous semigroup (Pt) and characterize its in-
finitesimal generator.

The heat equation was first studied in a pioneering paper of L. Gross
[138], see also [62]. His setting was different, as can be seen in §3.4.

We shall use all notations introduced in Chapters 1 and 2.

3.1 Preliminaries

Let us start with the heat equations in H = R
d, d ∈ N:

{
Dtu(t, x) = 1

2

∑d
i,j=1 qijDiDju(t, x), t > 0, x = (x1, . . . , xd) ∈ R

d,

u(0, x) = ϕ(x), x ∈ R
d,

(3.1.1)

44
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where Q = (qij) is a symmetric nonnegative definite d×d real matrix. Note
that (3.1.1) can be written in more compact form as{

Dtu(t, x) = 1
2 Tr[QD

2u(t, x)], t > 0, x ∈ R
d,

u(0, x) = ϕ(x), x ∈ R
d.

It is well known, see e.g. A. Friedman [115], or N. V. Krylov [147], that
if detQ > 0, and ϕ ∈ Cb(Rd), then there exists a unique continuous and
bounded function u: [0,+∞)× R

d → R such that the partial derivatives

Dtu(x, t), DiDju(t, x), i, j = 1, . . . , d,

are well defined and continuous on (0,+∞)×Rd and (3.1.1) holds. Moreover
the solution u is given by the following formula:

u(t, x) =
1√

(2πt)d detQ

∫
Rd

e−
1
2t
〈Q−1(y−x),y−x〉ϕ(y) dy

=
∫

Rd

ϕ(x+ y)nt(y)dy, t > 0, x ∈ R
d, (3.1.2)

where
nt(y) =

1√
(2πt)d detQ

e−
1
2t

〈Q−1y,y〉, y ∈ R
d.

It follows from (3.1.2) that the solution u is a C∞ function for each t > 0,
and it depends linearly on the initial function ϕ. In fact for each t > 0, the
formula

u(t, x) = Ptϕ(x) =
∫

Rd

ϕ(x+ y)nt(y)dy, x ∈ R
d, (3.1.3)

defines a linear operator Pt ∈ L(Cb(Rd)) ∩ L(UCb(Rd)). From the fact that
the formula (3.1.3) defines a unique solution to (3.1.1), it follows that the
family Pt, t > 0, has the semigroup property:

Pt+s = PtPs, t, s > 0. (3.1.4)

If one sets P0 = I, then (3.1.4) is valid for all t, s ≥ 0.
Basic properties of the solution u can be expressed in terms of the semi-

group (Pt) as follows.

Theorem 3.1.1 Assume that the matrix Q is positive definite. Then the
formula (3.1.3) defines a semigroup of bounded operators on Cb(Rd) and on
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UCb(Rd). The semigroup (Pt) is strongly continuous on UCb(Rd) but not
on Cb(Rd). (1) Moreover, for arbitrary ϕ ∈ Cb(Rd) the function Ptϕ is of
class C∞ with respect to variables t > 0 and x ∈ R

d.
We leave the elementary proof to the reader.

Let Q be a nonnegative symmetric matrix with detQ = 0, and denote by
e1, . . . , ed its eigenvectors and by γ1, . . . , γd its eigenvalues. Assume that
m < d and γ1, . . . , γm are positive whereas the remaining ones are equal
to 0. Therefore, in the coordinates determined by the eigenvectors of Q, we
have

Tr[QD2u(x)] =
m∑
i=1

γiD
2
i u(x), x ∈ H.

The solution u of{
Dtu(t, x) = 1

2

∑m
i=1 γiD

2
i u(t, x), t > 0, x ∈ R

d,
u(0, x) = ϕ(x)

is given, for x = (x1, . . . , xm, xm+1, . . . , xd) and t > 0, by the formula

u(t, x) =
1√

(2tπ)m γ1 . . . γm

×
∫

Rm

e
− 1

2t

∑m
i=1

1
γi
(xi−yi)2ϕ(y1, . . . , ym, xm+1, . . . , xd)dy1 . . . dym.

(3.1.5)

If ϕ ∈ Cb(Rd) then u is not, in general, a C∞ function. This is clear if, for
instance, ϕ depends only on the variables xm+1, . . . , xd, say ϕ(x1, . . . , xd) =
ϕ0(xm+1, . . . , xd), as then

u(t, x) = ϕ0(xd1+1, . . . , xd), x ∈ R
d,

and therefore the solution u has the same regularity as the initial function
ϕ0. We will see that the lack of the regularizing power for a degenerate heat
equation in R

d will be shared by all heat equations on infinite dimensional
Hilbert spaces.

Let now H be a separable infinite dimensional Hilbert space and Q a
bounded self-adjoint nonnegative operator on H. Consider the following
problem:{

Dtu(t, x) = 1
2Tr[QD

2u(t, x)], t > 0, x ∈ H,
u(0, x) = ϕ(x).

(3.1.6)

1since the closure of the domain of the infinitesimal generator of (Pt) is UCb(H) which
is a proper closed subspace of Cb(H).
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Note that the formula (3.1.3) for the solutions loses its meaning if dimH =
∞. It depends in fact on the dimension d of the space R

d and is written
in terms of the Lebesgue measure for which an exact counterpart in infinite
dimensions does not exist. One way to construct a solution to (3.1.6) in the
infinite dimensional situation would be to consider a sequence of equations{

Dtun(t, x) = 1
2Tr[QnD

2un(t, x)], t > 0, x ∈ H,
un(0, x) = ϕ(x),

(3.1.7)

with finite rank nonnegative operators Qn strongly converging to Q. For
each n ∈ N this equation has a unique solution un given by formula (3.1.5).
If the sequence (un) of solutions were convergent, then its limit could be
taken as a candidate for the solution to (3.1.6).

However, to define the solution in this way, some restrictions on the
operator Q have to be imposed, see P. Cannarsa and G. Da Prato [31]. We
have in fact the following result due to J. Zabczyk [220].

Proposition 3.1.2 Assume that ϕ ∈ Cb(H) and lim|y|→∞ ϕ(y) = 0. If
TrQ =∞ and (Qn) is a sequence of finite rank nonnegative operators con-
verging strongly to Q, then limn→∞ un(t, x) = 0, for all t > 0 and x ∈ H.

Proof. It follows easily that lim
n→∞ Tr Qn =∞. Without any loss of gener-

ality one can assume that x = 0. Let us consider first the special function

ϕ̂(y) := e−|y|2 , y ∈ H.

If γn1 , . . . , γ
n
mn are all the positive eigenvalues of Qn, by (3.1.5) we find for

the corresponding solutions ûn,

ûn(t, 0) =

(
mn∏
k=1

(1 + 2tγnk )

)− 1
2

.

One can assume that 2tγnk ≤ α, k = 1, 2, . . . ,mn, n ∈ N, for some α > 0.
Then, for a constant β > 0, ûn(t, 0) ≤ e−β

∑mn
k=1 γ

n
k . Since Tr Qn =

∑mn
k=1 γ

n
k

→∞, the result is true for the special function ϕ̂. If now ϕ is any function
satisfying the conditions of the proposition, for any ε > 0 one can find δ > 0
and a decomposition ϕ = ϕ0 + ϕ1, with ϕ0 , ϕ1 ∈ Cb(H) such that

|ϕ0(x)| ≤ δ e−|x|2 , |ϕ1(x)| ≤ ε, x ∈ H.

Consequently, for the solutions un,

|un(t, 0)| ≤ δ ûn(t, 0) + ε,
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and lim sup
n→∞

|un(t, 0)| ≤ ε. Since ε is an arbitrary positive number the proof

of the proposition is complete.
Proposition 3.1.2 indicates that if TrQ = ∞ then, for a majority of

initial functions ϕ, the equation (3.1.6) does not have a continuous solution
on [0,+∞)×H. This is why we will assume that the symmetric nonnegative
operator Q is of trace class.

It is easy to see that if ϕ ∈ Cb(H) then the approximating solutions un
from Proposition 3.1.2 are given by the formula

un(t, x) =
∫
H
ϕ(x+ y)NtQn(dy), x ∈ H, t ≥ 0. (3.1.8)

Now if Tr Q < +∞, un → u as n→∞, where

u(t, x) =
∫
H
ϕ(x+ y)NtQ(dy), x ∈ H, t ≥ 0. (3.1.9)

Moreover the operators Pt,

Ptϕ(x) =
∫
H
ϕ(x+ y)NtQ(dy), x ∈ H, ϕ ∈ Cb(H), (3.1.10)

form a semigroup of bounded operators (since it is a limit of semigroups) in
Cb(H) and in UCb(H). The function

u(t, x) = Ptϕ(x), t ≥ 0, x ∈ H,

where (Pt) is given by (3.1.10), will be called the generalized solution to
(3.1.6). The semigroup (Pt) is strongly continuous on UCb(H) but not on
Cb(H). We will call (Pt) the heat semigroup.

Remark 3.1.3 It is instructive to realize that the heat equation (3.1.6) is
the Kolmogorov equation corresponding to the simplest Itô equation

dX(t) = dW (t), X(0) = x, t ≥ 0, (3.1.11)

on a Hilbert space H, where W is a Wiener process on some probability
space (Ω,F ,P) taking values in H, with covariance operator Q.

3.2 Strict solutions

A function u : [0,+∞) ×H → R is said to be a strict solution to (3.1.6) if
the derivatives Dtu(t, x) and D2u(t, x) (2) exist for all t ≥ 0 and x ∈ H, are
continuous and bounded on [0,+∞)×H and satisfy (3.1.6).

2We shall denote by D (resp. D2) the first (resp. second) Fréchet derivative with
respect to x.
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In this section we show that if the function ϕ is sufficiently regular then
(3.1.10) defines a strict solution to (3.1.6), and that strict solutions are
unique.

Remark 3.2.1 With the same proof one can show existence of solutions
under local boundedness and polynomial growth at infinity of the initial
condition ϕ. The proof is left to the reader.

We have the following lemma.

Lemma 3.2.2 If ϕ ∈ UC2b (H) (resp. C2b (H)), then for arbitrary t ≥ 0,
u(t, ·) ∈ UC2b (H) (resp. C2b (H)) and

Du(t, x) =
∫
H
Dϕ(x+

√
t y)NQ(dy), t ≥ 0, x ∈ H, (3.2.1)

D2u(t, x) =
∫
H
D2ϕ(x+

√
t y)NQ(dy), t ≥ 0, x ∈ H. (3.2.2)

Proof. The integral in (3.2.1) is of Bochner type and in (3.2.2) it is strong
Bochner, see e.g. [102]. Let g, h ∈ H; then

〈Du(t, x), g〉 =
∫
H
〈Dϕ(x+

√
t y), g〉NQ(dy),

〈D2u(t, x)h, g〉 =
∫
H
〈D2ϕ(x+

√
t y)g, h〉NQ(dy).

Therefore (3.2.1), (3.2.2) follow. The uniform continuity of the functions
u(t, ·), Du(t, ·), D2u(t, ·) is an easy consequence of the formulae (3.2.1),
(3.2.2).

The following theorem is taken from [102].

Theorem 3.2.3 If ϕ ∈ C2b (H), then the function u given by (3.1.9) is a
strict solution to (3.1.6).

Proof. By the mean value theorem

u(t, x) = ϕ(x) +
√
t

∫
H
〈Dϕ(x), y〉NQ(dy)

+
1
2
t

∫
H
〈D2ϕ(x+ σ(t, y)

√
t y)y, y〉NQ(dy),
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where σ is a Borel function from [0,+∞) × H into [0, 1]. Note that by
Proposition 1.2.4 we have∫

H
〈Dϕ(x), y〉NQ(dy) = 0,

∫
H
〈D2ϕ(x)y, y〉NQ(dy) = Tr[QD2ϕ(x)], x ∈ H,

and consequently

1
t
(u(t, x)− u(0, x))− 1

2
Tr[QD2u(0, x)]

=
1
2

∫
H
〈[D2ϕ(x+ σ(t, y)

√
t y)−D2ϕ(x)]y, y〉NQ(dy).

Therefore∣∣∣∣u(t, x)− u(0, x)
t

− 1
2
Tr[QD2u(0, x)]

∣∣∣∣
≤ 1

2

[∫
H
|D2ϕ(x+ σ(t, y)

√
ty)−D2ϕ(x)|2NQ(dy)

]1/2 [∫
H
|y|4NQ(dy)

]1/2
.

By Proposition 1.2.8∫
H
e−

ξ2

2
|y|2NQ(dy) = [det(1 + ξQ)]−1/2 , ξ ∈ R.

Differentiating this identity twice with respect to ξ and setting ξ = 0 yields∫
H
|y|4NQ(dy) = [Tr Q]2 + 2 Tr(Q2).

Thus ∣∣∣∣u(t, x)− u(0, x)
t

− 1
2
Tr[QD2u(0, x)]

∣∣∣∣ ≤ 1
2
(
[Tr Q]2 + 2 Tr(Q2)

)

×
[∫

H
|D2ϕ(x+ σ(t, y)

√
ty)−D2ϕ(x)|2NQ(dy)

]1/2
.

Consequently

1
t
(u(t, x)− u(0, x))→ 1

2
Tr[QD2u(0, x)], as t→ 0,
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uniformly in x ∈ H.
In this way we have shown that the right derivative of u(t, x) at t = 0 is

given by

D+
t u(0, x) =

1
2
Tr[QD2u(0, x)], x ∈ H.

Now fix s > 0. Since Ps+tϕ = Pt(Psϕ), applying the previous argument
with ϕ replaced by Psϕ, we obtain for all x ∈ H,

D+
s u(s, x) =

1
2
Tr[QD2u(s, x)], s ≥ 0, x ∈ H. (3.2.3)

The right hand side of (3.2.3) is continuous on [0,+∞)×H. In particular,
by Lemma 3.2.2, for every x, the right derivative in time of u is a bounded
and continuous function in s ∈ [0,+∞). From elementary calculus, see
Lemma 3.2.4 below, u(·, x) is continuously differentiable in s and the result
follows.

Lemma 3.2.4 If a continuous real function f has a continuous right deriva-
tive D+f on an interval [0, a) then it is of class C1 on [0, a).

Proof. Define

g(t) = f(0) +
∫ t

0
D+f(s)ds, ϕ(t) = g(t)− f(t), t ∈ [0, a),

and assume that for some t0 ∈ (0, a), ϕ(t0) > 0. Let us choose ε > 0
such that ψε(t0) < ϕ(t0) where ψε(t) = ε + εt, t ∈ [0, a), and let t1 =
sup {t ∈ [0, t0] : ψε(t) = ϕ(t)} . Then t1 < t0 and ψε(t1) = ϕ(t1). However

ε = Dψε(t1) = D+ψε(t1) ≤ D+ϕ(t1) = 0,

a contradiction. So g(t) ≤ f(t) for all t ∈ [0, a). In a similar way, considering
ϕ(t) = f(t) − g(t), t ∈ [0, a), one shows that g(t) ≥ f(t) for all t ∈ [0, a).
Consequently f(t) = g(t), t ∈ [0, a) and the result follows.

We are going to prove, using the maximum principle, that there exists
at most one strict solution of (3.1.6). For this we will need the following
Asplund’s theorem, for a proof see for instance J. P. Aubin [7].

Theorem 3.2.5 Let X be a Hilbert space, K a closed bounded subset of X,
and ζ a bounded function on K. Then there exists a dense subset Σ of X
such that the mapping K → R, x→ ζ(x) + 〈x, y〉, attains a maximum at K
for all y ∈ Σ.
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Lemma 3.2.6 Assume that K is a closed subset of a Hilbert space X, and
that u is a bounded and continuous function on K. For arbitrary ε > 0 and
n ∈ N, there exists p ∈ C∞

0 (X) such that

(i) u+ p attains its maximum on K,

(ii) sup
x∈X

n∑
k=0

‖Dkp(x)‖ ≤ Cε.

Proof. It is enough to prove the lemma for a nonnegative u. For ε > 0
let xε ∈ K be such that u(xε) ≥ supx∈K u(x) − ε. Consider a new function
uε(x) = u(x) + 2εη(|x− xε|2), x ∈ K, where η ∈ C∞([0,+∞);R) such that

0 ≤ η ≤ 1, η(0) = 1, η(r) = 0, ∀r ≥ 1.

Then uε(xε) = u(xε) + 2ε ≥ supx∈K u(x) + ε, and

uε(x) = u(x) ≤ sup
x∈K

u(x), |x− xε| ≥ 1, x ∈ K.

Consequently, setting Kε = K ∩B(xε, 1), we have

sup
x∈K

uε(x) = sup
x∈Kε

uε(x).

From Asplund’s theorem, for a dense set of q ∈ X, the function uε(x) +
〈q, x〉, x ∈ Kε, attains its maximum at some point of Kε. We finally set

p(x) = 2εη(|x− xε|2 + ρ(|x− xε|2))〈q, x〉,

where ρ ∈ C∞([0,+∞);R) is such that

0 ≤ ρ ≤ 1, ρ(r) = 1, ∀r ∈ [0, 1], ρ(r) = 0, ∀r ≥ 2,

and |q| is sufficiently small. One can easily check that p has the required
properties.

Now we are in position to prove uniqueness.

Theorem 3.2.7 Let ϕ ∈ UC2b (H). Then there exists at most one strict
solution to (3.1.6).

Proof. Let T > 0 be fixed, and let u be a strict solution to equation (3.1.6).
It is enough to show that

sup
t∈[0,T ]

e−t‖u(t, ·)‖0 ≤ ‖ϕ‖0. (3.2.4)
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Assume that u is not identically equal to 0 and set

λ := sup
(t,x)∈[0,T ]×H

u(t, x),

and v(t, x) = e−tu(t, x), t ∈ [0, T ], x ∈ H. Then λ > 0 and we have

Dtv =
1
2
Tr[QD2v]− v.

We apply now Lemma 3.2.6 to the Hilbert space X = R×H and to the set
K = [0, T ] × H. Consequently for any ε > 0 there exists pε such that the
function vε := v + pε attains maximum at a point (tε, xε) in [0, T ]×H and

sup
(t,x)∈[0,T ]×H

(
|pε(t, x)|+ |Dtpε(t, x)|+ ‖D2pε(t, x)‖

)
≤ ε.

We have

Dtvε −
1
2
Tr[QD2vε] = −vε + gε,

where

gε = Dtpε −
1
2
Tr[QD2pε] + pε,

so that

sup
(t,x)∈[0,T ]×H

|gε(t, x)| ≤ ε

(
1 +

1
2
Tr Q

)
.

We show now that for sufficiently small ε > 0 we have tε = 0. Denote by
(λk) the eigenvalues of Q and assume in contradiction that tε ∈ (0, T ]. Since
Dtvε(tε, xε) ≥ 0 and D2vε (tε, xε) ≤ 0, we have

Dtvε(tε, xε)−
1
2

∞∑
k=1

λkD
2
kvε(tε, xε) ≥ 0,

and then vε(tε, xε) ≤ gε(tε, xε). This means that

u(tε, xε) = etεv(tε, xε) ≤ εetε
(
2 +

1
2
Tr Q

)
.

Therefore if ε is small enough, we get a contradiction with the positivity of
λ. In conclusion the maximum of vε is attained at a point (0, xε) and (3.2.4)
easily follows.
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3.3 Regularity of generalized solutions

Let ϕ ∈ Cb(H) and let u(t, x) = Ptϕ(x). We know that if H is finite di-
mensional and Q nondegenerate then u(t, x) is of class C∞ in t and x when
t > 0. This result is not true in infinite dimensions. We cannot say even
that u(t, ·) ∈ C1b (H), as follows from Proposition 3.3.9 below. However,
as discovered by L. Gross [138] u(t, x) is infinitely differentiable in x in all
directions of the Cameron-Martin space Q1/2(H). To show this we will in-
troduce Q-derivatives in the following subsection. The original setting of L.
Gross [138] will be recalled in the last section of this chapter.

3.3.1 Q-derivatives

Let ϕ be a mapping from H into a Banach space E, then ϕ is called Q-
differentiable at x if the function F (y) = ϕ(x+Q1/2y), y ∈ H, is differen-
tiable at 0. We set DQϕ(x) = DF (0), and call DQϕ(x) the Q-derivative of
ϕ at x.

If F is differentiable in a neighborhood of 0 and DF is differentiable
at 0, then we say that ϕ is twice Q-differentiable at x and its second Q-
derivative is given by definition by D2

Qϕ(x) = D2F (0). If ϕ is a real valued
function then DQϕ(x) (resp. D2

Qϕ(x)) will be identified with an appropriate
element of H (resp. L(H)). Derivatives Dk

Qϕ(x) of higher orders are defined
similarly.

We notice that if ϕ ∈ C1b (H) we have DQϕ(x) = Q1/2Dϕ(x), and if
ϕ ∈ C2b (H), D2

Qϕ(x) = Q1/2D2ϕ(x)Q1/2.
Let us define some functional subspaces of Cb(H) and UCb(H) related

to Q-derivatives.
For any k ∈ N we denote by Ck

Q(H) (resp. UCk
Q(H)) the set of all ϕ ∈

Cb(H) (resp. UCb(H)) that possess continuous (resp. uniformly continuous)
Q-derivatives of order smaller than or equal to k.

If ϕ ∈ Ck
Q(H) we set

[ϕ]k,Q = sup
x∈H

‖Dk
Qϕ‖0, k ∈ N.

It is easy to check that Ck
Q(H) (resp. UCk

Q(H)), endowed with the norm

‖ϕ‖CkQ(H) = ‖ϕ‖0 +
k∑

j=1

[ϕ]j,Q,

is a Banach space. Notice that Ck
b (H) ⊂ UCk

Q(H) ⊂ Ck
Q(H), k ∈ N.
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For any k ∈ N ∪ {0} and θ ∈ (0, 1) we set (3)

Ck+θ
Q (H) =

{
ϕ ∈ Ck

Q(H) : Dk
Qϕ(Q

1/2·) ∈ Cθ
b (H,H

⊗k)
}
.

Ck+θ
Q (H), endowed with the norm

‖ϕ‖k+θ,Q = ‖ϕ‖k,Q + [ϕ]k+θ,Q,

where

[ϕ]k+θ,Q = sup
x,y∈H
x	=y

‖Dk
Qϕ(Q

1/2x)−Dk
Qϕ(Q

1/2y)‖
|x− y|θ ,

is a Banach space.
The following lemma is an easy consequence of the mean value theorem.

Lemma 3.3.1 Define for x, y, g, h ∈ H the function

ψy(s, t) = ϕ(x+Q1/2y + sQ1/2g + tQ1/2h), s, t ∈ R.

(i) Assume that for all y from a neighborhood of 0 we have Dsψy(0, 0) =
〈a(y), g〉, where a is continuous at 0. Then ϕ is Q-differentiable at x and
DQϕ(x) = a(0).

(ii) Assume in addition that a is continuous in a neighborhood of 0 and
for each y in such neighborhood and for each g and h, DsDtψy(0, 0) =
〈A(y)h, g〉, where A is continuous at 0. Then ϕ is twice Q-differentiable
at x and D2

Qϕ(x) = A(0).

Similar characterizations hold for higher derivatives.
We end this subsection by giving some interpolatory estimates , needed

in what follows. We use notations introduced in §2.3.2. The proofs are
similar to that of Theorem 2.3.5.

Theorem 3.3.2 Let 0 ≤ a < b < c. Then we have

UCb
Q(H) ∈ J b−a

c−a

(
UCa

Q(H), UCc
Q(H)

)
, (3.3.1)

and there is a constant Ca,b,c > 0 such that

‖u‖b,Q ≤ Ca,b,c ‖u‖
c−b
c−a
a,Q ‖u‖

b−a
c−a
c,Q , u ∈ UCc

Q(H). (3.3.2)

3H⊗k denotes the linear space of all continuous k-linear real valued mappings on H.
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Proof. We prove the result in some cases we shall use later.

Case 1. a = 0, b = 1, c = 2.

Take y ∈ H, |y| = 1. By Taylor’s formula with integral remainder, we have

u(x+tQ1/2y) = u(x)+t〈DQu(x), y〉+t2
∫ 1

0
(1−σ)〈D2

Qu(x+σtQ
1/2y)y, y〉dσ.

Then
|DQu(x)| ≤ |〈DQu(x), y〉| ≤

2
t
‖u‖0 +

t

2
‖D2

Qu‖0,

so that the conclusion follows by taking the supremum with respect to t. (4)

Case 2. a = 0, b = θ, c = 1.

Let ψ(t) = u(Q1/2x+ tQ1/2(y − x)). Then

ψ′(t) = 〈DQu(Q1/2x+ tQ1/2(y − x)), y − x〉.

So
|u(Q1/2x)− u(Q1/2y)| = |ψ(1)− ψ(0)| ≤ ‖DQu‖0 |x− y|.

Fix M > 0. If |x− y| ≤M then |x−y|
M ≤

( |x−y|
M

)θ
. So

|u(Q1/2x)− u(Q1/2y)| ≤ ‖DQu‖0|x− y|θM1−θ.

If |x− y| ≥M then ( |x−y|M )θ ≥ 1, and consequently

|u(Q1/2x)− u(Q1/2y)| ≤ 2‖u‖0M−θ|x− y|θ.

Summing up the two inequalities yields

|u(Q1/2x)− u(Q1/2y)| ≤
[
‖DQu‖0M1−θ + 2‖u‖0M−θ

]
|x− y|θ.

Taking the minimum with respect to M the conclusion follows.

Case 3. a = 1, b = 1 + θ, c = 2.

Let ψ(t) = 〈DQu(Q1/2x+ tQ1/2(y − x)), h〉. Then

ψ′(t) = 〈D2
Qu(Q

1/2x+ t(y − x))(y − x), h〉.

So
|DQu(Q1/2x)−DQu(Q1/2y)| ≤ ‖D2

Qu‖0 |x− y|.
Now the proof is exactly the same as that of Case 2.

4For any a, b, γ > 0 we have minσ>0(aσ + bσ−γ) = c(γ)a
γ

1+γ b
1

1+γ , where c(γ) =

γ
1

1+γ + γ
− γ

1+γ .
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3.3.2 Q-derivatives of generalized solutions

We are going to give several regularity properties of the generalized solution
of (3.1.6). For this we need some notations.

For ϕ ∈ L2(H,NQ) we define (5)∫
H
Q−1/2y ϕ(y)NQ(dy) :=

∞∑
k=1

gn〈Wgn , ϕ〉L2(H,NQ) ∈ H,

∫
H
[Q−1/2yϕ(y)⊗Q−1/2yϕ(y)− 1]NQ(dy)

:=
∞∑

n,n=1

gn ⊗ gm〈WgnWgm − δn.m, ϕ〉L2(H,NQ) ∈ L2(H),

where (gn) is any orthonormal complete basis on H. The reader can easily
check that these definitions are meaningful and independent of the choice of
the basis (gn).

Note that〈∫
H
Q−1/2y ϕ(y)NQ(dy), g

〉
=
∫
H
〈Q−1/2y ϕ(y), g〉NQ(dy), g ∈ H,

and 〈∫
H
(Q−1/2y ⊗Q−1/2y − 1)ϕ(y)NQ(dy)g, h

〉

=
∫
H
[〈Q−1/2y, g〉〈Q−1/2y, h〉 − 〈g, h〉]ϕ(y)NQ(dy), g, h ∈ H.

Theorem 3.3.3 Let ϕ ∈ Cb(H) and u(t, ·) = Ptϕ. Then for all t > 0, and
x ∈ H we have u(t, ·) ∈ C2Q(H) and

DQu(t, x) =
1√
t

∫
H
(tQ)−1/2y ϕ(x+ y)NtQ(dy), (3.3.3)

and

D2
Qu(t, x) =

1
t

∫
H
((tQ)−1/2y ⊗ (tQ)−1/2y − 1)ϕ(x+ y)NtQ(dy). (3.3.4)

5We recall that Wx(y) = 〈Q−1/2x, y〉, see Chapter 1.
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Moreover

|DQu(t, x)| ≤ 1√
t
‖ϕ‖0, t > 0, x ∈ H, (3.3.5)

‖D2
Qu(t, x)‖ ≤

√
2
t
‖ϕ‖0, t > 0, x ∈ H. (3.3.6)

If ϕ ∈ UCb(H) then u(t, ·) ∈ UC2Q(H) for all t > 0

Proof. We apply Lemma 3.3.1. Let us prove (3.3.3). We have for g ∈ H

u(t, x+ αQ1/2g) =
∫
H
ϕ(x+ y)NαQ1/2g,tQ(dy).

By the Cameron-Martin formula (Theorem 1.3.6) it follows that

dNαQ1/2g,tQ

dNtQ
(y) = e

−α2

2t
|g|2+ α√

t
〈g,(tQ)−1/2y〉

.

Therefore

u(t, x+ αQ1/2g) =
∫
H
ϕ(x+ y)e−

α2

2t
|g|2+ α√

t
〈g,(tQ)−1/2y〉

NQ(dy).

By the very definition we obtain (3.3.3) taking derivatives with respect to α
at α = 0. Equation (3.3.4) can be proved in the same way.

To prove (3.3.5) it is enough to note that by the Hölder inequality we
have

|〈DQu(t, x), g〉|2 ≤
1
t
‖ϕ‖20

∫
H
|〈g, (tQ)−1/2y〉|2NtQ(dy) =

1
t
‖ϕ‖20 |g|2.

Inequality (3.3.6) can be proved similarly.
We now prove that the solution of the heat equation has Q-derivatives

of all orders.

Theorem 3.3.4 Let ϕ be Borel and bounded and u(t, x) = Ptϕ(x), t ≥
0, x ∈ H. Then u(t, ·) has Q-derivatives of all orders for any t > 0.

Proof. We have for g1, . . . , gn ∈ H

u(t, x+Q1/2(α1g1 + · · ·+ αngn)) =
∫
H
ϕ(x+ z)NQ1/2(α1g1+···+αngn),tQ(dz)

= e−
1
2t
|α1g1+···+αngn|2

∫
H
ϕ(x+ z)e

1√
t
〈α1g1+···+αngn,(tQ)−1/2z〉

NtQ(dz)

= e−
1
2
|α1g1+···+αngn|2

∫
H
ϕ(x+ z)eα1Wa1 (z)+···+αnWan (z)NtQ(dz),
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where aj = t−1/2gj , j = 1, . . . , n. Moreover (Wa1 , · · ·,Wan) is a Gaussian
vector on (H,NtQ) with mean vector 0 and covariance matrix (〈ai, aj〉, i, j =
1, . . . , n). Thus

u(t, x+Q1/2(α1g1 + · · ·+ αngn)) = Ψ0(α1 + · · ·+ αn)Ψ1(α1 + · · ·+ αn;x),

where
Ψ0(α1 + · · ·+ αn) = e−

1
2
|α1g1+···+αngn|2 ,

and

Ψ1(α1 + · · ·+ αn;x) =
∫
H
ϕ(x+ z)eα1Wa1 (z)+···+αnWan (z)NtQ(dz).

Our aim is to calculate

∂k1+···+kn

∂αk1
1 · · · ∂αknn

(Ψ0(α1 + · · ·+ αn)Ψ1(α1 + · · ·+ αn;x))

∣∣∣∣∣
α1=···=αn=0

=
k1∑

j1=0

· · ·
kn∑

jn=0

(
k1
j1

)
. . .

(
kn
jn

)[
∂j1+···+jn

∂αj11 · · · ∂α
jn
n

Ψ0(0, . . . , 0)

]

×
[
∂(k1+···+kn)−(j1+···+jn)

∂αk1−j1
1 · · · ∂αkn−jnn

Ψ1(0, . . . , 0, x)

]
= S1 + S2 + S3,

where

S1 =
∂k1+···+kn

∂αk1
1 · · · ∂αknn

Ψ1(0, . . . , 0, x),

S2 =
n∑

m=1
km≥2

(
km
2

)

× ∂2

∂α2m
Ψ0(0, . . . , 0)

∂k1

∂αk1
1

· · · ∂km−1

∂α
km−1

m−1

∂km−2

∂αkm−2
m

· · · ∂kn

∂αknn
Ψ1(0, . . . , 0;x),

and

S3 =
∑

1≤l<m≤n

(
kl
1

)(
km
1

)
∂2

∂αl∂αm
Ψ0(0, . . . , 0)

× ∂k1

∂αk1
1

· · · ∂kl−1

∂α
kl−1

l−1

∂kl−1

∂αkl−1l

· · · ∂km−1

∂α
km−1

m−1

∂km−1

∂αkm−1
m

· · · ∂kn

∂αknn
Ψ1(0, . . . , 0, x).
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Other partial derivatives at (0, . . . , 0) vanish.
We have

∂k1+···+kn

∂αk1
1 · · · ∂α

kn
n

Ψ1(α1, . . . , αn;x)

=
∫
H
ϕ(x+ z)

∂k1+···+kn

∂αk1
1 . . . ∂αknn

eα1β1+···+αnβnNtQ(dz),

where βj =Waj (z), j = 1, . . . , n. Consequently

∂k1+···+kn

∂αk1
1 · · · ∂αknn

Ψ1(0, . . . , 0;x) =
∫
H
ϕ(x+ z)W k1

a1
(z) · · ·W kn

an (z)NtQ(dz).

Therefore

∂k1+···+kn

∂αk1
1 · · · ∂αknn

u(t, x+Q1/2(α1g1 + · · ·+ αngn))

∣∣∣∣∣
α1=···=αn=0

= Σ1 +Σ2 +Σ3,

where

Σ1 =
∫
H
ϕ(x+ z)W k1

a1
(z) . . .W kn

an (z)NtQ(dz),

Σ2 = −
n∑

m=1

∑
km≥2

(
km
2

)
|am|2

×
∫
H
ϕ(x+ z)W k1

a1
(z) . . .W km−1

am−1
(z)W km−2

am (z) . . .W kn
an (z)NtQ(dz),

Σ3 = −
∑

1≤l<m≤n

(
kl
1

)(
km
1

)
〈al, am〉

×
∫
H
ϕ(x+ z)W k1

a1
(z) . . .W kl−1

al−1 (z)W
kl−1
al (z)W kl+1

al+1 (z)

× . . .W km−1
am−1

(z) . . .W km−1
am (z)W km+1

am+1
(z) . . .W kn

an (z)NtQ(dz).



Heat equation 61

Consequently

∂k1+···+kn

∂αk1
1 · · · ∂αknn

u(t, x+ α1Q
1/2g1 + · · ·+ αnQ

1/2gn)

∣∣∣∣∣
α1=···=αn=0

=
∫
H
ϕ(x+ z)

[
W k1

a1
(z) . . .W kn

an (z)

−
n∑

m=1

|am|2
(
km
2

) ∑
km≥2

W k1
a1
(z) . . .W km−1

am−1
(z)W km−2

am (z) . . .W kn
an (z)

−
∑

1≤l<m≤n

(
kl
1

)(
km
1

)
〈al, am〉W k1

a1
(z) . . .W kl−1

al−1 (z)W
kl−1
al

(z)W kl+1
al+1 (z)

× . . .W km−1
am−1

(z) · · ·W km−1
am (z)W km+1

am+1
(z)W kn

an (z)

]
NtQ(dz)

=
∂k1+···+kn

∂αk1
1 · · · ∂αknn

Ptϕ(x+ α1Q
1/2g1 + · · ·+ αnQ

1/2gn)

∣∣∣∣∣
α1=···=αn=0

.

It follows from these formulae that Q-derivatives exist of all orders and that
they are continuous in x.

Given ϕ ∈ Cb(H), we should expect that D2
QPtϕ is of trace class for any

t > 0. Unfortunately this is not the case in general, see Proposition 3.3.9
below. However, the weaker result that D2

QPtϕ is Hilbert-Schmidt holds, as
was shown by L. Gross [138] (see also [197]). The next proof is taken from
J. Zabczyk [220].

Theorem 3.3.5 For arbitrary ϕ ∈ Cb(H), t > 0 and x ∈ H, the operator
D2

Qu(t, x) is of Hilbert-Schmidt type and

‖D2
Qu(t, x)‖L2(H) ≤

√
2
t
‖ϕ‖0, t > 0, x ∈ H. (3.3.7)

Proof. Let (en) be an orthonormal and complete basis in H. For n,m ∈ N

define

fn,m(y) = 〈en, (tQ)−1/2y〉〈em, (tQ)−1/2y〉 − 〈en, em〉, y ∈ H.
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Then

‖D2
Qu(t, x)‖2L2(H) =

1
t2

∑
n,m∈N

∣∣∣∣∫
H
fn,m(y)ϕ(x+ y)NtQ(dy)

∣∣∣∣2

=
1
t2

∑
n∈N

∣∣∣∣∫
H
fn,n(y)ϕ(x+ y)NtQ(dy)

∣∣∣∣2

+
1
t2

∑
n	=m

∣∣∣∣∫
H
fn,m(y)ϕ(x+ y)NtQ(dy)

∣∣∣∣2 .
By Proposition 1.2.6 the system of functions f̃n,m, n,m ∈ N ,

f̃n,n =
fn,n√
2
, n ∈ N, f̃n,m = fn,m , n,m ∈ N, n �= m,

is orthonormal in L2(H,NtQ). Since

‖D2
Qu(t, x)‖2L2(H) ≤

2
t2

∑
n,m

|〈f̃n,m, ϕ(x+ ·)〉L2(H,NtQ)|
2,

therefore

‖D2
Qu(t, x)‖2L2(H) ≤

2
t2

∫
H
ϕ2(x+ y)NtQ(dy) ≤

2
t2
‖ϕ‖20.

We now consider the case when ϕ ∈ UC1b (H).

Proposition 3.3.6 Assume that ϕ ∈ C1b (H). Then

‖D2
QPtϕ(x)‖ ≤ t−1/2 ‖ϕ‖1,Q, x ∈ H. (3.3.8)

Proof. By (3.3.3) for k ∈ H,

〈DQPtϕ(x), k〉 = t−1/2
∫
H
〈k, (tQ)−1/2y〉ϕ(x+ y)NtQ(dy), (3.3.9)

and therefore, differentiating (3.3.9) in the direction Q1/2h gives for any
h, k ∈ H,

〈D2
QPtϕ(x)h, k〉 = t−1/2

∫
H
〈k, (tQ)−1/2y〉〈Dϕ(x+ y), Q1/2h〉NtQ(dy).

(3.3.10)
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By using the Hölder inequality we find

|〈D2
QPtϕ(x)h, k〉|2 ≤ t−1 ‖ϕ‖21,Q

∫
H
|〈k, (tQ)−1/2y〉|2NtQ(dy)

= t−1 ‖ϕ‖21,Q|h|2|k|2,

which yields (3.3.8).
We now prove that D2

Qu(t, x) is of trace class, see L. Gross [138].

Theorem 3.3.7 Assume that ϕ ∈ C1b (H). Then the operator D2
Qu(t, x) is

of trace class for any t > 0, x ∈ H, and

Tr[D2
Qu(t, x)] =

1
t

∫
H
〈y,Dϕ(x+ y)〉NtQ(dy). (3.3.11)

Moreover

| Tr[D2
Qu(t, x)]| ≤

1√
t
(Tr Q)1/2‖Dϕ‖0 (3.3.12)

and the heat equation holds:

Dtu(t, x) =
1
2
Tr[D2

Qu(t, x)], t > 0, x ∈ H. (3.3.13)

Proof. It follows from (3.3.10) that for k ∈ H

D2
Qu(t, x)k = t−1/2Q1/2

∫
H
Dϕ(x+ y)〈k, (tQ)−1/2y〉NtQ(dy) := Q1/2Gϕ(x).

Since Q1/2 is a Hilbert-Schmidt operator, in order to show that D2
Qu(t, x) is

of trace class it is enough to prove that G is also a Hilbert-Schmidt operator.
Note that

‖G‖2L2(H) =
1
t

∞∑
i,j=1

∣∣∣∣∫
H
〈ej , Dϕ(x+ y)〉〈ei, (tQ)−1/2y〉NtQ(dy)

∣∣∣∣2 ,
where (ek) is an orthonormal and complete basis in H. The sequence
(〈ek, (tQ)−1/2(·)〉) is orthonormal in L2(H,NtQ) and therefore by the Parse-
val identity,

‖G‖2L2(H)
≤ 1

t

∞∑
j=1

∫
H
〈ej , Dϕ(x+ y)〉2NtQ(dy).
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Consequently

‖G‖2L2(H) ≤
1
t

∫
H
|Dϕ(x+ y)|2NtQ(dy),

and

‖D2
Qu(t, x)‖L1(H) ≤ ‖Q1/2‖L2(H) ‖G‖L2(H) ≤

1√
t
(Tr Q)1/2‖Dϕ‖0.

In this way inequality (3.3.12) has been established and in particular D2
Qu(t,

x) is a trace class operator. To show that (3.3.11) holds we use (3.3.9). If
(ek, λk) is an orthonormal sequence determined by Q, then

∞∑
k=1

〈D2
Qu(t, x)ek, ek〉

=
1√
t

∫
H

∞∑
k=1

〈(tQ)−1/2ek, y〉〈Dϕ(x+ y), Q1/2ek〉]NtQ(dy)

=
1√
t

∫
H

∞∑
k=1

1√
t

1√
λk
〈ek, y〉〈Dϕ(x+ y),

√
λkek〉NtQ(dy)

=
1
t

∫
H
〈y,Dϕ(x+ y)〉NtQ(dy)

and (3.3.11) holds. Since u(t, x) =
∫
H ϕ(x+

√
ty)NQ(dy), we have

Dtu(t, x) =
∫
H

〈
Dϕ(x+

√
ty),

1
2
√
t
y

〉
NQ(dy)

=
1
2t

∫
H

〈
Dϕ(x+

√
ty),

√
ty
〉
NQ(dy) =

1
2t

∫
H
〈Dϕ(x+ y), y〉NtQ(dy),

and then the equation (3.3.13) holds by (3.3.11).

Remark 3.3.8 It is known, see R. R. Phelps [185], that the set of all points
where a Lipschitz continuous function on a Hilbert space is not Gateaux dif-
ferentiable is of measure zero with respect to any nondegenerate Gaussian
measure. Using this result one can extend Theorem 3.3.7 to Lipschitz con-
tinuous ϕ, see L. Gross [138] for a different proof.
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We conclude this section by giving examples showing that the generalized
solution is not regular if the dimension of H is infinite. The following result,
due to J. Zabczyk [220], which extends a previous result of E. Priola [190],
shows that if dimH = ∞ and t > 0, then Ptϕ /∈ UC1b (H) for some ϕ ∈
UCb(H). If ψ ∈ UCb(H) then Dvψ(x) will denote the directional derivative
of ψ at x in the direction v.

Proposition 3.3.9 Assume that dimH = ∞, and that Q ∈ L+1 (H). Then
for arbitrary sequences (tk) in (0,+∞) and (xm) in H, there exists ϕ ∈
UCb(H) such that functions Ptkϕ are not Lipschitz continuous in any neigh-
borhood of any point xm, m ∈ N.

Proof. Let ϕ ∈ UCb(H), let x ∈ H, and v ∈ Q1/2h. Then we have

DvPtϕ(x) =
1√
t

∫
H
ϕ(x+ y)〈Q−1/2v, (tQ)−1/2y〉NtQ(dy).

Let (vn) be a sequence in Q1/2(H) such that |vn| = 1 and lim
n→∞ |Q

−1/2vn|
=∞. For each t > 0 and x ∈ H define the following linear functionals F t,x

n

from UCb(H) into R :

F t,x
n (ϕ) =

1√
t

∫
H
ϕ(x+ y)〈Q−1/2vn, (tQ)−1/2y〉NtQ(dy).

Then we have

‖F t,x
n ‖ = 1√

t

∫
H
|〈Q−1/2vn, (tQ)−1/2y〉|NtQ(dy).

Since, for each h ∈ H, y → 〈h,Q−1/2y〉 is a Gaussian random variable on
L2(H,NQ) with mean 0 and covariance |h|2, one easily gets that

‖F t,x
n ‖ = πt

2
|Q−1/2vn|.

Therefore, for arbitrary t and x, it results that lim
n→∞ ‖F

t,x
n ‖ =∞ . Conse-

quently by the Banach-Steinhaus principle of the condensation of singulari-
ties , there exists ϕ ∈ UCb(H) such that for any tk and xm,

sup
n∈N

|DvnPtkϕ(xm)| = sup
n∈N

|F tk,xm
n (ϕ)| =∞. (3.3.14)

Assume that for some tk, xm the function Ptkϕ is Lipschitz continuous in a
neighborhood of xm. Then there exists δ > 0 such that for ψ = Ptkϕ

|ψ(xm + y)− ψ(xm)| ≤ C|y| if |y| ≤ δ.
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Let σn > 0 be such that σn < δ and

|ψ(xm + σnvn)− ψ(xm)|
σn

≥ 1
2
|Dvnψ(xm)|.

Then

1
2
|Dvnψ(xm))| ≤

C|σnvn|
σn

≤ C, n ∈ N,

a contradiction with (3.3.14).
We will show that for arbitrary t > 0 and x ∈ H there exist initial

functions ϕ ∈ UCb(H) such that the generalized solution u of the heat
equation in the form (3.3.13) is not satisfied at (t, x).

The following result is taken from J. Zabczyk [220].

Proposition 3.3.10 Assume that dim(H) =∞, and Q ∈ L+1 (H). Then for
arbitrary sequences (tk) ∈ (0,+∞) and (xm) ⊂ H, there exists ϕ ∈ UCb(H)
such that operators D2

QPtkϕ(xm) are not of trace class.

Proof. Let (gn) be a complete orthonormal basis in H. Then

〈D2
QPtϕ(x)gk, gk〉 =

1
t

∫
H

[
〈gk, (tQ)−1/2y〉|2 − 1

]
ϕ(x+ y)NtQ(dy).

For ϕ ∈ UCb(H), t > 0, x ∈ H, and n ∈ N, we define

F t,x
n (ϕ) :=

n∑
k=1

〈D2
QPtϕ(x)gk, gk〉

=
1
t

∫
H

n∑
k=1

[
〈gk, (tQ)−1/2y〉|2 − 1

]
ϕ(x+ y)NtQ(dy).

Then for fixed t > 0, x ∈ H, and n ∈ N, the norms of the functionals F t,x
n

on UCb(H) can be easily computed as

‖F t,x
n ‖ = 1

t

∫
H

∣∣∣∣∣
n∑

k=1

[
〈gk, (tQ)−1/2y〉|2 − 1

]∣∣∣∣∣NtQ(dy).

Let ηj(y) =
〈y,gj〉2
λj

−1, j = 1, 2, . . . , y ∈ H. Then the sequence (ηj) consists of
independent random variables on L2(H,NQ), identically distributed, with
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mean value 0 and finite second moment. Therefore it follows easily, for
instance by the central limit theorem, that

lim
n→∞ ‖F

t,x
n ‖ = lim

n→∞

∫
H
|η1 + · · ·+ ηn|NtQ(dy) =∞.

Consequently for arbitrary sequences (tk) and (xm), there exists a function
ϕ ∈ UCb(H) such that supn |F

tk,xm
n | = +∞. This means that for all such

(tk) and (xm), the operators D2
QPtkϕ(xm) cannot be of trace class.

3.4 Comments on the Gross Laplacian

We describe here the relationship between the Q-derivatives and the Gross
Laplacian introduced in [138]. The results of this section are not used in
what follows.

Let (B, ‖·‖B) be a separable Banach space and G a linear dense subspace
of B equipped with a scalar product 〈·, ·〉G and the Hilbertian norm: ‖g‖G =√
〈g, g〉G, g ∈ G. It is assumed that (G, ‖ · ‖G) is a separable Hilbert space

and for some c > 0

‖g‖B ≤ c‖g‖G, g ∈ G. (3.4.1)

Identifying G with its dual G∗ and taking into account that the embedding
G ⊂ B is continuous one can identify B∗ with a subset of G. Thus

B∗ ⊂ G∗ = G ⊂ B. (3.4.2)

Let E be another Banach space and u a transformation from B into E. If
there exists T ∈ L(G,E) such that

lim
‖g‖G→0

‖u(x+ g)− u(x)− Tg‖E
‖g‖G

= 0

then T is called the G-derivative of u at x and it is denoted by DGu(x).
Replacing the space E with L(G,E), one can define in the same way D2

Gu(x)
as an element of L(G,L(G,E)). Identifying L(G,L(G,E)) in the usual way,
with the Banach space L2(G,E) of all bilinear transformations from G into
E , one gets that D2

Gu(x) ∈ L2(G,E). In a similar way, Dn
Gu(x) can be

defined and if Dn
Gu(x) exists then Dn

Gu(x) ∈ Ln(G,E).
If E = R, then DGu(x) and D2

Gu(x) will be identified with elements of
G and L(G) respectively.
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If D2
Gu(x) is an operator of trace class on G, then the Gross Laplacian

∆G is defined by the formula

∆Gu(x) = Tr D2
Gu(x) =

∞∑
m=1

〈D2
Gu(x)gm, gm〉G,

where (gn) is an orthonormal basis on G.
Let now B be a separable Hilbert space H and Q : H → H a self-adjoint

nonnegative operator of trace class. Define G = Q1/2(H) and

〈g1, g2〉G = 〈Q−1/2g1, Q−1/2g2〉H , g1, g2 ∈ G.

Then H∗ ⊂ G∗ = G ⊂ H and H∗ = Q(H) = Q1/2(G) with the induced
norms. Assume that u : H → R is twice Fréchet differentiable at x ∈ H with
Du(x), D2u(x) its first and second Fréchet derivatives. Then for arbitrary
g, g1, g2 ∈ G

〈Du(x), g〉H = 〈DGu(x), g〉G,

and
〈D2u(x)g1, g2〉H = 〈D2

Gu(z)g1, g2〉G,

where the bilinear forms D2u(x), D2
Gu(x) were identified with linear opera-

tors on H and G respectively. Since

〈DGu(x), g〉G = 〈Q−1/2DGu(x), Q−1/2g〉H ,

and
〈D2

Gu(x)g1, g2〉G = 〈Q−1/2D2
Gu(z)g1, Q

−1/2g2〉H ,

one arrives at the following relations:

DGu(x) = QDu(x), D2
Gu(x) = QD2u(x).

Moreover if (hn) is an orthonormal basis in H then gm = Q1/2hm, m =
1, . . . , is an orthonormal basis in G and

∆Gu(x) =
∞∑

m=1

〈D2
Gu(x)gm, gm〉G (3.4.3)

=
∞∑

m=1

〈Q−1/2(QD2u(x))Q1/2hm, Q−1/2Q1/2hm〉H

=
∞∑

m=1

〈Q1/2D2u(x)Q1/2hm, hm〉H .
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Therefore

∆Gu(x) = Tr[Q1/2D2u(x)Q1/2], (3.4.4)

and for regular functions u the Gross Laplacian is identical, up to the con-
stant 2 , with the operator in the right hand side of the heat equation .

Note that if G = Q1/2(H) then

DQu(x) = Q−1/2DGu(x), D2
Qu(x) = Q−1/2D2

Gu(x)Q
1/2.

3.5 The heat semigroup and its generator

We are here concerned with the heat semigroup

Ptϕ(x) =
∫
H
ϕ(x+ y)NtQ(dy), ϕ ∈ UCb(H), x ∈ H. (3.5.1)

Let us first prove that (Pt) is strongly continuous on UCb(H).

Proposition 3.5.1 Let Q ∈ L+1 (H). Then the heat semigroup (Pt) is a
strongly continuous semigroup on UCb(H).

Proof. Let ϕ ∈ UCb(H). Since

Ptϕ(x) =
∫
H
ϕ(x+

√
t z)NQ(dz),

we have

|Ptϕ(x)− ϕ(x)| =
∣∣∣∣∫

H
[ϕ(x+

√
t z)− ϕ(x)]NQ(dz)

∣∣∣∣
≤

∫
H
ωϕ(

√
t z)NQ(dz),

where ωϕ is the uniform continuity modulus of ϕ. Therefore the conclusion
follows letting t tend to 0.

As we said before, even when the space H is finite dimensional, Pt is not
strongly continuous on Cb(H). This is the reason why we are considering
the heat semigroup on UCb(H).

Moreover, if dimH <∞ the heat semigroup is continuous on (0,+∞) in
the operator norm and it is even analytic. It follows from the next theorem
and basic results on semigroups theory, see e.g. E. B. Davies [104], A. Pazy
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[180], that neither of those properties holds if dimH = ∞. The following
proposition, due to W. Desh and A. Rhandi [105], extends a previous result
due to P. Guiotto [140]. The present proof is taken from J. van Neerven and
J. Zabczyk [174].

Proposition 3.5.2 If dimH = ∞ and Ker Q = {0} then the heat semi-
group is not continuous on (0,+∞) in the operator norm.

Proof. If t �= s the operator t−s
t I is not Hilbert-Schmidt and by the

Feldman-Hajek theorem (see Example 1.3.8), the measures N(x, tQ) and
N(x, sQ) are singular. Consequently

‖Pt − Ps‖ = sup
ϕ∈UCb(H)
‖ϕ‖0≤1

‖Ptϕ− Psϕ‖

= sup
ϕ∈UCb(H)
‖ϕ‖0≤1

∣∣∣∣∫
H
ϕ(y)Nx,tQ(dy)−

∫
H
ϕ(y)Nx,tQ(dy)

∣∣∣∣
= var(Nx,tQ −Nx,sQ) = 2,

where “var” stands for the variation.
Since the semigroup (Pt) on UCb(H) is strongly continuous, it is deter-

mined by its infinitesimal generator ∆Q. In particular if ϕ ∈ D(∆Q) then
the equation

Dtu = ∆Qu, u(0) = ϕ,

has a unique solution in UCb(H) given by u(t) = Ptϕ.

We study now some properties of the infinitesimal generator ∆Q of (Pt),
and its relations with the differential operator

Lϕ =
1
2
Tr[D2

Qϕ], ϕ ∈ UC2b (H).

Let us recall, see e.g. A. Lunardi [162], that when H = R
d and det Q > 0,

then the domain of ∆Q is given by

D(∆Q) =
{
ϕ ∈W 2,p

loc : p ≥ 1, ∆ϕ ∈ UCb(Rd)
}
.

Moreover we have that

D(∆Q) ⊂ UC2−εb (Rd), ε ∈ [0, 1), (3.5.2)

and only if d = 1 do we have that D(∆Q) = UC2b (R
d).
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We shall prove that for ϕ ∈ UC2b (H) one has ∆Qϕ = Lϕ. However, if
dim H =∞, the space UC2b (H) is not dense in UCb(H), see §2.2. Therefore
we introduce a natural extension ∆0,Q of L, which has a dense domain on
UCb(H).

We set, that is,

∆0,Qϕ(x) =
1
2
Tr[D2

Qϕ(x)], x ∈ H, ϕ ∈ D(∆0,Q), (3.5.3)

where

D(∆0,Q) = {ϕ ∈ UC2Q(H) : D2
Qϕ ∈ UCb(H,L1(H))}. (3.5.4)

If (ek, λk) is the eigensequence determined by Q, then

∆0,Qϕ(x) =
1
2

∞∑
k=1

〈D2
Qϕ(x)ek, ek〉 =

1
2

∞∑
k=1

λkD
2
kϕ(x), x ∈ H. (3.5.5)

We are going to prove that D(∆0,Q) is dense in UCb(H) and that ∆Q is an
extension of ∆0,Q.

The following result is due to E. Priola [189], we here present a proof
given in J. Zabczyk [220].

Theorem 3.5.3 Let Q ∈ L+1 (H) and let (Pt) be the heat semigroup defined
by (3.5.1), and ∆Q its infinitesimal generator. Then ∆Q is an extension of
∆0,Q. Moreover D(∆0,Q) and D(∆0,Q) ∩ UC1b (H) are cores for ∆Q. ( 6)

Proof. We will show that for ϕ ∈ D(∆0,Q), t > 0 and x ∈ H, we have

Ptϕ(x) = ϕ(x) +
∫ t

0
Ps(∆0,Qϕ)(x)ds. (3.5.6)

Since Ps(∆0,Qϕ) → ∆0,Qϕ as s → 0 in UCb(H), this identity implies that
ϕ ∈ D(∆Q) and ∆0,Qϕ = ∆Qϕ.

Define

Rnx =
n∑

k=1

〈x, ek〉ek, Qnx =
n∑

k=1

λk〈x, ek〉ek, x ∈ H.

6Let (Pt) be a strongly continuous semigroup on a Banach space E, and let L : D(L)⊂
E → E its infinitesimal generator. A subspace Y of D(L) is said to be a core if it is dense
in D(L) endowed with the graph norm. A sufficient condition in order that a subspace Y
is a core is that it is dense in E and invariant for Pt, t ≥ 0, see [104]. The generator is
uniquely determined on a core.
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Let (Pn
t ) be the heat semigroup corresponding toQn and ∆n

Q its infinitesimal
generator. By the finite dimensional theory, D(∆0,Q) ⊂ D(∆n

Q) and

Pn
t ϕ(x) = ϕ(x) +

∫ t

0
Pn
s (∆

n
Qϕ)(x)ds.

Moreover, for ϕ ∈ UCb(H),

Pn
t ϕ(x) =

∫
H
ϕ(x+Rny)NtQ(dy),

and consequently Pn
t ϕ(x)→ Ptϕ(x) as n→∞. Note also, that

∆n
Qϕ(x) =

1
2

∞∑
k=1

〈D2
Qnϕ(x)ek, ek〉 =

1
2

n∑
k=1

〈D2
Qϕ(x)ek, ek〉

→ 1
2

∞∑
k=1

〈D2
Qϕ(x)ek, ek〉 = ∆0,Qϕ(x), as n→∞.

In addition,

|∆n
Qϕ(x)| ≤

1
2

∞∑
k=1

|〈D2
Qϕ(x)ek, ek〉| ≤

1
2
‖D2

Qϕ(x)‖L1(H), (3.5.7)

as for self-adjoint operators S and arbitrary orthonormal basis (fk),

∞∑
k=1

|〈Sfk, fk〉| ≤ ‖S‖L1(H)

with the identity holding if (fk) is determined by S. Thus the sequence
(∆n

Qϕ) is uniformly bounded. To establish (3.5.6) it is enough to prove that

lim
n→∞

∫ t

0
Pn
s (∆

n
Qϕ)(x)ds =

∫ t

0
Ps(∆0,Qϕ)(x)ds.

Since the sequence of functions Pn
s (∆

n
Qϕ)(x), s ∈ [0, t], is bounded it is

sufficient to verify that for s ∈ [0, t],

lim
n→∞Pn

s (∆
n
Qϕ)(x) = Ps(∆0,Qϕ)(x).
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However,

|Pn
s (∆

n
Qϕ)(x)− Ps(∆0,Qϕ)(x)|

≤ |Pn
s (∆

n
Qϕ)(x)− Ps(∆n

Qϕ)(x)|+ |Ps(∆n
Qϕ)(x)− Ps(∆0,Qϕ)(x)|

≤
∣∣∣∣∫

H
[∆n

Qϕ(x+Rny)−∆n
Qϕ(x+ y)]NsQ(dy)

∣∣∣∣
+
∣∣∣∣∫

H
[∆n

Qϕ(x+ y)−∆0,Qϕ(x+ y)]NsQ(dy)
∣∣∣∣ ≤ I1 + I2.

The term I2 converges to zero by the dominated convergence theorem. By
an obvious generalization of (3.5.8), for arbitrary x, z ∈ H and n ∈ N,

|∆n
Qϕ(x)−∆n

Qϕ(x+ z)| ≤ 1
2
‖D2

Qϕ(x)−D2
Qϕ(x+ z)‖1.

Since D2
Qϕ ∈ UCb(H,L1(H)) by the same theorem, also I1 → 0, so that the

proof of the first part of the theorem is complete.
We pass now to the proof of the second part. The resolvent of ∆Q is

given, from the Hille-Yosida theorem, by

R(λ,∆Q)ϕ(x) =
∫ +∞

0
e−λtPtϕ(x)dt, λ > 0.

We first show that if ϕ ∈ UC1b (H), t > 0, and λ > 0 then

Ptϕ ∈ D(∆0,Q) ∩ UC1b (H).

It follows from the statement and proof of Theorem 3.3.7 that
‖D2

QPtϕ(x)‖L1(H) <∞, x ∈ H and

‖D2
QPtϕ(x)−D2

QPtϕ(z)‖L1(H)

≤ 1√
t
(Tr Q)1/2

∫
H
|Dϕ(x+ y)−Dϕ(z + y)|2NtQ(dy).

So Ptϕ ∈ D(∆0,Q). Since

DPtϕ(x) =
∫
H
Dϕ(x+ y)NtQ(dy), x ∈ H,

Ptϕ ∈ UC1b (H) as well. Consequently D(∆0,Q)∩UC1b (H) is invariant for Pt.
One shows in exactly the same way that R(λ,∆Q)ϕ ∈ D(∆0,Q) ∩ UC1b (H).
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Let us prove now that D(∆0,Q) ∩ UC1b (H) is dense in UCb(H). Take ϕ ∈
D(∆Q) and set g = ϕ − ∆Qϕ. Since UC1b (H) is dense in UCb(H) (see
Theorem 2.2.1), there exists a sequence (gn) ⊂ UC1b (H) such that gn → g
in UCb(H). However,

ϕn = R(1,∆Q)gn ∈ D(∆0,Q) ∩ UC1b (H), n ∈ N.

Since
ϕ = R(1,∆Q)g = lim

n→∞R(1,∆Q)gn = lim
n→∞ϕn,

the density of D(∆0,Q) ∩ UC1b (H) in D(∆Q) and therefore also in UCb(H)
follows. This implies that D(∆0,Q) ∩ UC1b (H) is a core for ∆0,Q, see e.g.
E. B. Davies [104]. Consequently the set D(∆0,Q) is also a core.

The following result generalizes (3.5.3).

Proposition 3.5.4 For any θ ∈ (0, 1) the following inclusion holds:

D(∆Q) ⊂ UC1+θQ (H). (3.5.8)

Proof. By Theorem 3.3.7 we have

‖Ptϕ‖0 ≤ ‖ϕ‖0, ‖D2
QPtϕ‖0 ≤

√
2
t
‖ϕ‖0.

Therefore by Theorem 3.3.2 we have

‖D2
QPtϕ‖1+θ ≤ 2

1+θ
2 t−

1+θ
2 ‖ϕ‖0.

Therefore
‖R(λ,∆Q)‖1+θ,Q ≤ 2

1+θ
2 Γ(1− θ)λθ.

Concerning the spectrum of ∆Q we have the following result due to G.
Metafune, A. Rhandi and R. Schnaubelt [173].

Proposition 3.5.5 The spectrum σ(∆Q) of ∆Q coincides with the half-
plane Reλ ≤ 0.

Proof. Let us identify H with =2, and define for each n and λ with negative
real part

gn(x) = eλcne
∑n
j=1 λ

−1
j x2

j ,

where

cn =

 n∑
j=1

λ−1j

−1

→ 0,
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as n tends to ∞. By a direct calculation we have

(λgn −∆Qgn)(x) = −4λ2c2n
n∑

j=1

λ−1j x2j e
λcn

∑n
j=1 λ

−1
j x2

j = fn(x),

‖fn‖0 =
4|x|2
|Reλ| cne

−1.

Assume in contradiction that λ belongs to the resolvent set of ∆Q, then
R(λ,∆Q)fn = gn. Since ‖gn‖0 = 1, we have

‖R(λ,∆Q)‖ ≥
‖R(λ,∆Q)fn‖0

‖fn‖0
≥ 1
‖fn‖0

→ +∞,

a contradiction. Thus σ(∆Q) ⊃ {λ ∈ C : Re λ ≤ 0}. The proof of the result
is complete.

We note that if H is finite dimensional and Q > 0, then the spectrum
σ(∆Q) of ∆Q is equal to the interval (−∞, 0].
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Poisson’s equation

As before, H represents a separable Hilbert space, Q a symmetric nonnega-
tive operator of trace class with Ker Q = {0}, (ek) an orthonormal basis in
H, and (λk) a sequence of positive numbers such that Qek = λkek, k ∈ N.
We consider the heat semigroup (Pt) defined by (3.5.1). We recall that (Pt)
is strongly continuous in UCb(H) and that its infinitesimal generator ∆Q is
the closure of the operator ∆0,Q defined by{

∆0,Qϕ(x) = 1
2 Tr[D

2
Qϕ(x)], x ∈ H, ϕ ∈ D(∆0,Q),

D(∆0,Q) = {ϕ ∈ UC2Q(H); D2
Qϕ ∈ UCb(H;L1(H))},

see Proposition 3.5.1 and Theorem 3.5.3. This chapter is devoted to studying
existence, uniqueness and regularity of solutions for elliptic equations related
to ∆Q and ∆0,Q: §4.1 concerns existence and uniqueness, §4.2 Schauder
estimates , and §4.3 potential theory .

4.1 Existence and uniqueness results

We are here concerned with the elliptic equation on H,

λϕ(x)− 1
2
Tr[D2

Qϕ(x)] = g(x), x ∈ H, (4.1.1)

where λ > 0 and g ∈ UCb(H). The case λ = 0 will be studied in §4.3.
Following tradition equation (4.1.1) will be called the Poisson equation.

A function ϕ is said to be a strict solution of (4.1.1) if it belongs to the
domain of ∆0,Q and fulfills (4.1.1).

It is well known that, even if H is d-dimensional (with d > 1), there does
not exist in general a strict solution of (4.1.1). One has to look for weak

76
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or generalized solutions . By a generalized solution of equation (4.1.1) we
mean a function ϕ that belongs to the domain of ∆Q and fulfills

λϕ−∆Qϕ = g. (4.1.2)

Proposition 4.1.1 For any λ > 0 and g ∈ UCb(H), equation (4.1.1) has a
unique generalized solution ϕ given by

ϕ(x) = R(λ,∆Q)g(x) =
∫ +∞

0
e−λtPtg(x)dt, x ∈ H. (4.1.3)

Moreover there exists a sequence (gn) ⊂ UCb(H) converging to g in UCb(H)
such that the equation

λϕn(x)−
1
2
Tr[D2

Qϕn(x)] = gn(x)

has a strict solution ϕn for any n ∈ N and ϕn → ϕ in UCb(H).

Proof. Since (Pt) is a strongly continuous semigroup in UCb(H), the first
statement is an immediate consequence of the Hille-Yosida theorem. The
last statement follows from the fact that D(∆0,Q) is a core for ∆Q,

see Theorem 3.3.3.
Obviously the function ϕ = R(λ,∆Q)g is not a strict solution of equation

(4.1.1) in general because

(i) ϕ does not belong to C2Q(H) in general when the dimension of H is
greater than 1,

(ii) even if ϕ ∈ C2Q(H), in the case of infinite dimensional H, D2
Qϕ is not

necessarily of trace class.

In order to have a strict solution of (4.1.1), we need stronger conditions
on g. A sufficient condition is given by the following result.

Theorem 4.1.2 If λ > 0 and g ∈ UC1b (H) then ϕ = R(λ,∆Q)g is a strict
solution of (4.1.1).

Proof. By Theorem 3.3.7 we have

ϕ(x) =
∫ +∞

0
e−λtu(t, x)dt, x ∈ H,

where u is the solution of the problem

Dtu(t, x) =
1
2
Tr[D2

Qu(t, x)], u(0, x) = g(x), t > 0, x ∈ H.
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Since, by Theorem 3.3.7, D2
Qu(t, x) is of trace class and

‖D2
Qu(t, x)‖L1(H) ≤ t−1/2 (Tr Q)1/2 ‖Dg‖0, x ∈ H,

one can easily show that

D2
Qϕ(x) =

∫ +∞

0
e−λtD2

Qu(t, x)dt, x ∈ H.

Moreover D2
Qϕ(x) is of trace class and

Tr[D2
Qϕ(x)] =

∫ +∞

0
e−λtTr[D2

Qu(t, x)]dt, x ∈ H.

Consequently

1
2
Tr[D2

Qϕ(x)] =
1
2

lim
s→0

T→+∞

∫ T

s
e−λtTr[D2

Qu(t, x)]dt

= lim
s→0

T→+∞

∫ T

s
e−λtDtu(t, x)dt

= lim
s→0

T→+∞

[∣∣∣e−λtu(t, x)∣∣∣T
s
+ λ

∫ T

s
e−λtu(t, x)dt

]

= −g(x) + λu(x).

4.2 Regularity of solutions

In this section we investigate the regularity of generalized solutions ϕ of
(4.1.1). First we show that ϕ is always of class C1+θQ (H), θ ∈ [0, 1).

Proposition 4.2.1 Let λ > 0 and g ∈ UCb(H), and let ϕ = R(λ,∆Q)g be
a generalized solution of (4.1.1). Then ϕ ∈ C1+θQ (H), for all θ ∈ [0, 1), and
there is Cθ > 0 such that

|ϕ|1+θ,Q ≤ Cθλ
−(1−θ)

2 ‖g‖0. (4.2.1)

Proof. Set u(t, x) = Ptϕ(x). By (3.3.5) it follows that∫ ∞

0
e−λt|DQu(t, x)|dt ≤

√
π

λ
‖ϕ‖0, x ∈ H.
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Consequently it is easy to see that ϕ ∈ C1Q(H) and

〈DQϕ(x), h〉 =
∫ ∞

0
e−λt〈DQu(t, x), h〉dt, h, x ∈ H.

Moreover by the interpolatory estimate (3.3.2), there exists C > 0 such that

‖u(t, ·)‖1+θ,Q ≤ C‖u(t, ·)‖
1−θ
2
0 ‖u(t, ·)‖

1+θ
2
2,Q ,

which yields, thanks to (3.3.6),

‖u(t, ·)‖1+θ,Q ≤ C

(√
2
t

) 1+θ
2

‖ϕ‖0.

It follows that∫ ∞

0
e−λt‖u(t, ·)‖1+θ,Qdt ≤ C

√
2

1+θ
2

∫ ∞

0
e−λtt−

1+θ
2 dt.

Consequently ϕ ∈ C1+θQ (H) as required.

Proposition 4.2.2 Let λ > 0, θ ∈ (0, 1), g ∈ Cθ
Q(H) and ϕ = R(λ,∆Q)g.

Then ϕ ∈ UC2Q(H), and

‖D2
Qϕ(x)‖ ≤ 2

1−θ
2 Γ(θ/2)λ−

θ
2 ‖g‖θ,Q, (4.2.2)

where Γ is the Euler function. Moreover D2
Qϕ(x) ∈ L2(H) and

‖D2
Qϕ(x)‖L2(H) ≤ Γ(1− θ)21−θλ−

θ
2 ‖g‖1,Q. (4.2.3)

Proof. By Proposition 3.3.6 we have

‖D2
QPtg(x)‖ ≤ t−1/2 ‖g‖1,Q, x ∈ H. (4.2.4)

Moreover by (3.3.6), we have

‖D2
QPtg(x)‖ ≤

√
2 t−1 ‖g‖0, x ∈ H. (4.2.5)

By a straightforward generalization of Theorem 2.3.3 we see that Cθ
Q(H) is

an interpolation space between UCb(H) and UC1Q(H), and(
UCb(H), UC1Q(H)

)
θ,∞ = Cθ

Q(H),
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therefore by (4.2.4) and (4.2.5), it follows that

‖D2
QPtg(x)‖ ≤ 2

1−θ
2 t−1+

θ
2 ‖g‖θ,Q.

Now (4.2.2) follows by taking the Laplace transform. Finally, (4.2.3) follows
from Theorems 3.3.5 and 3.3.7, by applying interpolation again.

We now establish regularity results in the form of Schauder estimates .
We follow P. Cannarsa and G. Da Prato [31].

Theorem 4.2.3 Let λ > 0, θ ∈ (0, 1) and g ∈ Cθ
Q(H). Then

ϕ = R(λ,∆Q)g ∈ C2+θQ (H)

and there exists C > 0 such that

‖ϕ‖2+θ,Q ≤ C‖g‖θ,Q. (4.2.6)

For the proof we need some information about the interpolation spaces be-
tween D(∆Q) and UCb(H). Let D∆Q(θ,∞), θ ∈ (0, 1), be the interpolation
space (UCb(H), D(∆Q))θ,∞ . We recall, see Appendix A, that

D∆Q(θ,∞) = {u ∈ UCb(H) : [ϕ]θ,∞ <∞},

where
[ϕ]θ,∞ = sup

t>0
t−θ‖Ptϕ− ϕ‖0, ϕ ∈ D∆Q(θ,∞).

Moreover
‖ϕ‖D∆Q

(θ,∞) = ‖ϕ‖0 + [ϕ]θ,∞, ϕ ∈ D∆Q(θ,∞).

The following result is due to A. Lunardi, see [163].

Proposition 4.2.4 For all θ ∈ (0, 1/2) the following inclusion holds:

D∆Q(θ,∞) ⊂ C2θQ (H).

Proof. Let ϕ ∈ D∆Q(θ,∞). Then from the obvious identity

∆QR(λ,∆Q)ϕ = λ

∫ +∞

0
e−λt(Ptϕ− ϕ)dt = λR(λ,∆Q)ϕ− ϕ,

it follows that

‖∆QR(λ,∆Q)ϕ‖0 ≤ Γ(1 + θ)[ϕ]θ,∞λ−θ, λ > 0. (4.2.7)
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Let x, y ∈ H. By the inequality (4.2.7) and

ϕ(Q1/2x)− ϕ(Q1/2y) = −∆QR(λ,∆Q)(ϕ(Q1/2x)− ϕ(Q1/2y))

+λR(λ,∆Q)(ϕ(Q1/2x)− ϕ(Q1/2y)),

it follows that

|ϕ(Q1/2x)− ϕ(Q1/2y)| ≤ 2Γ(1 + θ)[ϕ]θ,∞λ−θ

+‖Q1/2D(λR(λ,∆Q)ϕ)‖0|x− y|. (4.2.8)

Let us estimate ‖Q1/2D(λR(λ,∆Q)ϕ)‖0. Since

λR(λ,∆Q)−R(1,∆Q) =
∫ λ

1

d

dµ
(µR(µ,∆Q))dµ

= −
∫ λ

1
∆QR

2(µ,∆Q)dµ,

it follows that

λQ1/2(DR(λ,∆Q)ϕ) = Q1/2DR(1,∆Q)ϕ

−
∫ λ

1
Q1/2D[R(µ,∆Q)∆QR(µ,∆Q)ϕ]dµ.

Thus, using the estimates (4.2.1) and (4.2.2), we have

‖λQ1/2(DR(λ,∆Q)ϕ)‖0

≤
√
π

(
‖ϕ‖0 +

∫ λ

1
µ−1/2‖∆QR(µ,∆Q)ϕ‖0dµ

)

≤
√
π

[
‖ϕ‖0 +

2Γ(1 + θ)
1− 2θ

[ϕ]θ,∞ λ1/2−θ
]
. (4.2.9)

Substituting (4.2.9) in (4.2.8) yields

|ϕ(Q1/2x)− ϕ(Q1/2y)| ≤ 2Γ(1 + θ)λ−θ[ϕ]θ,∞

+
√
π

[
‖ϕ‖0 +

2Γ(1 + θ)
1− 2θ

[ϕ]θ,∞λ1/2−θ
]
|x− y|.
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It is enough to consider the case when |x− y| ≤ 1. In this case we have

|ϕ(Q1/2x)− ϕ(Q1/2y)| ≤ 2Γ(1 + θ)λ−θ[ϕ]θ,∞

+
√
π

[
‖ϕ‖0|x− y|2θ + 2Γ(1 + θ)

1− 2θ
[ϕ]θ,∞λ1/2−θ|x− y|

]
.

Setting λ = |x− y|−2 the conclusion follows.
We are now ready to prove the main result of this section.

Proof of Theorem 4.2.3. By Proposition 4.2.2 we know that ϕ ∈ UC2Q(H)
and for any α, β ∈ H we have

〈D2
Qϕ(x)α, β〉 =

∫ ∞

0
e−λt〈D2

QPtg(x)α, β〉dt, x ∈ H.

If we set h(x) = 〈D2
Qϕ(x)α, β〉, x ∈ H, then there exists a constant cθ > 0

such that ‖h‖D∆Q
(θ/2,∞) ≤ cθ|α| |β| ‖g‖θ,Q. We have in fact

Pξh(x)− h(x)

=
∫ +∞

0
e−λtPξ〈D2

QPtg(x)α, β〉dt−
∫ +∞

0
e−λt〈D2

QPtg(x)α, β〉dt

=
∫ +∞

0
e−λt〈D2

QPt+ξg(x)α, β〉dt−
∫ +∞

0
e−λt〈D2

QPtg(x)α, β〉dt

= (eξ − 1)
∫ +∞

0
e−λt〈D2

QPtg(x)α, β〉dt− eξ
∫ ξ

0
e−λt〈D2

QPtg(x)α, β〉dt.

It follows by (4.2.2) that

|Pξh(x)− h(x)| ≤ c

[
(eξ − 1)

∫ +∞

0
e−λttθ/2−1dt

]
|α| |β| ‖g‖θ,Q

+
[
ceξ

∫ ξ

0

dt

t1−θ/2

]
|α| |β| ‖g‖θ,Q,

where c is a suitable constant. Therefore there exists a constant c1 > 0 such
that if ξ ∈ (0, 1)

|Pξh− h|0 ≤ C1ξ
θ/2|α| |β| ‖g‖θ,Q, ξ > 0,
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and the conclusion follows. Thus, by Proposition 4.2.4, we have

h ∈ D∆Q(θ/2,∞) ⊂ Cθ
Q(H),

which yields our thesis.

Remark 4.2.5 Notice that we are not able to prove that D2ϕ(x) ∈ L1(H).
However, one can show, see E. Priola and L. Zambotti [197], that (under the
assumptions of Theorem 4.2.3) D2

Qϕ(x) ∈ L2(H) and there exists C1α,λ > 0
such that

‖D2
Qϕ(Q

1/2x)−D2
Qϕ(Q

1/2y)‖L2(H) ≤ C1α,λ|(x− y)|θ, x, y ∈ H. (4.2.10)

4.3 The equation ∆Qu = g

It is well known that if H = R
n, n ≥ 3, and g ∈ UCb(H) has a bounded

support then there exists a unique function (up to an additive constant)
ϕ ∈ C1+θb (H), θ ∈ (0, 1), such that

−1
2
∆ϕ = g, (4.3.1)

in the distributional sense. Moreover,

ϕ(x) =
∫ ∞

0
Ptg(x)dt = Cn

∫
Rn

g(y)
|x− y|n−2 dy, x ∈ H, (4.3.2)

where
Cn =

1
2πn/2

Γ(n/2− 1).

The function ϕ is called the potential of g.
If n = 1, 2 then equation (4.3.1) does not necessarily have a solution even

if g is of class C∞ with bounded support.
From now on we shall assume that H is an infinite dimensional space.

Then we can still define, following L. Gross [138], the potential of any func-
tion g ∈ UCb(H) having a bounded support. For this we need a preliminary
result on the asymptotic behavior in time of Ptg, g ∈ UCb(H).

Lemma 4.3.1 Let g ∈ UCb(H) having bounded support K. Then for all
N ∈ N there exists a constant CN = CN (K) such that the following hold.
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(i) The following estimates hold.

|Ptg(x)| ≤ CN t−N/2‖g‖0, x ∈ H, (4.3.3)
|DQPtg(x)| ≤ CN t−(N+1)/2‖g‖0, x ∈ H, (4.3.4)

‖D2
QPtg(x)‖ ≤ CN t−(N+2)/2‖g‖0, x ∈ H. (4.3.5)

(ii) If g ∈ UC1b (H), then

‖D2
QPtg(x)‖ ≤ CN t−(N+1)/2‖g‖1,Q. (4.3.6)

(iii) If g ∈ Cθ
Q(H), θ ∈ (0, 1), then

‖D2
QPtg(x)‖ ≤ CN2

1−θ
2 t−(N+2−θ)/2‖g‖θ,Q. (4.3.7)

Proof. We first prove (4.3.3), following H. Kuo [149, Lemma 4.5]. Let us
start from the identity

Ptg(x) =
∫
H
g(x+ y)NtQ(dy) =

∫
K
g(y)Nx,tQ(dy), x ∈ H.

It follows that
|Ptg(x)| ≤ ‖g‖0

∫
K
Nx,tQ(dy), x ∈ H.

Set L = supz∈K{|〈z, ek〉| : k = 1, . . . , N} and Λ = {x ∈ H : |xk| ≤ L, k =
1, . . . , N}, where xk = 〈x, ek〉. (1) We have clearly K ⊂ Λ. Since Λ is a
cylindrical set, one finds easily∫

Λ
Nx,tQ(dy) = (2πt)−N/2

N∏
k=1

λ
−1/2
k

N∏
k=1

∫ L

−L
e
− |yk−xk|2

2λkt dyk. (4.3.8)

Thus

|Ptg(x)| ≤ ‖g‖0
∫
Λ
Nx,tQ(dy) ≤ ‖g‖0

(2L)N

(2π)N/2
t−N/2

N∏
k=1

λ
−1/2
k ,

and (4.3.3) follows.
Let us prove (4.3.4). By (3.3.3), we have

〈DQPtg(x), h〉 =
1√
t

∫
H
〈h, (tQ)−1/2y〉g(x+ y)NtQ(dy), h ∈ H.

1We recall that (ek) is an orthonormal basis in H and (λk) a sequence of positive
numbers such that Qek = λkek, k ∈ N.
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Consequently, by the Hölder inequality it follows that

|〈DQPtg(x), h〉|2 ≤ 1
t

∫
H
|〈h, (tQ)−1/2y〉|2NtQ(dy)

∫
H
g2(x+ y)NtQ(dy),

≤ C

t
|h|2

∫
K
g2(y)Nx,tQ(dy), h ∈ H.

Therefore
|DQPtg(x)|2 ≤

1
t
‖g‖20

∫
K
Nx,tQ(dy).

Now (4.3.4) follows from (4.3.8). The proof of (4.3.5) is similar, using (3.3.4).
Also (4.3.6) follows in the same way, starting from the formula

DPtg(x) =
∫
H
Dg(x+ y)NtQ(dy) =

∫
K
Dg(y)Nx,tQ(dy).

Finally (4.3.7) follows by interpolation.
We are now ready to prove an existence result.

Proposition 4.3.2 Let g ∈ UC1b (H) with bounded support and let

ϕ(x) =
∫ +∞

0
Ptg(x) dt, x ∈ H. (4.3.9)

Then u belongs to the domain of ∆0,Q and

1
2
Tr[D2

Qu(x)] = −g(x), x ∈ H. (4.3.10)

Proof. The proof is similar to that of Theorem 4.1.2 and uses the same
notations. From Theorem 3.3.7 it follows that

‖D2
QPtg(x)‖L1(H) ≤ t−1/2 (Tr Q)1/2

[∫
H
|Dg(x+ y)|2NtQ(dy)

]1/2
.

Therefore if the support of g is included in BR = {x ∈ H : |x| ≤ R}, we
have

‖D2
QPtg(x)‖L1(H) ≤ t−1/2 (Tr Q)1/2 ‖Dg‖0Nx,tQ(BR).

By Lemma 4.3.1, for any N ∈ N, there exists CN such that

Nx,tQ(B(0, R)) ≤ CN t
−N .

Therefore
‖D2

QPtg(x)‖L1(H) ≤ t−(N+1)/2 (Tr Q)1/2 ‖Dg‖0,
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and consequently it is not difficult to show that ϕ ∈ UC2Q(H),

D2
Qϕ(x) =

∫ +∞

0
D2

QPtg(x)dt, x ∈ H,

and

Tr[D2
Qϕ(x)] =

∫ +∞

0
Tr[D2

QPtg(x)]dt, x ∈ H.

Now, in order to prove that ϕ satisfies (4.3.10) we can proceed as in the
proof of Theorem 4.1.2.

Theorem 4.3.3 Let g ∈ Cθ
b (H), θ ∈ (0, 1), have bounded support and let

ϕ(x) =
∫ +∞

0
Ptg(x)dt, x ∈ H. (4.3.11)

Then

(i) ϕ ∈ D(∆Q) and ∆Qϕ = −g,

(ii) ϕ ∈ C2+θQ (H).

Proof. Let us prove (i). We have

Psϕ(x)− ϕ(x) =
∫ +∞

0
Pt+sg(x)dt−

∫ +∞

0
Ptg(x)dt

= −
∫ s

0
Ptg(x)dt.

Consequently there exists the limit lims→0 1s (Psϕ − ϕ) = −g, and we have
∆Qϕ = −g. So (i) is proved. To prove (ii) fix λ > 0. Then we have

λϕ−∆Qϕ = λϕ− g =: g1.

Since g ∈ Cθ
Q(H) and ϕ ∈ D(∆Q) ⊂ C1+θQ (H) by Proposition 3.5.4, we have

that g1 ∈ Cθ
Q(H). Therefore we may apply Theorem 4.2.3 and conclude that

ϕ ∈ C2+θQ (H).
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4.3.1 The Liouville theorem

We notice that constant functions are always solutions of the equation
1
2
Tr[D2

Qϕ(x)] = 0, x ∈ H. (4.3.12)

In this subsection we want to see whether they are the only solutions.
Note that for any strongly continuous semigroup (Tt) with generator

A, an element h ∈ D(A) satisfies Ah = 0 if and only if Tth = h for all
t ≥ 0. If Aa = 0, then a is called harmonic. We have therefore the following
definition.

A Borel bounded function ϕ is said to be harmonic if

Ptϕ(x) = ϕ(x), x ∈ H, t ≥ 0. (4.3.13)

We can prove the following generalization of the classical Liouville the-
orem .

Theorem 4.3.4 The only continuous harmonic functions are the constants.

Proof. We will present here two different proofs.

First proof.
Let ϕ ∈ Cb(H) be such that Ptϕ = ϕ, t ≥ 0. Then by Theorem 3.3.3 it

follows that ϕ ∈ C1Q(H) and

|DQϕ(x)| ≤
1√
t
‖ϕ‖0, t ≥ 0, x ∈ H.

Letting t → ∞ we see that DQϕ(x) = 0 for all x ∈ H. This implies that ϕ
is constant in the directions Q1/2h for all h ∈ H. Since ϕ is continuous and
Q1/2(H) is dense in H, it follows that ϕ is a constant as required.

Second proof.
We will prove first that if a− b ∈ Q1/2(H) then

Var(Na,Q −Nb,Q) ≤
(
e|Q

−1/2(a−b)|2 − 1
)1/2

. (4.3.14)

By the Cameron-Martin formula we have

dNb,Q

dNa,Q
(y) = e−

1
2
|Q−1/2(a−b)|2+〈Q−1/2(y−a),Q−1/2(b−a)〉, y ∈ H.

Moreover

Var(Na,Q −Nb,Q) =
∫
H

∣∣∣∣1− dNb,Q

dNa,Q
(y)

∣∣∣∣ dNa,Q(dy)

≤
[∫

H

∣∣∣∣1− dNb,Q

dNa,Q
(y)

∣∣∣∣2Na,Q(dy)

]1/2
.
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Since the law of 〈Q−1/2(y−a), Q−1/2(b−a)〉 is N0,|Q−1/2(b−a)|2 , therefore
(4.3.14) follows.

Assume now that ϕ ∈ Cb(H) is such that (4.3.13) holds. It follows from
(4.3.14) that

|ϕ(a)− ϕ(b)| = |Ptϕ(a)− Ptϕ(b)| ≤ ‖ϕ‖0
(
e

1
t
|Q−1/2(a−b)|2 − 1

)1/2
.

Letting t tend to +∞ gives ϕ(a) = ϕ(b). As ϕ is continuous and Q1/2(H) is
dense in H it follows that ϕ is constant.

If ϕ is not continuous the conclusion of Theorem 4.3.4 does not hold.
We have in fact the following result proved by V. Goodman [132], with an
elementary proof.

Proposition 4.3.5 There exists a nonconstant harmonic function.

Proof. We will first prove that there exists a Borel linear subspace H0 of
H different from H such that

NtQ(H0) = 1, t ≥ 0. (4.3.15)

Let us choose a nondecreasing sequence (αk) of positive numbers such that
αk ↑ +∞, and

∑∞
k=1 αkλk < +∞, and define

H0 =

{
x ∈ H :

∞∑
k=1

αk|xk|2 < +∞
}
.

This is certainly possible. For instance choose an increasing sequence (Nm)
of natural numbers such that∑

k≥Nm
λk ≤ 2−m, m ∈ N,

and define

αn =
{

0 if n ≤ N1,
m if Nm ≤ n < Nm+1.

Then
∞∑
n=1

αnλn =
∞∑

m=1

∞∑
Nm≤n<Nm+1

αnλn

=
∞∑

m=1

m

∞∑
Nm≤n<Nm+1

λn ≤
∞∑

m=1

m2−m < +∞.
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One can check easily that Q1/2(H) ⊂ H0. Moreover NtQ(H0) = 1 since∫
H

∞∑
k=1

αk|xk|2NtQ(dx) = t
∞∑
k=1

αkλk < +∞.

Therefore the set H0 has the required properties.
Since for x ∈ H0, H0 + x = H0, and for x /∈ H0, (H0 + x) ∩H0 = ∅, the

function ϕ = χH0 is harmonic.



Chapter 5

Elliptic equations with
variable coefficients

This chapter is devoted to studying the equation

λϕ(x)− 1
2
Tr[Q(x)D2ϕ(x)] = g(x), x ∈ H,

when the diffusion operator Q(x) ∈ L(H) depends on x.

Here H is a separable Hilbert space, g ∈ UCb(H) and λ > 0. The idea is
to exploit the results of Chapter 4, which concerns equations with constant
coefficients, using perturbation results.

The first case, which we consider in §5.1, is when Q(x) is a small per-
turbation to Q(0). In §5.2 we allow “large” perturbation by using Schauder
estimates .

5.1 Small perturbations

Let us first recall some classical results when dim H = d < +∞. Consider
the following equation:

λϕ(x)− 1
2
Tr[Q(x)D2ϕ(x)] = g(x), x ∈ H, (5.1.1)

where λ > 0, g ∈ UCb(H), and Q ∈ UCb(H;H). Assume moreover that the
ellipticity condition

〈Q(x)ξ, ξ〉 ≥ ν|ξ|2, ∀x, ξ ∈ H,

90
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holds for some ν > 0. Now we set Q(0) = Q and assume for simplicity that
Q = I. Then we rewrite equation (5.1.1) in the form

λϕ(x)− 1
2
∆ϕ(x)− 1

2
Tr[F (x)D2ϕ(x)] = g(x), x ∈ H, (5.1.2)

where F (x) = Q(x)− I.
Moreover we set ψ = λϕ− 1

2∆ϕ, so that equation (5.1.2) becomes

ψ − γ(ψ) = g, (5.1.3)

where

γ(ψ)(x) =
1
2
Tr

[
F (x)D2R

(
λ,

1
2
∆
)
ψ(x)

]
, x ∈ H. (5.1.4)

Notice that if d > 1 the mapping γ does not map UCb(H) into itself, since
the domain of the Laplacian is not UC2b (H), but for any θ ∈ (0, 1/2) it
maps Cθ

b (H) into itself, provided F ∈ Cθ
b (H;H), in view of the Schauder

estimates . Consequently if we assume that F ∈ Cθ
b (H;H) and that the

norm ‖F‖UCθb (H;H) is sufficiently small, we have that γ is a linear bounded
application of Cθ

b (H;H) into itself with norm less than 1. By the Banach-
Caccioppoli fixed point theorem it follows that equation (5.1.4) has a unique
solution ψ ∈ Cθ

b (H). Consequently equation (5.1.1) has a unique solution
ϕ ∈ C2,θb (H).

Summarizing we can say that equation (5.1.1) has a unique solution pro-
videdQ(x)−I is small in norm Cθ

b (H;H). It is well known that this condition
(usually called the Cordes condition) implies that all the eigenvalues of Q(x)
are close to 1.

Let us try to repeat the above argument in infinite dimensions choosing
Q(x) of the following form: Q(x) = Q1/2(1 +F (x))Q1/2. We write equation
(5.1.1) as

λϕ(x)−∆Qϕ(x)−
1
2
Tr[F (x)D2

Qϕ(x)] = g(x), x ∈ H, (5.1.5)

where the operator ∆Q is the infinitesimal generator of the heat semigroup
defined by (3.5.3)-(3.5.4). Setting ψ = λϕ− 1

2∆ϕ, (5.1.5) becomes

ψ − γ(ψ) = g, (5.1.6)

where

γ(ψ)(x) =
1
2
Tr[F (x)D2

QR(λ,∆Q)ψ(x)], x ∈ H. (5.1.7)
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Similarly to the finite dimensional case, we want to prove that γ maps
Cθ
Q(H) into itself. But in this case it is not enough to assume that the norm

Cθ
b (H;H) of F is small (for instance F = εI, with ε small), because the

operator F (·)D2
QR(λ,∆Q)ψ is not necessarily of trace class. Therefore we

shall choose F (x) ∈ L1(H), x ∈ H, and such that its L1(H) norm is small.

Let us introduce some notation. We denote by UCb(H;L1(H)) the Ba-
nach space of all mappings F : H → L1(H) that are uniformly continuous
and bounded endowed with the norm

‖F‖0 = sup
x∈H

‖F (x)‖L1(H).

Moreover, for any θ ∈ (0, 1) we denote by Cθ
Q(H;L1(H)) the space of all

mappings F ∈ UCb(H;L1(H)) such that

[F ]θ,Q := sup
x,y∈H

‖F (x)− F (y)‖L1(H)

|Q1/2(x− y)|θ
<∞.

Cθ
Q(H;L1(H)), endowed with the norm

‖F‖θ,Q = ‖F‖0 + [F ]θ,Q,

is a Banach space.

Theorem 5.1.1 Let θ ∈ (0, 1), λ > 0, g ∈ Cθ
Q(H) and F ∈ Cθ

Q(H;L1(H))
be such that I + F (x) ∈ L+(H) for all x ∈ H. There exists ε0 > 0 such that
if ‖F‖θ,Q ≤ ε0, then there is a unique ϕ ∈ C2+θQ (H) ∩D(∆Q) such that

λϕ(x)−∆Qϕ(x)−
1
2
Tr[F (x)D2

Qϕ(x)] = g(x), x ∈ H. (5.1.8)

Proof. As we have noticed before, equation (5.1.8) can be written in the
form (5.1.6). By Theorem 4.2.3 one can easily check that γ ∈ L(Cθ

Q(H))
and

‖γ‖L(UCθQ(H)) ≤ Cθ,λ‖F‖θ,Q.

Therefore the conclusion follows again from the Banach-Caccioppoli fixed
point theorem.

Remark 5.1.2 By a result due to L. Zambotti [223], it follows that, under
the assumptions of Theorem 5.1.1, there exists a unique martingale solution
to the differential stochastic equation

dX =
√
Q1/2(1 + F (X))Q1/2 dW (t), X(0) = x ∈ H,
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where W is a cylindrical Wiener process taking values on H.

Note that the operator

Lϕ(x) =
1
2
Tr[(1 + F (x)D2

Qϕ(x)], x ∈ H,

is a natural candidate for the generator of the solution.

5.2 Large perturbations

Here we are looking for a solution ϕ ∈ C2+θQ (H)∩D(∆Q) of equation (5.1.5)
under the stronger assumption that F ∈ Cθ

b (H;L1(H)) but without assu-
ming that the norm of F is small. We shall extend to infinite dimensions
a well known procedure, see for instance A. Lunardi [162], based on the
maximum principle, localization and the continuity method. We shall follow
P. Cannarsa and G. Da Prato [31].

We need a last notation. We denote by Cθ
b (H,L

1(H)) the Banach space
of all mappings F ∈ UCb(H;L1(H)) such that

[F ]θ := sup
x,y∈H

‖F (x)− F (y)‖L1(H)

|x− y|θ <∞.

If F ∈ Cθ
Q(H,L

1(H)), we set

‖F‖θ = ‖F‖0 + [F ]θ.

The main result of this section is the following, see [31].

Theorem 5.2.1 Let θ ∈ (0, 1), λ > 0, g ∈ Cθ
Q(H), and F ∈ Cθ

b (H;L1(H))
be such that I + F (x) ∈ L+(H) for all x ∈ H. Then there exists a unique
solution ϕ to the equation (5.1.5).

The proof is split into three parts: uniqueness which is a consequence of
the maximum principle (Proposition 5.2.2) , localization (Proposition 5.2.3)
and a classical continuity argument.

Proposition 5.2.2 Let ϕ ∈ D(∆Q) ∩ C2+θQ (H) be a solution of (5.1.5).
Then we have

‖ϕ‖0 ≤
1
λ
‖g‖0. (5.2.1)
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Proof. It is enough to prove the proposition when ϕ ≥ 0. Recall that ∆0,Q

is the linear operator defined by (3.5.3)-(3.5.4).

Step 1. If ϕ ∈ D(∆0,Q) ∩ C2+θQ (H) then (5.2.1) holds.

Let ϕ ∈ D(∆0,Q) ∩ C2+θQ (H). By Lemma 3.2.6 for any ε > 0 there exists
ϕε ∈ UCb(H) such that

(i) ϕε attains a maximum in H,

(ii) ϕ− ϕε ∈ D(∆0,Q) and ‖∆0,Q(ϕ− ϕε)‖0 ≤ ε.

Then we have

λϕε −
1
2
Tr[(1 + F (x))D2

Qϕε] = g + λ(ϕε − ϕ)

−1
2
Tr[(1 + F (x))D2

Q(ϕε − ϕ)].

If xε is a maximum point of ϕε, we have clearly

Tr[(1 + F (x)) D2
Qϕε(xε)] =

∞∑
k=1

λkD
2
kϕε(xε) ≤ 0,

where (λk) are the eigenvalues of Q1/2(1 + F (x))Q1/2, and so

1
2
Tr[(1 + F (x))D2

Qϕε(xε)] ≤ 0.

Consequently λ‖ϕε‖0 ≤ ‖g‖0 + o(ε), and the conclusion follows letting ε
tend to zero.

Step 2. General case.

Given ϕ ∈ D(∆Q) ∩ C2+θQ (H) we set ψ = ϕ −∆Qϕ. Let ε ∈ (0, θ), and
let (ψn) ⊂ UC1b (H) be such that

lim
n→∞ψn = ψ in Cθ−ε

b (H),

and set ϕn = R(λ,∆Q)ψn. Then by Theorem 4.1.2 we have ϕn ∈ D(∆0,Q).
Moreover

lim
n→∞ϕn = ϕ in C2+θ−εQ (H),
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by Theorem 4.2.3. Now

λϕn −
1
2
Tr[(1 + F (·))D2

Qϕn] = g + λ(ϕn − ϕ)

−1
2
Tr[(1 + F (·))D2

Q(ϕn − ϕ)].

By Step 1 we have

‖ϕn‖0 ≤
1
λ
(‖g‖0 + o(n))

and the conclusion follows letting n tend to infinity.
Let us prove an a priori estimate by localization.

Proposition 5.2.3 Let λ > 0 and θ ∈ (0, 1). There exists a constant C =
C(λ, θ) > 0 such that if g ∈ Cθ

Q(H) and ϕ ∈ C2+θQ (H) is a solution to
equation (5.1.5), we have

‖ϕ‖2+θ,Q ≤ C‖g‖θ,Q. (5.2.2)

Proof. Let α ∈ C∞
b ([0,+∞); [0,+∞)) be such that 0 ≤ α ≤ 1, α(r) = 1 if

0 ≤ r ≤ 1, and α(r) = 0 if r ≥ 2. Set

ρx,r(z) = α

(
|x− z|

r

)
, x, z ∈ H, r ∈ [0, 1].

Then there exist L1, L2 > 0 such that

|Dρx,r(z)| ≤
L1
r
, |D2ρx,r(z)| ≤

L2
r2
, x, z ∈ H, r > 0.

Now for any x ∈ H we set ψ = ρx,rϕ and look for the equation fulfilled by
ψ. We have

D2
Qψ = ϕD2

Qρx,r + ρx,rD
2
Qϕ+ 2DQρx,r ⊗DQϕ,

which implies

Tr[(1 + F (x))D2
Qψ] = ϕ Tr[(1 + F (x))D2

Qρx,r]

+ρx,r Tr[(1 + F (x))D2
Qϕ] + 2〈(1 + F (x))DQρx,r, DQϕ〉.

It follows that

λψ − 1
2
Tr[(1 + F (x0))D2

Qψ] = g1 + g2, (5.2.3)
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where
g1 =

1
2
Tr[(F (x)− F (x0))D2

Qψ],

and

g2 = 2〈(1 + F (x))DQρx,r, DQϕ〉+ ϕ Tr[(1 + F (x))D2
Qρx,r] + ρx,rg.

We first estimate g1. In the proof we shall denote by Ck, k ∈ N, differ-
ent constants depending only on λ,Q, F. We recall that, by the maximum
principle (Proposition 5.2.2), we have ‖ϕ‖0 ≤ C1‖g‖0. Moreover

‖g1‖0 ≤ C2‖ψ‖2,Q, (5.2.4)

and, recalling that g1 vanishes outside B(x0, 2r), it follows that

[g1]θ,Q ≤ 1
2
[F ]θ‖ψ‖2,Q

+
1
2
‖ψ‖2+θ,Q sup

x∈B(x0,2r)
‖F (x)− F (x0)‖L1(H).

Now, taking into account that F ∈ Cθ
b (H;L1(H)) we find

‖g1‖θ,Q ≤ C3(rθ‖ψ‖2+θ,Q + ‖ψ‖2,Q). (5.2.5)

Moreover, by the interpolatory estimate (3.3.2) and by (5.2.5) we find that

‖g1‖θ,Q ≤ C4(rθ‖ψ‖2+θ,Q +K‖ψ‖
2

2+θ

0 ‖ψ‖
θ

2+θ

2+θ,Q).

From Young’s inequality, (1) we get

‖g1‖θ,Q ≤ C5(rθ‖ψ‖2+θ,Q + r−θ
2/2‖ψ‖0).

Using the maximum principle again we end up with the estimate

‖g1‖θ,Q ≤ C6(rθ‖ψ‖2+θ,Q + r−θ
2/2‖g‖0). (5.2.6)

As far as the estimate of g2 is concerned, we have

‖g2‖θ,Q ≤ C7

(
1
r
‖ϕ‖1+θ,Q +

1
r2 + θ

‖g‖0 +
1
rθ
‖g‖θ,Q

)
. (5.2.7)

1If x, y > 0, p, q > 1, and 1/p+ 1/q = 1, we have xy ≤ xp

p
+ yq

q
.
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In conclusion, from (5.2.5), (5.2.7), and the Schauder estimates we find

‖ψ‖2+θ,Q ≤ c‖g1 + g2‖θ,Q

≤ C8

(
rθ‖ψ‖2+θ,Q + r−θ

2/2‖g‖0 +
1
r
‖ϕ‖1+θ,Q +

1
r2 + θ

‖g‖0 +
1
rθ
‖g‖θ,Q

)
.

(5.2.8)

We fix now once and for all r ∈ (0, 1] such that C8rθ < 1
2 . From (5.2.8) we

find
‖ψ‖2+θ,Q ≤ C9(‖ϕ‖1+θ,Q + ‖g‖θ,Q),

which implies

‖ϕ‖C2+θ
Q (B(x0,r))

≤ C9(‖ϕ‖1+θ,Q + ‖g‖θ,Q),

and, due to the arbitrariness of x0,

‖ϕ‖2+θ,Q ≤ C9(‖ϕ‖1+θ,Q + ‖g‖θ,Q).

Using once again an interpolatory estimate, we obtain

‖ϕ‖2+θ,Q ≤ C10(‖ϕ‖
1+θ
2+θ

0 ‖ϕ‖
1

2+θ

2+θ,Q + ‖g‖θ,Q).

By Young’s estimate, we find that for each ε > 0 there exists a constant
C(ε) > 0 such that

‖ϕ‖2+θ,Q ≤ C11(ε‖ϕ‖2+θ,Q + C(ε)‖g‖θ,Q).

Choosing finally ε such that εC11 < 1
2 , we have

‖ϕ‖2+θ,Q ≤ C12‖g‖θ,Q.

Proof of Theorem 5.2.1. We use the classical continuity argument. Fixing
λ > 0, we want to prove that for any g ∈ Cθ

Q(H), θ ∈ (0, 1), there exists a
unique solution ϕ to the equation (5.1.8).

For any α ∈ [0, 1], we consider the equation

λϕ−∆Qϕ−
α

2
Tr[F (x)D2

Qϕ] = g, (5.2.9)

and we set

Λ = {α ∈ [0, 1] : (5.2.9) has a unique solution in C2+θQ (H)}.
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We now prove that the set Λ is open and closed in [0, 1], which will imply
Λ = [0, 1]. In fact that Λ is open in [0, 1] follows from Theorem 5.1.1. Let
us prove that Λ is closed.

Let (αn) ⊂ Λ be convergent to α, and set ϕn = Tαng, so that

λuϕn −∆Qϕn −
αn
2

Tr[F (x)D2
Qϕn] = g. (5.2.10)

Then we have

λ(ϕn − ϕm) − ∆Q(ϕn − ϕm)−
αm
2

Tr[F (x)D2
Q(ϕn − ϕm)]

=
αm − αn

2
Tr[F (x)D2

Qϕm].

By Theorem 4.2.3 it follows that

‖ϕn − ϕm‖2+θ,Q ≤
C

2
|αm − αn|‖F‖θ‖ϕn‖2+θ,Q,

and also

‖ϕn − ϕm‖2+θ,Q ≤
C2

2
|αm − αn|‖F‖θ‖g‖θ,Q.

Consequently, there exists ϕ ∈ C2+QQ (H) such that ϕn → ϕ in UC2+QQ (H).
Letting n tend to infinity in (5.2.10), we find that ϕ is a solution to (5.2.9)
with α = α and the conclusion follows.



Chapter 6

Ornstein-Uhlenbeck
equations

In this chapter we consider the following parabolic equation on a separable
Hilbert space H: (1){

Dtu(t, x) = 1
2Tr[QD

2u(t, x)] + 〈Ax,Du(t, x)〉, t > 0, x ∈ D(A),
u(0, x) = ϕ(x), x ∈ H, ϕ ∈ UCb(H).

(6.0.1)

Here A : D(A)⊂H → H is the infinitesimal generator of a C0 semigroup etA,
t ≥ 0, and Q ∈ L+(H).

Our basic assumption is

Qt ∈ L1(H), t > 0, (6.0.2)

where

Qtx =
∫ t

0
esAQesA

∗
x ds, x ∈ H, t ≥ 0. (6.0.3)

This assumption is needed in order that the problem is well posed, see §6.1
below. Notice that, unlike the case A = 0 studied in Chapter 3, the choice
Q = I is allowed for a suitable A; it is enough that

∫ t
0 Tr[e

sAesA
∗
] ds < +∞.

Of the sections, §6.1 and §6.2 are devoted to existence and uniqueness of
strict and classical solutions respectively, §6.3 to properties of the semigroup
corresponding to the evolution equation (6.0.1), and §6.4 to the elliptic
equation

λϕ(x)− 1
2
Tr[QD2ϕ(x)] + 〈Ax,Dϕ(x)〉 = g(x), t > 0, x ∈ D(A), (6.0.4)

1We set everywhere Dx = D.

99



100 Chapter 6

where λ > 0 and g ∈ UCb(H). Finally §6.5 and §6.6 are devoted to the
following perturbed equations:{

Dtu(t, x) = 1
2Tr[QD

2u(t, x)] + 〈Ax+ F (x), Du(t, x)〉, t > 0, x ∈ D(A),
u(0, x) = ϕ(x), x ∈ H,

(6.0.5)

and

λϕ(x)− 1
2
Tr[QD2ϕ(x)] + 〈Ax+ F (x), Dϕ(x)〉 = g(x), t > 0, x ∈ D(A),

(6.0.6)

where ϕ, g ∈ UCb(H) and F : H → H is continuous and bounded.

6.1 Existence and uniqueness of strict solutions

We are here concerned with the parabolic equation (6.0.1) under the basic
assumption (6.0.2).

In order to study (6.0.1) it is useful to consider an auxiliary problem, see
Yu. Daleckij and S. V. Fomin [63] and P. Cannarsa and G. Da Prato [31]:{

Dtv(t, x) = 1
2Tr[e

tAQetA
∗
D2v(t, x)], t > 0, x ∈ H,

v(0, x) = ϕ(x), x ∈ H,
(6.1.1)

where ϕ ∈ UCb(H). As we shall see, the solutions of problems (6.0.1) and
(6.1.1) are related by the formula

u(t, x) = v(t, etAx), t ≥ 0, x ∈ H. (6.1.2)

We will start by proving that, if ϕ is sufficiently regular and a natural
additional condition is fulfilled, then there exists a unique strict solution of
(6.0.1).

A function u(t, x), t ≥ 0, x ∈ H, is said to be a strict solution to equation
(6.0.1) if

(i) u is continuous on [0,+∞)×H and u(0, ·) = ϕ,

(ii) u(t, ·) ∈ UC2b (H) for all t ≥ 0, and QD2u(t, x) ∈ L1(H) for all x ∈ H
and t ≥ 0,

(iii) for any x ∈ D(A), u(·, x) is continuously differentiable on [0,+∞), and
fulfills (6.0.1).
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Similarly, a function v(t, x), t ≥ 0, x ∈ H, is said to be a strict solution
to (6.1.1) if

(i) v is continuous on [0,+∞)×H and v(0, ·) = ϕ,

(ii) v(t, ·) ∈ UC2b (H) for all t ≥ 0, and etAQetA
∗
D2u(t, x) ∈ L1(H), for all

x ∈ H and t > 0,

(iii) for any x ∈ H, u(·, x) is continuously differentiable on (0,+∞), and
fulfills (6.1.1) for t > 0.

Let us first consider the auxiliary problem (6.1.1). It is similar to problem
(3.1.6). Thus we will proceed as in Chapter 3. If H is finite dimensional
then one can easily solve problem (6.1.1). It is in fact a parabolic equation
with coefficient depending on time but not on space. We find, after some
straightforward calculations,

v(t, x) =
∫
H
ϕ(x+ y)NQt(dy), x ∈ H, t ≥ 0, (6.1.3)

where Qt is defined by (6.0.3). This formula justifies our basic assumption
(6.0.2).

We say that v(t, x), defined by (6.1.3), is a generalized solution to (6.1.1).
The following result can be proved as Theorems 3.2.3 and 3.2.7.

Lemma 6.1.1 If ϕ ∈ UC2b (H), then problem (6.1.1) has a unique strict
solution v given by formula (6.1.3).

We now prove the result.

Theorem 6.1.2 Assume that assumption (6.0.2) holds. Let ϕ ∈ UC2b (H)
be such that QD2ϕ ∈ UCb(H;L1(H)). Then problem (6.0.1) has a unique
strict solution u given by the formula

u(t, x) =
∫
H
ϕ(etAx+ y)NQt(dy), t ≥ 0, x ∈ H. (6.1.4)

Proof.
Existence.

We check that u, given by the formula (6.1.4), is a strict solution of
(6.0.1). First it is clear that u has the required regularity properties. Thus
we have only to show that, if x ∈ D(A), then (6.0.1) is fulfilled; but this
follows from a straightforward verification.
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Uniqueness.

We assume here that u is a strict solution of (6.0.1), and prove that it is
given by formula (6.1.4).

We proceed in two steps. First we assume that A is bounded. Then
setting v(t, x) = u(t, e−tAx), we see that v is a solution of (6.1.1). Thus by
the uniqueness v is given by (6.1.3) and consequently u by (6.1.4).

Consider now the case of a general operator A.We start from the obvious
identity, 

Dtu(t, x) = 1
2Tr[QD

2u(t, x)] + 〈Anx,Du(t, x)〉
+〈(A−An)x,Du(t, x)〉,

u(0, x) = ϕ(x), x ∈ H, ϕ ∈ UCb(H),

where An = nAR(n,A), n ∈ N, are the Yosida approximations of A. It is
not difficult to show that u is given by the variation of constants formula,

u(t, x) =
∫
H
ϕ(etAnx+ y)NQnt

(dy)

+
∫ t

0

∫
H
〈(A−An)e(t−s)Anx,Du(e(t−s)Anx+ y)〉NQnt−s(dy),

where

Qn
t x =

∫ t

0
esAnQesA

∗
nx ds , x ∈ H, t ≥ 0, n ∈ N.

Now the conclusion follows letting n tend to infinity.

Remark 6.1.3 If Q ∈ L+1 (H) the conclusions of the theorem hold assuming
only that ϕ ∈ UC2b (H).

Remark 6.1.4 It is interesting to notice that (6.0.1) is the Kolmogorov
equation corresponding to the linear stochastic equation

dX = AXdt+Q1/2dW (t), X(0) = x, (6.1.5)

where W is a cylindrical Wiener process on H, see G. Da Prato and J.
Zabczyk [101] and Chapter 7 below.

Let us recall that, in virtue of assumption (6.1.2), equation (6.1.5) has
a unique mild solution given by

X(t, x) = etAx+
∫ t

0
e(t−s)A dW (s), t ≥ 0. (6.1.6)
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The corresponding transition semigroup, called theOrnstein-Uhlenbeck semi-
group, is defined as

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), x ∈ H, t ≥ 0, (6.1.7)

where Qt is given by (6.0.3).

6.2 Classical solutions

We assume here that (6.0.2) holds and, given ϕ ∈ Bb(H), we consider the
generalized solution u,

u(t, x) =
∫
H
ϕ(etAx+ y)NQt(dy), x ∈ H, t ≥ 0, (6.2.1)

of equation (6.0.1).
It is convenient to write problem (6.0.1) in the following form:{
Dtu(t, x) = 1

2Tr[QD
2u(t, x)] + 〈x,A∗Du(t, x)〉, t > 0, x ∈ H,

u(0, x) = ϕ(x), x ∈ H,

(6.2.2)

where A∗ is the adjoint operator of A.
As in Chapter 3, it is not true in general that a generalized solution

u(t, x) is Fréchet differentiable for t > 0, but it would be possible to prove
differentiability in special directions as in §3.3. However, we limit ourselves
to considering a class of equations for which generalized solutions are Fréchet
differentiable for t > 0, for each bounded Borel initial function ϕ. (2)

A function u(t, x), t ≥ 0, x ∈ H, is said to be a classical solution to
(6.2.2) if

(i) u is continuous on [0,+∞)×H and u(0, ·) = ϕ,

(ii) u(t, ·) ∈ UC2b (H), for all t > 0, and QD2u(t, x) ∈ L1(H), for all
x ∈ H, t > 0,

(iii) Du(t, x) ∈ D(A∗) for all x ∈ H, t > 0,

(iv) for any x ∈ H u(·, x) is continuously differentiable on (0,+∞), and
fulfills (6.2.2).

2We denote by Bb(H) the set of all Borel mappings from H into R.
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Classical solutions will exist under the following assumption, called the
controllability condition, see J. Zabczyk [215]:

etA(H) ⊂ Q
1/2
t (H), for all t > 0. (6.2.3)

We will assume (6.2.3) from now on and we will define

Λt = Q
−1/2
t etA, t > 0, (6.2.4)

where Q−1/2
t denotes the pseudo-inverse of Q1/2t . It follows from the closed

graph theorem that Λt is a bounded operator in H, for all t > 0.

Remark 6.2.1 Hypothesis (6.2.3) is equivalent to null controllability, see
Appendix B, of the deterministic system

ξ′ = Aξ +Q1/2u, ξ(0) = ξ0. (6.2.5)

If hypothesis (6.2.3) holds, then for any t > 0 there exists a constant ct > 0
such that

Qt ≥ cte
tAetA

∗
. (6.2.6)

Since Qt is of trace class, this implies that etA ∈ L2(H), for all t > 0. Also
we have

esA(H) ⊂ Q
1/2
t (H), s < t. (6.2.7)

For the proof of all these facts see Appendix B.

First we study regularity properties of the generalized solution , and then
we show existence and uniqueness of a classical solution.

The controllability condition is closely related to the regularity of the
generalized solution and of the strong Feller property for the transition semi-
group (Rt), see G. Da Prato and J. Zabczyk [101].

Theorem 6.2.2 Assume that (6.0.2) and (6.2.3) hold. Then for any ϕ ∈
Bb(H) and any t > 0 we have Rtϕ ∈ UC∞

b (H).
In particular for any g, h, x ∈ H, we have

〈DRtϕ(x), g〉 =
∫
H
〈Λtg,Q

−1/2
t y〉ϕ(etAx+ y)NQt(dy), (6.2.8)
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and

〈D2Rtϕ(x)g, h〉

=
∫
H
[〈Λtg,Q

−1/2
t y〉〈Λth,Q

−1/2
t y〉 − 〈Λtg,Λth〉]ϕ(etAx+ y)NQt(dy).

(6.2.9)

Moreover the following estimates hold:

|DRtϕ(x)| ≤ ‖Λt‖ ‖ϕ‖0, t > 0, x ∈ H, (6.2.10)
‖D2Rtϕ(x)‖ ≤

√
2 ‖Λt‖2 ‖ϕ‖0, t > 0, x ∈ H. (6.2.11)

If conversely Rtϕ ∈ Cb(H) for any ϕ ∈ Bb(H) and any t > 0, then
assumption (6.2.3) holds.

The first statement of the theorem implies that (Rt) is strong Feller.
Proof of Theorem 6.2.2. Assume that (6.2.3) holds. Let t > 0, ϕ ∈ Bb(H)
and x ∈ H. Since etAx ∈ Q

1/2
t (H), the measures NetAx,Qt and NQt are

equivalent and the corresponding density ρt(x, ·) is given by the Cameron-
Martin formula (see Theorem 1.3.6):

dNetAx,Qt

dNQt

(y) = ρt(x, y), y ∈ H,

where
ρt(x, y) = e〈Λtx,Q

−1/2
t y〉− 1

2
|Λtx|2 , y ∈ H.

Therefore we have

Rtϕ(x) =
∫
H
ϕ(y)e〈Λtx,Q

−1/2
t y〉− 1

2
|Λtx|2NQt(dy).

Now, proceding as in the proof of Theorem 3.3.3, we see that Rtϕ(x) is
differentiable an arbitrary number of times. In particular, for g, h ∈ H,
(6.2.8) and (6.2.9) follow. Let us prove (6.2.10). Using the Hölder inequality
we find from (6.2.8) that

|〈DRtϕ(x), g〉|2 ≤ ‖ϕ‖20
∫
H
|〈Λtg,Q

−1/2
t y〉|2NQt(dy) = ‖ϕ‖20|Λtg|2.

Therefore (6.2.10) follows; (6.2.11) can be seen similarly.
Let us prove the last statement. Assume in contradiction that for ar-

bitrary ϕ ∈ Bb(H), Rtϕ is a continuous function but nevertheless for some
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x0 ∈ H, etAx0 �∈ Q
1/2
t (H). Then, for all n ∈ N, the measures N 1

n
etAx0,Qt

and NQt are singular by the Cameron-Martin theorem. Consequently, for
arbitrary n ∈ N there exists a Borel set Kn ⊂ H such that

N 1
n
etAx0,Qt

(Kn) = 0, NQt(Kn) = 1,

and if K =
⋂∞

n=1Kn, then

N 1
n
etAx0,Qt

(K) = 0, NQt(K) = 1.

If ϕ = χK , then Rtϕ(x0
n ) = 0, n ∈ N and Rtϕ(0) = 1. Therefore the function

Rtϕ is not continuous at 0.

Exercise 6.2.3 Prove that for all n ∈ N there exists a constant Cn > 0
such that

‖DnRtϕ(x)‖ ≤ Cn‖Λt‖n‖ϕ‖0, n ∈ N, t ≥ 0, x ∈ H. (6.2.12)

Our aim now is to prove the following existence and uniqueness result.

Theorem 6.2.4 Assume that (6.0.2) and (6.2.3) hold, that the operator
ΛtA has a continuous extension to H and Q1/2Λt ∈ L4(H), t > 0. Then
problem (6.2.2) has a unique classical solution.

Proof. Existence will follow from Propositions 6.2.5 and 6.2.8 below and
uniqueness from Theorem 6.1.2 since the restriction of a classical solution
to [ε,+∞)×H is clearly a strict solution on [ε,+∞) for any ε > 0.

We show first that, under appropriate assumptions, DRtϕ(x) ∈ D(A∗)
for any t > 0 and any ϕ ∈ Bb(H).

Proposition 6.2.5 Assume that (6.0.2) and (6.2.3) hold and moreover that
the operator ΛtA has a continuous extension ΛtA to H, ∀t > 0. If ϕ ∈ Bb(H)
and t > 0 then DRtϕ(x) ∈ D(A∗) for all x ∈ H, and it results that

〈A∗DRtϕ(x), h〉 =
∫
H
〈ΛtA h,Q

−1/2
t y〉ϕ(etAx+ y)NQt(dy), h ∈ H.

(6.2.13)

Moreover

‖A∗DRtϕ‖0 ≤ ‖ΛtA‖ ‖ϕ‖0 (6.2.14)

Proof. The conclusion follows easily from (6.2.8).
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Remark 6.2.6 If etA is a differentiable semigroup then ΛtA is closable and
its closure is given by

ΛtA = Q
−1/2
t et/2AAet/2A.

Thus ΛtA is bounded in view of (6.2.7).

To show that, under a suitable assumption, D2Rtϕ(x) is of a trace class
for any t > 0, we need a lemma due to J. Zabczyk, see [220].

Lemma 6.2.7 Let µ = NR be a Gaussian measure on (H,B(H)) and let
ψ ∈ Bb(H). Define a linear bounded operator Gψ in H by

〈Gψα, β〉 =
∫
H
[〈α,R−1/2y〉〈β,R−1/2y〉 − 〈α, β〉]ψ(y)µ(dy), α, β ∈ H.

(6.2.15)

Then G ∈ L2(H) and

‖G‖L2(H) ≤ 2‖ϕ‖0. (6.2.16)

Proof. Let (ek), (λk) be eigensequences relative to Q, and set yh = 〈y, eh〉,
y ∈ H and h ∈ N. Then for any h, k ∈ N we have

〈Geh, ek〉 =


√
2 〈ϕ, ηh〉L2(H,µ) if h = k,

〈ϕ, ζh,k〉L2(H,µ) if h �= k,

where

ηh(y) = 2−1/2
[
λ−1h y2h − 1

]
, ζh,k(y) = (λhλk)−1/2yhyk, y ∈ H.

By a direct verification we can see that the system of functions on L2(H,µ),
ηh, ζh,k, h, k ∈ N, is orthonormal. Therefore, from the Parseval equality
it follows that

∞∑
h,k=1

|〈Geh, ek〉|2 ≤ 2
∞∑
h=1

|〈ϕ, ηh〉L2(H,µ)|2 +
∞∑

h,k=1

|〈ϕ, ζh,k〉L2(H,µ)|2

≤ 2‖ϕ‖20,

and the conclusion follows.
We are now in a position to prove, following J. Zabczyk [220], the result,
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Proposition 6.2.8 Assume that (6.0.2) and (6.2.3) hold and moreover that
Q1/2Λt ∈ L4(H), t > 0. If ϕ ∈ Bb(H) and t > 0 then QD2Rtϕ(x) ∈ L1(H)
and

Tr[QD2Rtϕ(x)] = (Q1/2Λt)∗Gϕ(etAx+·)Q
1/2Λt, (6.2.17)

where G is defined in Lemma 6.2.7. Moreover

‖QD2Rtϕ(x)‖L1(H) ≤ 2‖Q1/2Λt‖2L4(H)
‖ϕ‖0, x ∈ H. (6.2.18)

Proof. By (6.2.9) it follows that

〈D2Rtϕ(x)Q1/2h,Q1/2g〉

=
∫
H
[〈ΛtQ

1/2g,Q
−1/2
t y〉〈ΛtQ

1/2h,Q
−1/2
t y〉 − 〈ΛtQ

1/2g,ΛtQ
1/2h〉]

×ϕ(etAx+ y)NQt(dy) = 〈Gϕ(etAx+·)ΛtQ
1/2h,ΛtQ

1/2g〉.

Therefore

Q1/2D2Rtϕ(x)Q1/2 = Q1/2Λ∗
tGϕ(etAx+·)ΛtQ

1/2,

and the conclusion follows from Lemma 6.2.7.
The following estimates of the second derivative D2Rtϕ will be useful in

the sequel.

Proposition 6.2.9 Assume that (6.0.2) and (6.2.3) hold. Then for any
ϕ ∈ UC1b (H), t > 0 and any x, h, g ∈ H we have

〈DRtϕ(x), h〉 =
∫
H
〈Dϕ(etAx+ y), etAh〉NQt(dy), (6.2.19)

and

〈D2Rtϕ(x)h, g〉 =
∫
H
〈Λtg,Q

−1/2
t y〉〈Dϕ(etAx+ y), etAh〉NQt(dy). (6.2.20)

Moreover

‖D2Rtϕ(x)‖ ≤ ‖etA‖ ‖Λt‖ ‖ϕ‖1. (6.2.21)

Finally, if Q1/2Λt ∈ L4(H), for all t > 0, we have QD2Rtϕ(x) ∈ L1(H),

Tr[QD2Rtϕ(x)] =
∫
H

〈
Q1/2Λ∗

tQ
−1/2
t y,Q1/2etA

∗
Dϕ(etAx+ y)

〉
NQt(dy),

(6.2.22)
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and the following estimate holds:

‖QD2Rtϕ(x)‖L1(H) ≤ ‖ΛtQe
tA∗‖L2(H)‖ϕ‖1, x ∈ H. (6.2.23)

Proof. Let t > 0 and x ∈ H. By (6.2.19) and Theorem 6.2.2 we easily find
(6.2.20). Moreover we know by Proposition 6.2.8 that QD2Rtϕ(x) ∈ L1(H).
Now (6.2.22) follows from (6.2.20). We have in fact, denoting by (ek) a
complete orthonormal basis in H,

Tr[QD2Rtϕ(x)]

=
∞∑
k=1

∫
H
〈ΛtQ

1/2ek, Q
−1/2
t y〉〈Dϕ(etAx+ y), etAQ1/2ek〉NQt(dy)

=
∫
H
〈etAQΛ∗

tQ
−1/2
t y,Dϕ(etAx+ y)〉NQt(dy).

Now, by the Hölder inequality, we have∣∣Tr[QD2Rtϕ(x)]
∣∣2 ≤ ‖ϕ‖21

∫
H
|etAQΛ∗

tQ
−1/2
t y|2NQt(dy)

= ‖ϕ‖21 Tr
[
etAQΛ∗

tΛtQe
tA∗]

,

and (6.2.23) follows.

Exercise 6.2.10 Prove that for all n ∈ N there exists a constant C1,n > 0
such that

‖DnRtϕ(x)‖ ≤ C1,n ‖etA‖ ‖Λt‖n−1‖ϕ‖1, n ∈ N, t ≥ 0. (6.2.24)

We end the section with an example.

Example 6.2.11 Let (en) be a complete and orthonormal basis in H, and
assume that Aen = −αnen, Qen = γnen, n ∈ N, where αn, γn > 0,
n ∈ N and αn ↑ +∞. Then we have

Qten =
γn
2αn

(1− e−2αnt), t ≥ 0, n ∈ N.

Therefore the basic condition (6.0.2) is equivalent to

∞∑
k=1

γn
αn

< +∞, n ∈ N. (6.2.25)
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Concerning the controllability condition (6.2.3), since

Λ2t en =
2αn

γn(e2αnt − 1)
, t ≥ 0, n ∈ N,

it is equivalent to

‖Λt‖2 = sup
n∈N

2αn
γn(e2αnt − 1)

< +∞, t ≥ 0, n ∈ N. (6.2.26)

We come finally to conditions for the existence of a classical solution; they
are fulfilled provided

‖ΛtA‖2 = sup
n∈N

2α3n
γn(e2αnt − 1)

< +∞, t ≥ 0, n ∈ N, (6.2.27)

and, since

ΛtQ
1/2en =

[
2αn

e2αnt − 1

]1/2
en, t ≥ 0, n ∈ N,

if

‖ΛtQ
1/2‖44 = 4

∞∑
n=1

α2n
(e2αnt − 1)2

< +∞, t ≥ 0, n ∈ N. (6.2.28)

It is interesting to notice that the condition ΛtQ
1/2 ∈ L4(H) involves only

the operator A and not the covariance operator Q.
Finally we consider the particular case where

αn = nα, γn = n−γ , n ∈ N, (6.2.29)

where α, γ are positive numbers. In this case the basic condition (6.0.2) is
equivalent to α+γ > 1. In this case the controllability condition holds since

‖Λt‖2 = sup
n∈N

2nα+γ

e2nαt − 1
< +∞, t ≥ 0, n ∈ N.

It is easy to see that there exists C > 0 such that

‖Λt‖ ≤ Ct−
α+γ
2α , t ≥ 0. (6.2.30)

Also conditions (6.2.27) and (6.2.28) are fulfilled and

‖ΛtA‖ ≤ C1 t
− 3α+γ

2α , t ≥ 0, (6.2.31)

‖ΛtQ
1/2‖ ≤ C2 t

− 2α+1
4α , t ≥ 0, (6.2.32)

for suitable constants C1 and C2.
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6.3 The Ornstein-Uhlenbeck semigroup

We are here concerned with the family (Rt) of linear bounded operators on
UCb(H) defined by R0 = I and

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), x ∈ H, t > 0, ϕ ∈ UCb(H). (6.3.1)

As we shall see, (Rt) is a semigroup of linear bounded operators on UCb(H).
However, it is not strongly continuous, unless A = 0, see S. Cerrai [35]. We
have in fact

Rtϕh(x) = Re[ei〈e
tAx,h〉e−

1
2
(Qth,h)], if ϕh(x) = Re(ei〈h,x〉) x, h ∈ H,

and consequently the limit limt→0Rtϕh(x) = Re(ei〈h,x〉) is not uniform on
x ∈ H.

We are going to find a characterization of the maximal subspace of
UCb(H) where (Rt) is strongly continuous. For this it is useful to intro-
duce an auxiliary family (Gt)t≥0 of linear operators on UCb(H) (which is
not a semigroup),

Gtϕ(x) =
∫
H
ϕ(y)Nx,Qt(dy), t ≥ 0, ϕ ∈ UCb(H).

Clearly we have

Rtϕ(x) = (Gtϕ)(etAx), t ≥ 0, ϕ ∈ UCb(H).

Then we prove the following result.

Proposition 6.3.1 Let ϕ ∈ UCb(H). Then the following statements are
equivalent.

(i) lim
t→0

Rtϕ = ϕ in UCb(H).

(ii) lim
t→0

ϕ(etAx) = ϕ(x), uniformly on x ∈ H.

Proof. We show first that for any ϕ ∈ UCb(H) we have

lim
t→0

Gtϕ = ϕ in UCb(H). (6.3.2)
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In fact since ‖Gtϕ‖0 ≤ ‖ϕ‖0, ϕ ∈ UCb(H), it is enough to prove (6.3.2) for
ϕ ∈ UC1b (H). In this case we have

|Gtϕ(x)− ϕ(x)|2 ≤
∫
H
|ϕ(x+ y)− ϕ(x)|2NQt(dy)

≤ ‖ϕ‖21
∫
H
|y|2NQt(dy) = Tr[Qt],

and the conclusion follows letting t tend to 0.
We now prove that (i) ⇒ (ii). We have in fact

|ϕ(etAx)− ϕ(x)| ≤ |ϕ(etAx)−Gtϕ(etAx) + |Rtϕ(x)− ϕ(x)|.

It follows that

lim
t→0

|ϕ(etAx)− ϕ(x)| = lim
t→0

|Rtϕ(x)− ϕ(x)| = 0.

The implication (ii)⇒(i) can be proved in a similar way.
The semigroup (Rt) belongs to a special class of semigroups of linear

bounded operators on UCb(H), called π-semigroups, introduced and exten-
sively studied by E. Priola [189]. In the following subsection we collect some
results on π-semigroups needed in what follows.

6.3.1 π-Convergence

We first introduce the notion of π-convergence. It arises systematically as
bpc-convergence in the book by S. N. Ethier and T. G. Kurz [112]. A se-
quence (ϕn) ⊂ UCb(H) is said to be π-convergent to a function ϕ ∈ UCb(H)
(and we shall write ϕn

π→ ϕ) if for any x ∈ H we have lim
n→∞ϕn(x) = ϕ(x)

and if supn∈N ‖ϕn‖0 < +∞.
A subset Λ of UCb(H) is said to be π-dense if for any ϕ ∈ UCb(H) there

exists a sequence (ϕn) ⊂ Λ such that ϕn
π→ ϕ.

Now we introduce the space E(H) of all exponential functions in H. E(H)
is the linear subspace of UCb(H) spanned by the set of all real parts of the
functions (ei〈x,h〉)h∈H . In some cases it will be useful to consider also the
space EA(H) of all real parts of the functions (ei〈x,h〉)h∈D(A∗), where A∗ is
the adjoint of A.

Let us prove an approximation result.

Lemma 6.3.2 For any ϕ ∈ UCb(H) there exists a multi-sequence (ϕn1,n2,n3)
in EA(H) such that
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(i) ‖ϕn1,n2,n3‖0 ≤ ‖ϕ‖0, for all n1, n2, n3 ∈ N,

(ii) we have

lim
n1→∞ lim

n2→∞ lim
n3→∞ϕn1,n2,n3(x) = ϕ(x), ∀x ∈ H.

Proof. Let ϕ ∈ UCb(H) and let (Pn) be a sequence of orthogonal finite
dimensional projectors strongly convergent to the identity. Set

ϕn1(x) = ϕ(Pn1(x)), x ∈ H, n1 ∈ N.

Fix n1 ∈ N. Since the range of Pn1 is finite dimensional, it is not difficult
to construct a sequence (ϕn1,n2) ∈ E(H) such that ‖ϕn1,n2‖0 ≤ ‖ϕ‖0 and
limn2→∞ ϕn1,n2(x) = ϕn1(x), ∀x ∈ H. Now it is easy to check that the
sequence

ϕn1,n2,n3(x) = ϕn1,n2(n3R(n3, A)x), x ∈ H,

fulfills the required conditions.

Remark 6.3.3 One can introduce locally convex topologies on UCb(H) for
which the convergence of sequences is identical with π-convergence, see E.
Priola [189]. Other locally convex topologies on UCb(H) are investigated in
B. Goldys and B. M. Kocan [130] and F. Kühnemund [151].

6.3.2 Properties of the π-semigroup (Rt)

Proposition 6.3.4 Let (Rt) be defined by (6.3.1) for t > 0 and R0 = I.
(i) (Rt) is a semigroup of linear bounded operators on UCb(H). Moreover

‖Rtϕ‖0 ≤ ‖ϕ‖0, ϕ ∈ UCb(H), t ≥ 0.

(ii) If ϕn
π→ ϕ in UCb(H) then Rtϕn

π→ Rtϕ in UCb(H) ∀t ≥ 0.
(iii) For all ϕ ∈ UCb(H) and for all x ∈ H the function [0,+∞) →

R, t→ Rtϕ(x) is continuous.

Proof. It is easy to see that Rt ∈ L(UCb(H)) for all t > 0, and that
‖Rtϕ‖0 ≤ ‖ϕ‖0, for all t ≥ 0. The semigroup law, Rt+s = RtRs, t, s ≥ 0,
follows from classical properties of Gaussian measures. Here is a different
proof. In view of Lemma 6.3.2 it is enough to prove the result for ϕh(x) =
Re(ei〈x,h〉), h ∈ D(A∗). In this case we have

Rtϕh(x) = Re
[
ei〈e

tAx,h〉− 1
2
〈Qth,h〉

]
, t ≥ 0, x ∈ H.
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Consequently

RsRtϕh(x) = Re
[
ei〈e

(t+s)Ax,h〉− 1
2
〈(Qt+etAQsetA∗

)h,h〉
]
, t ≥ 0, x ∈ H.

Since Qt+ etAQse
tA∗

= Qt+s, (i) is proved. Part (ii) follows easily using the
dominated convergence theorem. Finally, let us prove part (iii). We only
verify continuity of Rtϕ(x) at 0. Let first ϕ ∈ UC1b (H), then we have

Rtϕ(x)− ϕ(x) =
∫
H
[ϕ(etAx+ y)− ϕ(x)]NQt(dy), t > 0, x ∈ H,

and so
|Rtϕ(x)− ϕ(x)| ≤ ‖ϕ‖1|etAx− x|+

∫
H
|y|NQt(dy).

Since [∫
H
|y|NQt(dy)

]2
≤
∫
H
|y|2NQt(dy) Tr Qt,

(iii) also follows.
In the general case it is enough to approximate ϕ by a sequence ϕn → ϕ

in UCb(H).

Remark 6.3.5 We could replace π-convergence by stronger notions of con-
vergence requiring for instance uniform convergence on compact or on
bounded sets, see S. Cerrai [35], E. Priola [189], B. Goldys and B. M. Ko-
can [130], and G. Tessitore and J. Zabczyk [209]. Also one could replace in
several places UCb(H) with Cb(H) but, for the sake of simplicity, we limit
ourselves to π-convergence in UCb(H).

6.3.3 The infinitesimal generator

Following E. Priola [189], we define the infinitesimal generator L of (Rt) by{
D(L) = {ϕ ∈ UCb(H) : ∃ψ ∈ UCb(H) : ∆hϕ

π→ ψ as h→ 0},
Lϕ = ψ,

where ∆h = 1
h (Rh − I), h > 0. It is easy to see that D(L) is π-dense on

UCb(H), and that if ϕ ∈ D(L) then Rtϕ ∈ D(L),∀ t ≥ 0 and LRtϕ = RtLϕ.
Moreover if ϕ ∈ D(L), then Rtϕ(x) is differentiable ∀ t ≥ 0, and

d

dt
Rtϕ(x) = LRtϕ(x) = RtLϕ(x), x ∈ H.

The following result is due to E. Priola [189].
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Proposition 6.3.6 The resolvent set ρ(L) of L contains (0,+∞) and its
resolvent is given by

R(λ,L)g(x) =
∫ ∞

0
e−λtRtg(x)dt, g ∈ UCb(H), λ > 0, x ∈ H. (6.3.3)

Moreover if ϕk
π→ ϕ, we have R(λ,L)ϕk

π→ R(λ,L)ϕ, for any λ > 0.

Proof. Let g ∈ UCb(H) and set

ϕ(x) =
∫ ∞

0
e−λtRtg(x)dt, x ∈ H.

The integral above is well defined for any x ∈ H since Rtg(x) is continuous
on t and |Rtg(x)| ≤ ‖g‖0. Let us prove that ϕ ∈ UCb(H). Assume first that
g ∈ UC1b (H), then by the very definition of Rtg it follows that

|Rtg(x)−Rtg(y)| ≤ ‖g‖1|etA(x− y)|, x, y ∈ H,

so that Rtg is Lipschitz continuous uniformly for t ∈ [0, T ]. This implies
that ϕ ∈ UCb(H). Now, since UC1b (H) is dense in UCb(H) by Theorem
2.2.1, it follows easily that ϕ ∈ UCb(H) for any g ∈ UCb(H).

We prove now that ϕ ∈ D(L) and is a solution to the equation

λϕ− Lϕ = g. (6.3.4)

We have in fact

∆hϕ(x) =
1
h

∫ ∞

0
e−λt(Rt+hg(x)−Rtg(x))dt

=
1
h

[
(eλh − 1)

∫ ∞

0
e−λtRtg(x)dt− eλh

∫ h

0
e−λtRtg(x)dt

]
.

Letting h→ 0, we see that the limit exists and (6.3.4) holds.
It remains to prove uniqueness for (6.3.4). Assume that ϕ ∈ D(L) is

such that λϕ− Lϕ = 0. Then we have

λ

∫ ∞

0
e−λtRtϕ(x)dt =

∫ ∞

0
e−λtRtLϕ(x)dt

=
∫ ∞

0
e−λt

d

dt
Rtg(x)dt = −ϕ(x) + λ

∫ ∞

0
e−λtRtϕ(x)dt.

This implies ϕ(x) = 0 as required. The last statement is easily proved.
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6.4 Elliptic equations

We are here concerned with the elliptic equation

λϕ(x)− 1
2
Tr[QD2ϕ(x)]− 〈Ax,Dϕ(x)〉 = g(x), x ∈ D(A), (6.4.1)

where λ > 0 and g ∈ UCb(H).
We shall assume, besides (6.0.2) and (6.2.3), that there are κ > 0 and

δ ∈ [1/2, 1) such that

‖Λt‖ ≤ κt−δ, t > 0, (6.4.2)

where Λt is defined by (6.2.4) and moreover (for the sake of simplicity) that
‖etA‖ ≤M, t ≥ 0, for a suitable M > 0.

We say that ϕ, given by

ϕ(x) = R(λ, L)g(x) =
∫ ∞

0
e−λtRtϕ(x)dt, x ∈ H,

is a generalized solution to (6.4.1). A function ϕ is called a strict solution if

(i) ϕ ∈ UC2b (H),

(ii) QD2ϕ(x) ∈ L1(H) for any x ∈ H,

(iii) Dϕ(x) ∈ D(A∗) for any x ∈ H,

(iv) ϕ fulfills (6.4.1).

We want to show now that a generalized solution ϕ enjoys additional
regularity properties and that in some cases it is a strict solution. To this
purpose the following lemma will be useful.

Lemma 6.4.1 Let 0 ≤ β < α. Then there exists Cα,β > 0 such that

‖Rtg‖α ≤ Cα,βt
−δ(α−β)‖g‖β , g ∈ UCβ

b (H). (6.4.3)

Proof. Let first α ∈ (0, 1) and β = 0. Then, recalling (6.2.12), we have

|DRtϕ(x)| ≤ C1‖Λt‖‖ϕ‖0, x ∈ H, t > 0. (6.4.4)

Since |Rtϕ(x)| ≤ ‖ϕ‖0, by an elementary interpolatory argument we find

[Rtϕ]α ≤ Cα
1 ‖Λt‖α‖ϕ‖0, t > 0,
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and (6.4.3) follows in this case recalling (6.4.2).
Let now α = 1, β ∈ (0, 1). Then by (6.2.24) we have

|DRtϕ(x)| ≤ C1,1M‖Λt‖‖ϕ‖1, x ∈ H. (6.4.5)

Due to Theorem 2.3.3
(
UCb(H), UC1b (H)

)
β,∞ = Cβ

b (H), and then from

(6.4.4) and (6.4.5) we obtain |DRtϕ(x)| ≤ C1−β1 Cβ
1,1M

β‖Λt‖1−β‖g‖β , and
also in this case (6.4.3) follows. The general case can be treated in a similar
way.

Now we can prove the following result.

Proposition 6.4.2 Let λ > 0 and g ∈ UCb(H), and let ϕ = R(λ,L)g be
the generalized solution to (6.4.1).

(i) ϕ ∈ Cβ
b (H) for any β ∈ [0, 1/δ), and

‖ϕ‖β ≤ Cβ,0Γ(1− δβ)λδβ−1‖g‖0. (6.4.6)

(ii) If g ∈ Cθ
b (H) for some θ ∈ (0, 1), and β < θ+ 1

δ , then ϕ ∈ UCβ
b (H),

and

‖ϕ‖β ≤ Cβ,θΓ(1− (β − θ)δ)λ(β−θ)δ−1‖g‖θ, x ∈ H. (6.4.7)

(iii) If g ∈ Cθ
b (H) for some θ ∈ (0, 1), and in addition∫ ∞

0
e−λt‖ΛtQ

1/2‖2(1−θ)L4(H)
‖ΛtQe

tA∗‖θL2(H)
dt < +∞, (6.4.8)

then QD2ϕ(x) ∈ L1(H) for any x ∈ H, and ϕ is a strict solution.

Proof. Let us prove (i). Taking into account (6.4.3) we have

‖ϕ‖β ≤
∫ ∞

0
e−λt‖Rtg‖βdt ≤ Cβ,0

∫ ∞

0
e−λtt−δβdt‖g‖0

= Cβ,0Γ(1− δβ)λδβ−1‖g‖0,

and (i) follows. Part (ii) is proved similarly. Let us show (iii).
By (6.2.18) and (6.2.23) we have respectively that

‖QD2Rtg(x)‖L1(H) ≤ 2‖Q1/2Λt‖2L4(H)
‖g‖0,

and

‖QD2Rtg(x)‖L1(H) ≤ ‖ΛtQe
tA∗‖L2(H)‖g‖1.
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By interpolation we have

‖QD2Rtg(x)‖L1(H) ≤ 21−θ‖Q1/2Λt‖2(1−θ)L4(H)
‖ΛtQe

tA∗‖2θL2(H)
‖g‖θ,

which yields the conclusion.
The following result is an immediate consequence of Proposition 6.4.2.

Corollary 6.4.3 We have

D(L) ⊂ Cβ
θ (H), β ∈ [0, 1/δ). (6.4.9)

In particular, due to Example B.3.2, if Q = I

D(L) ⊂ Cβ
θ (H), β ∈ [0, 2). (6.4.10)

Example 6.4.4 We go back to Example 6.2.11. We set as there

Aen = −nαen, Qen = n−γen, n ∈ N,

with α+γ > 1 and γ < α. Therefore (6.4.2) holds with δ = α+γ
2α < 1. Also (i)

implies that if g ∈ UCb(H) then ϕ ∈ UCβ
b (H) with β < 2α

α+γ . Since
2α
α+γ > 1,

we have that ϕ ∈ UC1b (H). However, β < 2 and we cannot conclude that
D2ϕ exists.

Moreover by (ii) it follows that if g ∈ UCθ
b (H) then ϕ ∈ UCβ

b (H) with
β < θ+ 2α

α+γ . Thus if θ is such that θ+ 2α
α+γ > 2, we can conclude that D2ϕ

exists. In the particular case when Q = 1 we have δ = 1/2, see Appendix
B. In this case for any θ > 0 we have ϕ ∈ UC2b (H).

Let finally discuss part (iii) of Proposition 6.4.2.
We recall that

‖ΛtQ
1/2‖L4(H) ≤ C1t

− 3α+γ
2α , t > 0. (6.4.11)

Moreover

‖ΛtQe
tA∗‖2L2(H) =

∞∑
n=1

2nα−γ

1− e−2nαt
.

Thus there exists C2 > 0 such that

‖ΛtQe
tA∗‖2L2(H) ≤ C2t

−α+1−γ
2α , t > 0. (6.4.12)

Then by (6.4.11) and (6.4.12) there exists C3 > 0 such that we have

‖ΛtQ
1/2‖2(1−θ)L4(H)

‖ΛtQe
tA∗‖θL2(H) ≤ C3t

− 1
2α
[θ(1−2α−2γ)+3α+γ].
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Thus if

θ >
α+ γ

2α+ 2γ − 1
, (6.4.13)

part (iii) of Proposition 6.4.2 is fulfilled and ϕ is a classical solution.
In the particular case were Q = I and α = 2, (6.4.13) is equivalent to

θ > 2/3.

6.4.1 Schauder estimates

In this subsection we want to prove Schauder estimates for the solution of
(6.4.1). If H is finite dimensional and det Q > 0, Schauder estimates were
proved by G. Da Prato and A. Lunardi [94]. Here we are going to extend
this result to the infinite dimensional situation. In this case it is natural to
assume that Q has a bounded inverse. We shall take for simplicity Q = I
and A of negative type. In this case there exists K > 0 such that, see
Appendix B,

‖Λt‖ ≤ Kt−1/2, t > 0, (6.4.14)

and assumption (6.2.3) holds. The following result was proved in P. Can-
narsa and G. Da Prato [32].

Theorem 6.4.5 Assume that (6.0.2) holds, A is of negative type, and that
Q = I. Let θ ∈ (0, 1), g ∈ Cθ

b (H) and λ > 0. Then the function ϕ = R(λ,L)g
belongs to C2+θb (H).

Proof. The proof is based on the following interpolatory result, due to A.
Lunardi [163], see Proposition 2.3.8:(

Cα
b (H), C2+αb (H)

)
1−α−θ

2
,∞ ⊂ C2+θb (H),

for all α ∈ (0, 1) and θ ∈ (0, α). Thus, to prove the theorem it will be enough
to show that for some α ∈ (θ, 1), we have

ϕ ∈
(
Cα
b (H), C2+αb (H)

)
1−α−θ

2
,∞ . (6.4.15)

We first note that, in view of (6.4.3), we have

‖Rtϕ‖α ≤ Cα,θ ‖Λt‖α−θ‖ϕ‖θ ≤ Cα,θ t
α−θ

2 ‖ϕ‖θ. (6.4.16)
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Now in order to prove (6.4.15) we set ϕ(x) = a(t, x) + b(t, x), where

a(t, x) =
∫ t

0
e−λsRsg(x)ds, b(t, x) =

∫ +∞

t
e−λsRsg(x)ds.

Then from (6.4.16) it follows that

‖a(·, t)‖α ≤ C1α,θ

∫ t

0
e−λss−

α−θ
2 ds ‖g‖θ

= C1α,θ t
1−α−θ

2

∫ 1

0
e−λtσσ−α−θ

2 dσ ‖g‖θ

≤
C1α,θ

1− α−θ
2

t1−
α−θ

2 ‖g‖θ,

and

‖b(·, t)‖2+α ≤ C1α,θ

∫ +∞

t
e−λss−

α−θ
2

−1 ds ‖g‖θ

= C1α,θ t
−α−θ

2

∫ +∞

1
e−λtσσ−α−θ

2
−1 dσ ‖g‖θ

≤ 2
C1α,θ
α− θ

t
θ−α

2 ‖g‖θ.

This implies (6.4.15).
By Theorem 6.4.5 and Proposition 6.4.2 we find the result.

Corollary 6.4.6 Assume that θ ∈ (0, 1), g ∈ Cθ
b (H), λ > 0 and in addi-

tion that (6.4.8) holds. Then the generalized solution ϕ to (6.4.1) has the
following properties.

(i) ϕ ∈ C2+θb (H) and D2ϕ(x) ∈ L1(H), for any x ∈ H.

(ii) Tr[D2ϕ(·)] ∈ UCb(H).

(iii) 〈·, A∗Dϕ〉 ∈ UCb(H).

Moreover ϕ is a strict solution of (6.4.1).
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Remark 6.4.7 Let us consider the restriction (Rθ
t ) of the semigroup (Rt)

to Cθ
b (H), θ ∈ (0, 1). Then (Rθ

t ) is a semigroup on Cθ
b (H) with the same

continuity properties as (Rt). Its infinitesimal generator Lθ is the part of L
in Cθ

b (H) :

D(Lθ) = {ϕ ∈ D(L) ∩ Cθ
b (H) : Lϕ ∈ Cθ

b (H)}.
Corollary 6.4.6 allows us to characterize, under suitable assumptions, the
domain of Lθ. We recall that in the finite dimensional case, see [94],

D(Lθ) = {ϕ ∈ C2+θb (H) : 〈A·, Dϕ〉 ∈ Cb(H)}.
Under the hypotheses of Corollary 6.4.6 we have the following characteriza-
tion of D(Lθ) :

D(Lθ) =
{
ϕ ∈ UC2,θb (H) : D2ϕ(x) ∈ L1(H),∀ x ∈ H,

Tr[D2ϕ(x)] ∈ UCb(H), 〈·, A∗Dϕ〉 ∈ UCb(H)
}
.

(6.4.17)

6.4.2 The Liouville theorem

A bounded Borel function ϕ is said to be harmonic for the Ornstein-Uhlen-
beck semigroup (Rt) if Rtϕ = ϕ for all t > 0.

Let us remark that if the controllability condition (6.2.3) holds then
a harmonic function ϕ is necessarily continuous; in fact by Theorem 6.2.2
ϕ ∈ C∞

b (H).
Let us prove the following simple result.

Proposition 6.4.8 Assume that (6.2.3) holds and Λt → 0 strongly as t→
+∞. Then, harmonic functions for (Rt) are constant.

Proof. It follows from (4.3.14) that

|ϕ(a)− ϕ(b)| = |Rtϕ(a)−Rtϕ(b)| ≤ ‖ϕ‖0
(
e|Λt(a−b)|

2 − 1
)1/2

→ 0

as t→∞, and therefore ϕ is constant.
By Theorem B.3.4 we have the following more analytical characteriza-

tion.

Proposition 6.4.9 Assume that (6.2.3) holds. If the only nonnegative so-
lution P of the equation

PA+A∗P − PBB∗P = 0

is 0, then harmonic functions for (Rt) are constant.
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6.5 Perturbation results for parabolic equations

We are here concerned with the problem
Dtu(t, x) = 1

2Tr
[
QD2u(t, x)

]
+ 〈Ax+ F (x), Du(t, x)〉,

t ≥ 0, x ∈ D(A).
u(0, x) = ϕ(x), x ∈ H,

(6.5.1)

under assumptions (6.0.2), (6.2.3) and (6.4.2) and with F ∈ Cb(H;H). We
shall write this problem as{

Dtu(t, ·) = Lu(t, ·) + 〈F (x), Du(t, ·)〉, t ≥ 0, x ∈ H,
u(0, ·) = ϕ.

(6.5.2)

A strict solution to problem (6.5.2) is a continuous function u : [0,∞)×
H → H, differentiable in t, such that u(t, ·) ∈ D(L) for all t > 0, and
equations (6.5.2) hold.

Notice that this definition is meaningful since, in view of Proposition
6.4.2(i), if ϕ ∈ D(L), then ϕ ∈ UC1b (H) and so the term 〈F (·), Du(t, ·)〉 in
(6.5.2) is well defined and belongs to UCb(H).

It is easy to check that if u is a strict solution of (6.5.2) then it is a
solution of the following integral equation:

u(t, ·) = Rtϕ+
∫ t

0
Rt−s(〈F (·), Du(s, ·)〉)ds, t ≥ 0. (6.5.3)

A solution of (6.5.3) is called a mild solution.
The following result is proved in G. Da Prato and J. Zabczyk [102].

Proposition 6.5.1 Assume that assumptions (6.0.2), (6.2.3) and (6.4.2)
hold and that F ∈ Cb(H;H). Then for any ϕ ∈ Bb(H) there is a unique
mild solution of equation (6.5.3).

Proof. We fix T > 0 and write equation (6.5.3) as u = f + γ(v), where

f(t, x) = Rtϕ(x), t ∈ [0, T ], x ∈ H,

γ(u)(t, ·) =
∫ t

0
Rt−s(〈F (·), Du(s, ·)〉)ds, t ∈ [0, T ].

Then we solve the equation (6.5.3) on the space ZT consisting of the set of
all functions u : [0, T ]×H → R such that

(i) u ∈ Bb([0, T ]×H),
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(ii) for all t > 0, u(t, ·) ∈ UC1b (H),

(iii) sup
t∈(0,T ]

tα‖u(t, ·)‖1 < +∞,

(iv) for all x ∈ H, Du(·, x) is measurable.

ZT , endowed with the norm

‖u‖ZT := ‖u‖0 + sup
t∈(0,T ]

tα‖u(t, ·)‖1,

is a Banach space.
We first notice that f belongs to ZT in view of Theorems 6.2.2 and 6.2.4.

Then if we show that γ is a contraction on ZT , provided T is sufficiently
small, the conclusion will follow by a standard argument. We have in fact

|γ(u)(t, x)| ≤ ‖F‖0
∫ t

0
‖Du(s, ·)‖0ds ≤

t1−α

1− α
‖u‖ZT ,

and, since

Dγ(u)(t, x) =
∫ t

0
D[Rt−s(〈F (·), Du(s, ·)〉)]ds,

we have

tα|Dγ(u)(t, x)| ≤ tα
∫ t

0
|D[Rt−s(〈F (·), Dxu(s, ·)〉)]|ds

≤ tαC‖F‖0
∫ t

0
(t− s)−αs−αds‖u‖ZT

= t1−αC‖F‖0
∫ 1

0
(1− s)−αs−αds ‖u‖ZT .

Thus γ is a contraction, provided T is sufficiently small, and the proposition
is proved.

Remark 6.5.2 Under the assumptions of Proposition 6.5.1 it follows, by
a result due to D. Ga̧tarek and B. Goldys [125], that there exists a unique
martingale solution to the differential stochastic equation

dX = (AX + F (X))dt+Q1/2dW (t), X(0) = x ∈ H,

where W is a cylindrical Wiener process taking values on H.
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6.6 Perturbation results for elliptic equations

In this section we assume that (6.0.2) holds, that Q = I, A is of negative
type, and F ∈ UCb(H;H). Therefore (6.4.14) holds.

We are going to show, following [82], that the linear operator

Nϕ = Lϕ+ 〈F,Dϕ〉, ϕ ∈ D(L),

is m-dissipative on UCb(H).

Lemma 6.6.1 For any λ > λ0 := πK2‖F‖20 and any f ∈ UCb(H), there is
a unique solution ϕ ∈ D(L) ∩ C1b (H) of the equation

λϕ− Lϕ− 〈F (x), Dϕ〉 = f. (6.6.1)

Proof. Let λ > λ0. Then, setting ψ = λϕ− Lϕ, equation (6.6.1) becomes

ψ − Tλψ = f, (6.6.2)

where Tλ is defined by

Tλψ(x) = 〈F (x), DR(λ,L)ψ(x)〉, ψ ∈ UCb(H), x ∈ H. (6.6.3)

Recalling Proposition 6.4.2 and Corollary 6.4.3, we see that

‖Tλψ‖0 ≤ K

√
π

λ
‖F‖0 ‖ψ‖0.

Therefore if λ > λ0 equation (6.6.1) has a unique solution ϕ.
Now we are going to show that N is m-dissipative on UCb(H). For this

we first consider the case when F is in addition of class C1.

Lemma 6.6.2 Let F : H → H be bounded and of class C1. Then N is
m-dissipative. Moreover if ϕ ∈ UCb(H) is nonnegative then R(λ,N)ϕ is
nonnegative for all λ > 0.

Proof. We have already seen in Lemma 6.6.1 that for any λ > λ0 the range
of λ−N is UCb(H). Then it is sufficient to show that L is dissipative. It is
convenient to introduce for any h > 0 an operator Nh approximating N,

Nhϕ = Lϕ+∆hϕ, ϕ ∈ D(L),

where

∆hϕ(x) =
1
h
(ϕ(η(h, x))− ϕ(x)) , (6.6.4)
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and η is the solution to

ηt(t, x) = F (η(t, x)), η(0, x) = x ∈ H. (6.6.5)

Clearly for any ϕ ∈ UC1b (H) we have

lim
h→0

∆hϕ = 〈F,Dϕ〉, in UCb(H). (6.6.6)

Now, given λ > 0 and f ∈ Cb(H), we consider the equation

λϕh − Lϕh −∆hϕh = f. (6.6.7)

Equation (6.6.7) can be solved as before by a standard fixed point argument
depending on the parameter h, and

lim
h→0

ϕh = ϕ in Cb(H). (6.6.8)

Now by (6.6.7) we find(
λ+

1
h

)
ϕh − Lϕh = f +

1
h
ϕ(η(h, x)). (6.6.9)

It follows that
‖ϕh‖0 ≤

1
λ+ 1

h

(‖f‖0 +
1
h
‖ϕh‖0),

which yields ‖ϕh‖0 ≤ 1
λ ‖f‖0. Consequently, letting h tend to 0 gives

‖ϕ‖0 ≤
1
λ
‖f‖0.

Therefore N is m-dissipative as required.
It remains to prove the last statement. Let ϕ ∈ UCb(H) be nonnegative,

h > 0 and let ϕh be the solution of (6.6.7). It is clear by (6.6.9) that ϕh is
nonnegative, so that the conclusion follows.

Finally we consider the general case. We shall denote by C0,1b (H;H) the
subspace of UCb(H;H) of all Lipschitz continuous functions from H into H.
We shall need the following result due to F. A. Valentine [213].

Proposition 6.6.3 C0,1b (H;H) is dense in UCb(H;H).

Proposition 6.6.4 Let F : H → H be continuous and bounded. Then N
is m-dissipative. Moreover if ϕ ∈ UCb(H) is nonnegative then R(λ,N)ϕ is
nonnegative for all λ > 0.
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Proof. By Proposition 6.6.3 there exists a sequence (Fn) ⊂ C0,1b (H;H) such
that Fn → F in UCb(H;H). Given λ ≥ λ0 = πK2‖F‖20 and f ∈ UCb(H),
consider the equation

λϕn −Nnϕn = λϕn − Lϕn − 〈Fn(x), Dϕn〉 = f, (6.6.10)

which can be solved as in Lemma 6.6.1 by successive approximations. More-
over, due to the dissipativity of λ−Nn, we have

lim
n→∞ϕn = ϕ, in UCb(H;H),

where ϕ = R(λ,N)f. By Lemma 6.6.2 it follows that |ϕn(x)| ≤ 1
λ ‖f‖0, x ∈

H. Therefore
|ϕ(x)| ≤ 1

λ
‖f‖0, ∀x ∈ H,

and consequently N is m-dissipative.
Finally, the last statement follows from Lemma 6.6.2.
The proof of the following result is straightforward, it is left to the reader

as an exercise.

Proposition 6.6.5 Assume, besides (6.0.2), that Q = I and F ∈ UC1b (H;
H). Then for any λ > 0 and any f ∈ UC1b (H) there is a unique solution
ϕ ∈ C2b (H) of the equation

λϕ(x)− Lϕ(x)− 〈F (x), Dϕ(x)〉 = f(x), x ∈ H. (6.6.11)
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General parabolic equations

The present chapter is concerned with the following Kolmogorov equation
in a separable Hilbert space H (norm | · |, inner product 〈·, ·〉):

Dtu(t, x) = 1
2 Tr[(G(x))

∗D2u(t, x)(G(x))]
+〈Ax+ F (x), Du(t, x)〉, t ≥ 0, x ∈ D(A),

u(0, x) = ϕ(x), x ∈ H.
(7.0.1)

Here A : D(A)⊂H → H is the generator of a C0 semigroup etA in H and
F : H → H, G : H → L(V,H) are at least Lipschitz continuous, and V is
another separable Hilbert space. We will make rather strong assumptions on
the coefficients and the initial function ϕ. The results of this chapter should
be regarded as a starting point for a study of the Kolmogorov equations
with less regular data. For reaction-diffusion equations see S. Cerrai [43].

A function u(t, x), t ≥ 0, x ∈ H, is said to be a strict solution to equation
(7.0.1) if

(i) u is continuous on [0,+∞)×H, and u(0, ·) = ϕ,

(ii) u(t, ·) ∈ UC2b (H) for all t ≥ 0,

(iii) for any x ∈ D(A), u(·, x) is continuously differentiable on [0,+∞), and
fulfills (7.0.1).

We shall define a generalized solution to (7.0.1) by the formula

u(t, x) = Ptϕ(x) = E [ϕ(X(t, x)]] , t ≥ 0, x ∈ H, ϕ ∈ Cb(H),

127
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where the process X(t, x) t ≥ 0, x ∈ H, is the solution of the differential
stochastic equation,{

dX(t) = (AX(t) + F (X(t)))dt+G(X(t))dW (t),
X(0) = x ∈ H,

(7.0.2)

where W is a Q-Wiener process with values in a Hilbert space U such that
V = Q

1
2 (U), see [101].

We start by recalling in §7.1 some results on implicit function theorems
on which our approach is based. Basic definitions of Q-Wiener processes
and of the stochastic integration theory, together with their fundamental
properties, are recalled in §7.2. Then we shall prove results on existence of
solutions to (7.0.2) and on their dependence on initial data in §7.3. Then §7.4
is devoted to the regular dependence of the generalized solutions to (7.0.1)
on the initial condition. Existence and uniqueness of the strict solutions to
(7.0.1) are the subjects of §7.5 and §7.6 respectively. Finally §7.7 presents
an extension, based on a version of the Bismut-Elworthy-Xe formula, of the
regularity results, to the case of only bounded initial functions ϕ.

We follow basically J. Zabczyk [220].

7.1 Implicit function theorems

We gather here abstract theorems on implicit functions needed in what
follows. They are versions of similar results from [101], [102] and [220].
Some improvements can be found in C. Knoche and K. Frieler [?].

Let Λ be an open subset of a Banach space E and H a transformation
from Λ× E into E. We shall assume that

‖H(λ, x)−H(λ, y)‖E ≤ α‖x− y‖E , for all λ ∈ Λ, x, y ∈ E, (7.1.1)

and consider the equation

x = H(λ, x), (λ, x) ∈ Λ× E. (7.1.2)

Theorem 7.1.1 Assume that the transformation H satisfies (7.1.1) with
α ∈ [0, 1). Then for arbitrary λ ∈ Λ there exists exactly one solution x =
ϕ(λ) of the equation (7.1.2). If in addition H is continuous with respect to
the first variable then the function ϕ is continuous on Λ.

If G is a mapping from E into F then its directional derivative at x and
in direction y will be denoted by ∂xG(x; y). If the directional derivative
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is a linear and continuous mapping of y then this mapping will be called
the Gateaux derivative of G at the point x and denoted by ∂G(x). This
convention naturally extends to higher and partial derivatives. In particular
the nth Gateaux derivative ∂nG(x) at the point x is a continuous n-linear
transformation from E into F . If the Gateaux derivative is continuous with
respect to x for all fixed directions then we say that the Gateaux derivative
is strongly continuous.

Theorem 7.1.2 Assume that H is continuous with respect to the first vari-
able and satisfies (7.1.1) with α ∈ [0, 1). If, in addition, at any (λ, x) ∈ Λ×
E, there exist strongly continuous directional Gateaux derivatives ∂λH(λ, x)
and ∂xH(λ, x) then for arbitrary λ ∈ Λ there exists the strongly continuous
Gateaux derivative ∂λϕ, and for any λ, µ ∈ Λ,

∂λϕ(λ;µ) = [I − ∂xH(λ, ϕ(λ))]−1∂λH(λ, ϕ(λ);µ). (7.1.3)

Theorem 7.1.3 Assume that E0 is a Banach space continuously embedded
into E and that (7.1.1) holds in both E and E0 with the same constant
α ∈ [0, 1). Let moreover the assumptions of Theorem 7.1.2 be satisfied in
E and E0. If, in addition, there exist strongly continuous second partial
Gateaux derivatives from Λ × E0 into E, ∂λ∂xH, ∂x∂λH and ∂2λH,∂

2
xH,

then there exists the strongly continuous second partial Gateaux derivative
of ∂2λϕ and at any point λ ∈ Λ and in any directions µ0, ν0 ∈ Λ,

∂2λϕ(λ0;µ0, ν0) = [I − ∂xH(λ0, ϕ(λ0))]−1

×
[
∂2xH(λ0, ϕ(λ0); ∂λϕ(λ0;µ0), ∂λϕ(λ0; ν0)

+∂λ∂xH(λ0, ϕ(λ0); ∂λϕ(λ0;µ0), ν0) + ∂x∂λH(λ0, ϕ(λ0);µ0, ∂λϕ(λ0; ν0))

+∂2λH(λ0, ϕ(λ0);µ0, ν0)
]
.

(7.1.4)

Remark 7.1.4 Note that by Theorems 7.1.1 and 7.1.2, the functions ϕ(λ),
∂λϕ(λ;µ), λ, µ ∈ Λ, are continuous as E0-valued functions. Therefore, by
the assumptions and Theorem 7.1.3, the formula (7.1.4) defines a continuous
function of all three variables.

Assume now that we have a sequence of mappings Hn, n ∈ N and a
mapping H such that

‖H(λ, x)−H(λ, y)‖E ≤ α‖x− y‖, x, y ∈ E, λ ∈ Λ, (7.1.5)
‖Hn(λ, x)−Hn(λ, y)‖E ≤ α‖x− y‖, x, y ∈ E, λ ∈ Λ. (7.1.6)
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If α ∈ [0, 1) then for each λ ∈ Λ the equations

x = H(λ, x), (7.1.7)
x = Hn(λ, x) (7.1.8)

have unique solutions denoted by ϕ(λ) and ϕn(λ) respectively. Thus

ϕ(λ) = H(λ, ϕ(λ)), ϕn(λ) = Hn(λ, ϕn(λ)), λ ∈ Λ, n ∈ N. (7.1.9)

Theorem 7.1.5 Assume that functions H, Hn, n ∈ N, satisfy (7.1.5) and
(7.1.6) with α ∈ [0, 1).

(i) If Hn(λ, x) → H(λ, x), for all (λ, x) ∈ Λ × E, then ϕn(λ) → ϕ(λ),
for all λ ∈ Λ

(ii) If H, Hn, n ∈ N are continuous and Hn → H uniformly on compact
sets then ϕn → ϕ uniformly on compact sets.

The convergence result from Theorem 7.1.5 can be extended to direc-
tional derivatives of ϕ as well.

Theorem 7.1.6 Assume that mappings H, Hn, n ∈ N, satisfy the condi-
tions of Theorem 7.1.2. If

Hn(λ, x)→ H(λ, x), ∂xHn(λ, x; y)→ ∂xH(λ, x; y),

∂λHn(λ, x;µ)→ ∂λH(λ, x;µ) as n→ +∞

uniformly in (λ, x) on compact sets and uniformly in y and µ from bounded
sets, then

∂λϕn(λ;µ)→ ∂λϕ(λ;µ) as n→ +∞ (7.1.10)

uniformly in λ from compact sets and µ from bounded sets.

Theorem 7.1.7 Assume that mappings H, Hn, n ∈ N, satisfy the condi-
tions of Theorem 7.1.3 with the same space E0. Assume that the conditions
of Theorem 7.1.6 are satisfied in both E and E0. If, in addition

∂λ∂xHn(λ, x; y;µ) → ∂λ∂xH(λ, x; y;µ), as n→ +∞,

∂x∂λHn(λ, x;µ, y) → ∂λ∂xH(λ, x;µ, y), as n→ +∞,

∂2λHn(λ, x;µ, ν) → ∂2λH(λ, x;µ, ν), as n→ +∞,

∂2xHn(λ, x; y, z) → ∂2xH(λ, x; y, z), as n→ +∞,
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uniformly in (λ, x) from compact subsets of Λ×E0 and uniformly in (µ, ν, y, z)
from bounded sets of Λ× Λ× E × E, then

∂2λϕn(λ;µ, ν)→ ∂2λϕ(λ;µ, ν), as n→ +∞, (7.1.11)

uniformly in λ from compact subsets of Λ and uniformly in µ, ν from bounded
subsets of Λ× Λ.

7.2 Wiener processes and stochastic equations

7.2.1 Infinite dimensional Wiener processes

Let (Ω,F ,P) be a probability space with a given increasing family of σ-
fields Ft ⊂ F , t ≥ 0, and let Q ∈ L1+(U). A family W (t), t ≥ 0, of U -valued
random variables is called a Q-Wiener process, if and only if

(i) W(0) = 0 and L(W (t)−W (s)) = N(t−s)Q, t ≥ s,

(ii) W (t1), W (t2)−W (t1), . . . ,W (tn)−W (tn−1) are independent random
variables, 0 ≤ t1 < t2 < · · · < tn, n ∈ N,

(iii) for almost all ω ∈ Ω, W (t, ω), t ≥ 0, is a continuous function.

In particular we have

E〈W (t), a〉U 〈W (s), b〉U = t ∧ s〈Qa, b〉U , a, b ∈ U.

Let (ek) be the sequence of all eigenvectors of Q corresponding to the se-
quence of eigenvalues (γk). If γk > 0 then

βk(t) = (γk)−
1
2 〈W (t), ek〉U , t ≥ 0,

are one dimensional standard Wiener processses (Q = 1), mutually indepen-
dent. It is clear that

W (t) =
∞∑
k=1

√
γkβk(t)ek, t ≥ 0 . (7.2.1)

Conversely, if (ek) is a complete orthonormal system in U, (γk) is a summable
sequence of nonnegative numbers and (βk) are independent, standardWiener
processes then the formula (7.2.1) defines a U -valued Wiener process.
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7.2.2 Stochastic integration

There is a natural class of operator valued processes which can be stochasti-
cally integrated with respect to a U -valued Q-Wiener processW . Denote, as
before, V = Q

1
2 (U) the image of U by the operator Q1/2 equipped with the

following scalar product: 〈a, b〉V = 〈Q−1/2a,Q−1/2b〉U , where Q−1/2 denotes
the pseudo-inverse of Q1/2. The space V is a separable Hilbert space.

Denote by LHS(V,H) the Hilbert space of all Hilbert-Schmidt opera-
tors from V into H equipped with the Hilbert-Schmidt norm. The space
LHS(V,H) is again a separable Hilbert space which, from now on, will be
denoted by H. Note that operators belonging to LHS(V,H) are not, in gen-
eral, defined on the whole space U and that different Wiener processes may
lead to the same space H.

An H-valued process Ψ is called measurable on [0, t] if it is measurable
when treated as a transformation from the set Ω × [0, t], equipped with
the σ-field Ft × B([0, t]), into (H,B(H)) If the process Ψ is measurable
on all intervals [0, t], t ≥ 0, then it is called progressively measurable. A
progressively measurable process Ψ such that

P

(∫ t

0
‖Ψ(s)‖2H ds < +∞, t ≥ 0

)
= 1 (7.2.2)

is called stochastically integrable. For stochastically integrable processes the
stochastic Itô integral ∫ t

0
Ψ(s) dW (s), t ≥ 0 , (7.2.3)

is well defined, see [101]. Moreover:

E

(∣∣∣∣∫ t

0
Ψ(s) dW (s)

∣∣∣∣2
H

)
≤ E

(∫ t

0
‖Ψ(s)‖2H ds

)
. (7.2.4)

If the right hand side of (7.2.4) is finite then (7.2.4) becomes an identity.
In addition the following Burkholder-Davis-Gundy inequality holds . For
arbitrary p > 0 there exists a constant cp > 0 such that

E

(
sups≤t

∣∣∣∣∫ s

0
Ψ(u) dW (u)

∣∣∣∣p
H

)
≤ cpE

(∫ t

0
‖Ψ(s)‖2H ds

)p/2

, t ≥ 0. (7.2.5)

Assume that Ψ is an H-valued process stochastically integrable on [0, T ],
ψ is anH-valued progressively measurable process, with trajectories Bochner
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integrable on [0, T ], P-a.s., and Z(0) is an F0-measurable H-valued random
variable. Then the process

Z(t) = Z(0) +
∫ t

0
ψ(s) ds+

∫ t

0
Ψ(s) dW (s), t ∈ (0, T ), (7.2.6)

is continuous and well defined. Let F : [0, T ] × H → R be a function
uniformly continuous on bounded subsets of [0, T ] × H together with its
partial derivatives Ft, Fx, Fxx. The following, Itô’s formula, holds.

Theorem 7.2.1 Under the above assumptions on the function F and the
process Z , P-a.s., for all t ∈ [0, T ],

F (t, Z(t)) = F (0, Z(0)) +
∫ t

0
〈Fx(s, Z(s)),Ψ(s) dW (s)〉H

+
∫ t

0

[
Ft(s, Z(s)) + 〈Fx(s, Z(s)), ψ(s)〉H

+
1
2
Tr[(Ψ(s)Q1/2)∗Fxx(s, Z(s))(Ψ(s)Q1/2)]

]
ds.

(7.2.7)

7.3 Dependence of the solutions to stochastic equa-
tions on initial data

It is convenient to write (7.0.2) in the mild form

X(t) = etAx+
∫ t

0
e(t−s)AF (X(s))ds+

∫ t

0
e(t−s)AG(X(s))dW (s). (7.3.1)

We will analyze this equation using a functional analytic approach, based
on an implicit function theorem, see [102] and [220], and on properties of
deterministic and stochastic convolutions.

7.3.1 Convolution and evaluation maps

Denote by Hp([0, T ]), p ≥ 1, the space of all progressively measurable H-
valued processses ψ defined on [0, T ], T > 0, equipped with the norm

‖ψ‖Hp([0,T ]) = sup
t∈[0,T ]

(
E|ψ(t)|pH

)1/p
.
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Similarly denote by Hp([0, T ]) the space of all progressively measurable H-
valued processes Ψ , defined on [0, T ], equipped with the norm

‖Ψ‖Hp([0,T ]) = sup
t∈[0,T ]

(
E‖Ψ(t)‖pH

)1/p
.

We introduce also spaces Hp,p([0, T ]) and Hp,p([0, T ]) defined similarly to
Hp([0, T ]), Hp([0, T ]) but with different norms:

‖ψ‖Hp,p([0,T ]) =
(

E

∫ T

o
|ψ(t)|pHdt

)1/p
, (7.3.2)

‖Ψ‖Hp,p([0,T ]) =
(

E

∫ T

0
‖Ψ(t)‖pHdt

)1/p
.

The normed spaces Hp([0, T ]), Hp([0, T ]), Hp,p([0, T ]) and Hp,p([0, T ])are
Banach spaces denoted shortly by Hp, Hp and Hp,p, Hp,p.

In some cases, it will be convenient to consider spaces Hp
c ([0, T ]) and

Hp
c([0, T ]) consisting of those processes ψ and Ψ which are stochastically

continuous in t ∈ [0, T ]. More precisely ψ ∈ Hp
c ([0, T ]) if ψ ∈ Hp([0, T ]) and

for each t0 ∈ ([0, T ]),

lim
t→t0

E|ψ(t)− ψ(t0)|pH = 0.

In a similar way Ψ ∈ Hp
c([0, T ]) if Ψ ∈ Hp([0, T ]) and for each t0 ∈ [0, T ],

lim
t→[0,T ]

E‖Ψ(t)−Ψ(t0)‖pH = 0.

The spaces Hp
c ([0, T ]), Hp

c([0, T ]) are linear closed subspaces of Hp[0, T ], and
Hp([0, T ]) respectively and therefore are Banach spaces as well.

We will need the following equivalent norms, see [14]:

‖ψ‖p,λ,T = sup
t∈[0,T ]

e−λt
(
E|ψ(t)|pH

)1/p
,

and
‖Ψ‖p,λ,T = sup

t∈[0,T ]
e−λt

(
E‖Ψ(t)‖pH

)1/p
,

where λ ∈ R.
Define now for ψ ∈ Hp([0, T ]), Ψ ∈ Hp([0, T ]) two convolution type

mappings

T0(ψ)(t) =
∫ t

0
e(t−s)Aψ(s)ds, t ∈ [0, T ], (7.3.3)
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and

T1(Ψ)(t) =
∫ t

0
e(t−s)AΨ(s)dW (s), t ∈ [0, T ]. (7.3.4)

We have the following easy consequence of the Burkholder-Davis-Gundy
inequality , see [101].

Proposition 7.3.1 For arbitrary p ≥ 2 and T > 0, the formulae (7.3.3)
and (7.3.4) define linear operators from Hp([0, T ]) and Hp,p([0, T ]) into
Hp([0, T ]) and from Hp([0, T ]) and Hp,p([0, T ]) into Hp([0, T ]) respectively.
In addition, for arbitrary α ∈ (0, 1) there exists λ > 0 such that

‖T0(ψ)‖p,λ,T ≤ α‖ψ‖p,λ,T . (7.3.5)

and

‖T1(Ψ)‖p,λ,T ≤ α‖Ψ‖p,λ,T . (7.3.6)

Proof. The proof is straightforward. We will show only how to select λ > 0
to fulfill (7.3.6). By the very definition:

E|T1(Ψ)(t)|pH = E

∣∣∣∣∫ t

0
e(t−s)AΨ(s)dW (s)

∣∣∣∣p
H

≤ Mp
T cpE

(∫ t

0
‖Ψ(s)‖2Hds

)p/2

≤ Mp
T cpE

(∫ t

0
‖Ψ(s)‖pHds

)

≤ Mp
T cp

(∫ t

0
eλtpE(e−λs‖Ψ(s)‖)pHds

)

≤ Mp
T cp

(∫ t

0
eλtpds

)
‖Ψ‖pp,λ,T

≤ Mp
T cp

eλtp − 1
λp

‖Ψ‖pp,λ,T .

Therefore,

‖T1(Ψ)‖pp,λ,T ≤
1
λ
Mp

T cp
eλtp − 1

p
‖Ψ‖pp,λ,T
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and it is enough to choose λ such that

1
λ
Mp

T cp
eλtp − 1

p
≤ α.

The mappings F : H → H, G : H → H induce mappings F and G on
stochastic processes according to the formulae

F(ψ)(t) = F (ψ(t)), ψ ∈ Hp([0, T ]), t ∈ [0, T ],

and
G(ψ)(t) = G(ψ(t)), ψ ∈ Hp([0, T ]), t ∈ [0, T ].

They are often called evaluation maps. The following proposition follows
from the definitions of the appropriate norms.

Proposition 7.3.2 If F : H → H and G : H → H are Lipschitz continuous
mappings then the mappings F : Hp([0, T ])→ Hp,p([0, T ]), G : Hp([0, T ])→
Hp,p([0, T ]) are Lipschitz continuous as well.

We have also the following crucial result.

Proposition 7.3.3 Assume that the Lipschitz continuous mappings F :
H → H, G : H → H have directional Gateaux derivatives

∂kF (x)(y1, . . . , yk), ∂kG(x)(y1, . . . , yk), x ∈ H, y1, . . . , yk ∈ H,

for k = 1, . . . , n, continuous in all variables and such that for k = 1, . . . , n,

sup
x∈H

‖yi‖≤1
i=1,...,k

‖∂kF (x)(y1, . . . , yk)‖H < +∞,

and
sup
x∈H

‖yi‖≤1
i=1,...,k

‖∂kG(x)(y1, . . . , yk)‖H < +∞,

Then the transformations F : Hp([0, T ])→ Hp,p([0, T ]) and G : Hp([0, T ])→
Hp,p([0, T ]) have directional Gateaux derivatives

∂kF(X)(Y1, . . . , Yk), ∂kG(X)(Y1, . . . , Yk), k = 0, 1, . . . , n,

for each X ∈ Hp([0, T ]) and Y1, . . . , Yk ∈ Hkp([0, T ]). The derivatives are
continuous from Hp ×Hkp × · · · ×Hkp︸ ︷︷ ︸

k times

into Hp,p and Hp,p respectively and

sup
x∈Hp

‖Yi‖Hkp≤1
i=1,...,k

‖∂kF(x)(y1, . . . , yk)‖Hp,p < +∞,
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and
sup
x∈Hp

‖Yi‖Hkp≤1
i=1,...,k

‖∂kG(x)(y1, . . . , yk)‖Hp,p < +∞,

Moreover

∂kF(X)(Y1, . . . , Yk)(t) = ∂kF (X(t))(Y1(t), . . . , Yk(t)), t ∈ [0, T ],

∂kG(X)(Y1, . . . , Yk)(t) = ∂kG(X(t))(Y1(t), . . . , Yk(t)), t ∈ [0, T ].

Proof. We will consider for instance the operator F . The theorem is true
if n = 1. If it is true for some k then for arbitrary X ∈ Hp, Y1, . . . , Yk+1 ∈
H(k+1)p and σ > 0,

1
σ
[∂kF(X(t) + σYk+1(t))(Y1(t), . . . , Yk(t))− ∂kF(X;Y1, . . . , Yk)(t)]

=
1
σ
[∂kF (X(t) + σYk+1(t))(Y1(t), . . . , Yk(t))

−∂kF (X(t))(Y1(t), . . . , Yk(t))]

=
∫ 1

0
∂k+1F (X(t) + σsYk+1(t))(Y1(t), . . . , Yk(t), Yk+1(t))ds.

Therefore,∥∥∥∥ 1σ [∂kF(X + σYk+1)(Y1, . . . , Yk)− ∂kF(X)(Y1, . . . , Yk)]

−∂k+1F (X(·))(Y1(·), . . . , Yk(·), Yk+1(·))
∥∥∥∥p
Hp,p

≤ E

∫ T

0

∫ 1

0

[
|∂k+1F (X(t) + σsYk+1(t))(Y1(t), . . . , Yk+1(t))

−∂k+1F (X(t))(Y1(t), . . . , Yk+1(t))|p
]
dsdt

≤ E

∫ T

0

∫ 1

0

[
|∂k+1F (X(t) + σsYk+1(t))− ∂k+1F (X(t))|p

× |Y1(t)|p . . . |Yk+1(t)|p
]
dsdt.
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Remark 7.3.4 Note that in the case H = L2(D), where D ⊂ R
d is an open

set, and in the case where F and G are Nemytski operators, that is

f(x)(ξ) = f(ξ, x(ξ)), g(x)(ξ) = g(ξ, x(ξ)), ξ ∈ D,

for some functions f : D×R → R and g : D×R → R, then the assumptions
of Proposition 7.3.2 are not satisfied. To this purpose we refer to S. Cerrai
[43, Chapters 4 and 6].

7.3.2 Solutions of stochastic equations

We go back to the equation (7.0.2) and investigate existence of solutions and
the character of their dependence on initial conditions x ∈ H.

For each x ∈ H and Y ∈ Hp([0, T ]) define mappings K, K0 and K1,

K(x, Y )(t) = etAx+
∫ t

0
e(t−s)AF (Y (s))ds+

∫ t

0
e(t−s)AG(Y (s))dW (s),

K0(Y )(t) =
∫ t

0
e(t−s)AF (Y (s))ds,

K1(Y )(t) =
∫ t

0
e(t−s)AG(Y (s))dW (s),

from H ×Hp([0, T ]) into Hp([0, T ]).
Equation(7.0.2) is equivalent to (7.3.1) which in turn can be written as

a fixed point problem:

X = K(x,X). (7.3.7)

We have the following existence result.

Theorem 7.3.5 Assume that F : H → H and G : H → H are Lipschitz
continuous. Then for each p ≥ 2, T > 0 and x ∈ H the equation (7.3.1) has
a unique solution X(·, x) in Hp([0, T ]). Moreover the mapping x→ X(·, x)
from H into Hp([0, T ]) is Lipschitz continuous.

Proof. According to the definitions one has to show that the equation
(7.3.7) has a unique solution in Hp([0, T ]). Its right hand side is the sum
of a linear mapping in the variable x and two transformations K0 and K1.
Note that the transformations K0 and K1 are compositions of linear, integral
mappings T0 and T1 with evaluation maps F and G. By Proposition 7.3.2
we can apply Theorem 7.1.1. In this way we find existence of a solution
X(·, x) which depends continuously on x.
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Theorem 7.3.6 In addition to the assumptions of Theorem 7.3.5 assume
that F ∈ Ck

b (H,H) and G ∈ Ck
b (H,H). Then for each p ≥ 2 and T >

0 the mapping x → X(·, x), from H into Hp([0, T ]) is k times Gateaux
differentiable in x with bounded and strongly continuous derivatives up to
order k. Moreover for any y, z ∈ H the processes ηy(t) = ∂xX(t, x; y),
ζy,z(t) = ∂2xX(t, x; y, z), t ∈ [0, T ], are the unique solutions of the following
equations:

dηy = (Aηy +DF (X(t))ηy)dt+DG(X(t))ηydW (t),
(7.3.8)

ηy(0) = h,

dζy,z = (Aζy,z +DF (X(t))ζy,z)dt+DG(X(t))ζy,zdW (t)
+D2F (X(t))(ηy, ηz)dt+D2G(X(t))(ηy, ηz)dW (t),

(7.3.9)
ζy(0) = 0.

Proof. To prove (7.3.9)-(7.3.10) we apply Theorem 7.1.3. Its assumptions
are satisfied by Proposition 7.3.3.

7.4 Space and time regularity of the generalized
solutions

We can finally establish basic regularity properties of the generalized solution
u to (7.0.1) given by

u(t, x) = Ptϕ(x) = E [ϕ(X(t, x)]] , t ≥ 0, x ∈ H, ϕ ∈ Cb(H).

Note that for a fixed t ≥ 0 the function x → u(t, x) can be regarded as
a composition of the mappings from H into Lp(Ω, H) and from Lp(Ω, H)
into Lq(Ω,R), given by x → X(t, x), ξ → ϕ(ξ), and of the linear, integra-
tion operator η → E(η) from Lq(Ω,R) into R. The first mapping can be
obtained from x → X(·, x) by fixing the time argument t. So its Gateaux
differentiability will be a consequence of Theorem 7.3.6. To obtain Fréchet
differentiability the following result will be used.

Proposition 7.4.1 If a mapping Ψ from a Banach space E1 into a Banach
space E2 has all Gateaux derivatives ∂lΨ uniformly bounded up to order k,
then Ψ has all Fréchet derivatives DlΨ continuous and bounded up to order
k − 1 identical with ∂lΨ.
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Proof. We will show only that ∂k−1 is norm continuous. Let us fix vectors
x, y, h1, . . . , hk−1 ∈ E1. Then

|∂k−1Ψ(y;h1, . . . , hk−1)− ∂k−1Ψ(x;h1, . . . , hk−1|

≤
∫ 1

0
|∂kΨ(x+ σ(y − x);h1, . . . , hk−1, y − x)|dσ

≤ ||∂kΨ||0 |h1| . . . |hk−1| |x− y|.

Consequently

|∂k−1Ψ(y)− ∂k−1Ψ(x)| ≤ ||∂kΨ||0 |x− y|, x, y ∈ E1.

This proves the result.
Let ϕ : H → R be a given function. If ξ is an H-valued random variable

defined on (Ω,F ,P) then Φ(ξ) given by the evaluation formula

Φ(ξ)(ω) = ϕ(ξ(ω)), ω ∈ Ω,

is a real valued random variable provided ϕ is a Borel function.
The following proposition can be proved in a similar way to the previous

general results on differentiability.

Proposition 7.4.2 Assume that ϕ belongs to Ck
b (H).

(i) If r ≥ 1 and kr ≤ p then the transformation Φ from Lp(Ω, H) into
Lr(Ω, R) has strongly continuous and bounded Gateaux derivatives up to
order k.

(ii) If r ≥ 1 and kr < p then the transformation Φ from Lp(Ω, H)
into Lr(Ω, R) has strongly continuous and bounded Fréchet derivatives up to
order k.

Proof. We assume that kr < p and prove only the norm continuity in
X ∈ Lp(Ω, H) of the k-linear transformation

∂kΦ(X;Y1, . . . , Yk)(ω) = Dkϕ(X(ω);Y1(ω), . . . , Yk(ω)), ω ∈ Ω,
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with values in Lr(Ω, R) and defined for Y1, . . . , Yk in Lp(Ω, H). Note that
for arbitrary X, Z and Y1, . . . , Yk ∈ Lp(Ω, H),

∫
Ω
|∂kϕ(X(ω);Y1(ω), . . . , Yk(ω))− ∂kϕ(Z(ω);Y1(ω), . . . , Yk(ω))|rP(dω)

≤
∫
Ω
|∂kϕ(X(ω))− ∂kϕ(Z(ω))|r |Y1(ω)|r . . . |Yk(ω)|rP(dω)

≤
(∫

Ω
|∂kϕ(X(ω))− ∂kϕ(Z(ω))|

pr
p−krP(dω)

) p−kr
p

k∏
j=1

(∫
Ω
|Yj(ω)|pP(dω)

) r
p

.

The continuity of ∂kϕ implies, in a standard way, the required norm conti-
nuity of the transformation.

As a consequence of the previous results we have a theorem on differen-
tiability of the generalized solution.

Theorem 7.4.3 Assume that ϕ ∈ C2b (H,R), F ∈ C3b (H,H) and G ∈
C3b (H,H). Then for arbitrary t ≥ 0, u(t, ·) ∈ C2b (H,R).

Proof. Taking into account all the preparatory results it is enough to apply
Theorem 7.3.6.

We will show now that the generalized solution u is continuous with
respect to time and that the same is true for its first and second space
derivatives. To do so we consider the equation in the subspaces Hp

c ([0, T ])
and Hp

c([0, T ]) of Hp([0, T ]) and Hp([0, T ]) introduced at the beginning of
the section. We have the following proposition.

Proposition 7.4.4 The formulae (7.3.3) and (7.3.4) define continuous lin-
ear mappings from Hp([0, T ]) and from Hp([0, T ]) into Hp

c ([0, T ]) respec-
tively.
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Proof. We prove the result for T1 only; the proof for T0 is similar. Let
0 ≤ s < t ≤ T and h = t− s. Then

E|T1Ψ(s)− T1Ψ(t)|p

≤ 2p−1E
∣∣∣∣∫ s

0
e(s−σ)AΨ(σ) dW (σ)−

∫ s

0
e(s−σ)AehAΨ(σ) dW (σ)

∣∣∣∣p

+2p−1E
∣∣∣∣∫ s+h

s
e(s+h−σ)AΨ(σ) dW (σ)

∣∣∣∣p

≤ 2p−1Mp
T s
1−2/p

(
E

∫ s

0
‖(ehA − I)Ψ(σ)‖pH dσ

)

+2p−1Mp
Th

1−2/p
E

(∫ h

0
‖Ψ(σ)‖pH dσ

)
= I1 + I2.

Since ‖(ehA − I)Ψ(σ)‖pH ≤ (MT + 1)p‖Ψ(σ)‖pH, ‖(ehA − I)Ψ(σ)‖pH → 0 as
h → 0, P-almost surely, and E

∫ T
0 ‖Ψ(σ)‖

p
H dσ < +∞, the first integral I1

converges to 0, as h → 0, (uniformly in t, s ∈ [0, T ]). It is clear that also
I2 → 0 as h→ 0 and the result follows.

Taking into account Proposition 7.4.4 and the proofs of Theorems 7.3.5
and 7.3.6 we arrive at the following time regularity result

Theorem 7.4.5 Under the assumptions of Theorem 7.4.3 the generalized
solution u(t, x), t ∈ [0, T ], x ∈ H, is continuous with respect to both variables
together with its first and second x-derivatives.

7.5 Existence

Theorem 7.5.1 Assume that F ∈ C3b (H;H), G ∈ C3b (H;H) and ϕ ∈
C2b (H). Then the generalized solution u is a strict solution of the Kol-
mogorov equation (7.0.1).

Proof. We assume first that the generator A is linear, bounded and con-
tinuous on H. In this case the process X(t) = X(t, x), t ≥ 0, x ∈ H, is a
strong solution of the corresponding evolution equation and therefore

X(t, x) = x+
∫ t

0
[AX(s, x) + F (X(s, x))]ds +

∫ t

0
G(X(s, x))dW (s).
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Applying the Itô formula to the process ϕ(X(t)) = ϕ(X(t, x)), t ≥ 0, we
have

dϕ(X(t)) = 〈Dϕ(X(t)), dX(t)〉+ 1
2
Tr[G∗(X(t))D2ϕ(X(t))G(X(t))]dt.

Consequently,

u(t, x) = E[ϕ(X(t, x))]

= ϕ(x) + E

[∫ t

0
〈AX(s) + F (X(s)), Dϕ(X(s))〉ds

]

+
1
2

E

[∫ t

0
Tr[G∗(X(s))D2ϕ(X(s))G(X(s))]ds

]
.

By the dominated convergence theorem

D+
t u(0, x) = lim

t↓0
u(t, x)− ϕ(x)

t

=
1
2

E
[
Tr[G(X(0))∗D2ϕ(X(0))G(X(0))]

]
+E [〈AX(0) + F (X(0)), Dϕ(X(0))〉] .

Taking into account that X(0) = x, u(0, x) = ϕ(x) we can write that

D+
t u(0, x) = lim

t↓0
u(t, x)− ϕ(x)

t
=

1
2
Tr[G(x)∗D2u(0, x)G(x)]

+〈Ax+ F (x), Du(0, x)〉.

Let us fix now s > 0. Since

u(t+ s, x) = Pt+sϕ(x) = Pt(u(s, ·))(x),

therefore, applying the previous argument with ϕ replaced by u(s, ·), we
obtain that

D+
t u(s, x) = lim

t↓0
u(t+ s, x)− u(s, x)

t
=

1
2
Tr[G(x)∗D2u(s, x)G(x)]

+〈Ax+ F (x), Du(s, x)〉.
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However, the right hand side of the above identity is a continuous function
on [0, T ] × H and consequently, by Lemma 3.2.4, u(·, x) is continuously
differentiable in t and the required result follows.

To treat the case of an arbitrary generator A we consider a sequence
(un) where un(t, x) = Eϕ[Xn(t, x))] and Xn is a solution of

Xn(t, x) = x+
∫ t

0
[AnX(s, x) + F (X(s, x))]ds +

∫ t

0
G(X(s, x))dW (s),

with An = nA(nI − A)−1 being the Yosida approximations of A. By the
first part of the proof, for s ≥ 0 and x ∈ H,

D+
t un(s, x) =

1
2
Tr[G(x)∗D2un(s, x)G(x)] + 〈Ax+ F (x), Dun(s, x)〉.

(7.5.1)

Let us assume that x ∈ D(A), so that Anx → Ax. Define a sequence of
mappings (Kn) acting from Hp

c ([0, T ]) into H
p
c ([0, T ]) as

Kn(x, Y )(t) = etAnx+
∫ t

0
e(t−s)AnF (Y (s)) ds+

∫ t

0
e(t−s)AnG(Y (s)) dW (s),

for every Y ∈ Hp
c ([0, T ]), t ∈ [0, T ].

Since the space Hp
c ([0, T ]) is separable it is easy to check that the se-

quence (Kn) converges strongly to K given by

K(x, Y )(t) = etAx+
∫ t

0
e(t−s)AF (Y (s)) ds+

∫ t

0
e(t−s)AG(Y (s)) dW (s),

and the corresponding Lipschitz constants remain bounded. By Theorem
7.1.5 and Theorem 7.1.6, applied to Kn, K and the solutions Xn and
X, we have strong convergence in Hp

c of Xn and the Gateaux derivatives
∂Xn, ∂

2Xn to X and to ∂X, ∂2X respectively. Taking into account that
ϕ ∈ C2b ([0, T ], H) we deduce the uniformly bounded convergence of un(s, x)
and the Gateaux derivatives ∂un(s, x), ∂2un(s, x), to u(s, x), ∂u(s, x) and
∂2u(s, x), respectively. So we can pass, in the equation (7.5.1), to the limit,
as n → ∞. This implies that the function u is a strict solution of the
Kolmogorov equation.

7.6 Uniqueness

The problem of uniqueness of the solutions to the Kolmogorov equation
is here discussed. Itô’s formula and regularization schemes for stochastic
evolution equations are used.
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We first give another proof of the uniqueness for the infinite dimensional
heat equation , considered in Chapter 3, then we shall consider the general
case.

7.6.1 Uniqueness for the heat equation

We shall prove the following result.

Theorem 7.6.1 Assume that the functions ϕ, u, Dtu, Du, D2u are uni-
formly continuous on closed bounded subsets of (0,+∞) × H and that the
equation {

Dtu(t, x) = 1
2Tr[D

2
Qu(t, x)], t > 0, x ∈ H,

lim
t→0

u(t, x) = ϕ(x), x ∈ H, (7.6.1)

holds. Moreover, assume that u is continuous on [0,+∞)×H and for arbi-
trary T > 0 there exists M > 0 such that

|u(t, x)|+ |Du(t, x)| ≤MeM |x|, (t, x) ∈ [0, T ]×H.

Then

u(t, x) = E[ϕ(x+W (t))], t ≥ 0, x ∈ E.

Proof. Fix t > t0 > 0, x ∈ H and define

ψ(s) = u(t− s, x+W (s)), s ∈ [0, t0].

Due to the assumptions imposed on u one can apply Itô’s formula to ψ and
obtain

ψ(t0) = ψ(0) +
∫ t0

0

[
1
2
Tr[D2

Qu(t− s, x+W (s))−Du(t− s, x+W (s))
]
ds

+
∫ t0

0
〈Du(t− s, x+W (s), dW (s)〉. (7.6.2)

But u satisfies the heat equation and therefore,

u(t− t0, x+W (t0)) = u(t, x) +
∫ t0

0
〈Du(t− s, x+W (s)), dW (s)〉. (7.6.3)
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However,∫ t0

0
|Du(t− s, x+W (s))|2ds ≤M2e2|x|

∫ t0

0
ds < +∞,P-a.s.

Thus, applying the expectation operator to both sides of (7.6.3), one arrives
at E[u(t− t0, x+W (t0))] = u(t, x). Since

|u(t− t0, x+W (t0))| ≤Me|x|esups≤t |W (s)|

and, by Fernique’s theorem, see e.g. [101], E(esups≤t ‖W (s)‖) < +∞, the
Lebesgue theorem implies

u(t, x) = lim
t0↓0

E[u(t− t0, x+W (t0))] = E[ϕ(x+W (t))].

7.6.2 Uniqueness in the general case

We are here concerned with the Kolmogorov equations (7.0.1). As before, A
denotes the infinitesimal generator of a C0 semigroup etA, t ≥ 0, on H, Q is
a self-adjoint bounded nonnegative operator on H and F : H → H and G :
H → H are Lipschitz continuous mappings. Equation (7.0.1) corresponds
to the stochastic equation (7.0.2), which has a unique solution X(·, x) in
Hp([0, T ]), for any T > 0 and p ≥ 2.

Our aim is to prove the following result.

Theorem 7.6.2 Assume that F and G are Lipschitz continuous mappings
and u(t, x), t ≥ 0, x ∈ H, is a bounded continuous function such that for
each t > 0, the first and second space derivatives Du(t, x) and D2u(t, x),
x ∈ H, exist and are bounded on (0,+∞)×H and uniformly continuous on
bounded subsets of [ε,+∞)×H, for any ε > 0. If u satisfies (7.0.1) then

u(t, x) = E[ϕ(X(t, x))], t ≥ 0, x ∈ H, (7.6.4)

where X is the solution to (7.0.2).

For the proof we will need some preparatory work. We cannot repeat
the proof from the previous subsection for two reasons. To apply the Itô
formula to the process u(t − s,X(s, x)), s ∈ [0, t0], t0 < t, the function
u(t, x), t > 0, x ∈ H, should have continuous first time derivative, which
exists, in general, only if x ∈ D(A). Moreover the solution X of (7.0.2) is
not given in the integral form

X(t) = x+
∫ t

0
(AX(s) + F (X(s)))ds+

∫ t

0
G(X(s))dW (s), t ≥ 0,

(7.6.5)
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required by the formulation of the Itô formula, but it satisfies a convolution
type version of the stochastic equation. To overcome these difficulties we
will approximate both the function u and the process X in such a way that
Itô’s formula will be applicable and by passing to the limit in the formulae
we will arrive at (7.6.4).

We first need the concept of strong solutions of the stochastic equations.
If a solution to (7.0.2) taking values in D(A) is such that∫ t

0
|AX(s)| ds < +∞, for all t ≥ 0, P-a.s.,

and (7.6.5) holds, then X is called a strong solution to (7.0.2).
We fix n > ω (1) and set

Jn = n(n−A)−1, Fn(x) = JnF (x), Gn(x) = JnG(x), x ∈ H.

It is easy to see that if F and G are Lipschitz continuous mappings with
respect to the spaces H and H, then Fn and Gn are Lipschitz with respect
to Ĥ = D(A) and Ĥ = LHS(V, Ĥ). Consequently, for each initial Jnx ,
x ∈ H, there exists a unique solution Xn of the equation{

dXn(t) = (ÂXn(t) + Fn(Xn(t)))dt+Gn(Xn(t))dW (t),
Xn(0) = Jnx ∈ H,

(7.6.6)

where Â is the restriction of A to Ĥ. The operator Â generates the same
semigroup etA, t ≥ 0, but restricted to D(A).

Lemma 7.6.3 If F and G are Lipschitz continuous mappings from H into
H and H into H respectively then, for arbitrary n > ω, p ≥ 2, T > 0,
the equation (7.6.6) has a unique mild solution Xn in Ĥ which is a strong
solution of (7.6.6) with Â replaced by A. Moreover if n→ +∞, Xn → X in
Hp

c ([0, T ];H).

Proof. It has been already shown that the solution Xn exists. Since Xn is a
solution to (7.6.6) it is also a solution to (7.0.2) with F , G and x replaced by
Fn, Gn and Jnx. By the very definition, for all t > 0,

∫ t
0 |AXn(s)| ds < +∞,

P-a.s., and this easily implies that Xn is the required strong solution. Define
a sequence (Kn) of mappings acting from Hp

c ([0, T ]) into Hp
c ([0, T ]) by the

formula

Kn(x, Y )(t) = etAx+
∫ t

0
e(t−s)AFn(Y (s)) ds+

∫ t

0
e(t−s)AGn(Y (s)) dW (s),

1We recall that ‖etA‖ ≤ MT e
ωt, t ∈ [0, T ].
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where Y ∈ Hp
c ([0, T ]), t ∈ [0, T ]. Since the space Hp

c ([0, T ]) is separable it is
easy to check that the sequence (Kn) converges strongly to K,

K(x, Y )(t) = etAx+
∫ t

0
e(t−s)AF (Y (s)) ds+

∫ t

0
e(t−s)AG(Y (s)) dW (s),

and the corresponding Lipschitz constants remain bounded. The conver-
gence of the solutions Xn to X, in Hp

c ([0, T ]), is therefore a consequence of
Theorem 7.1.5.

We pass now to the proof of Theorem 7.6.2.
Proof. Assume that u satisfies equation (7.0.1) and has the properties
formulated in Theorem 7.6.1. Fix any t0 ∈ (0, t), n > 0 and define ψ(s) =
un(t− s,Xn(s)), where un(s, x) = u(s, Jnx), s ∈ [0, t0]. The assumptions of
the Itô formula are satisfied and

dψ(s) = [−Dtun(t− s,Xn(s)) + Lnun(t− s, ·)(Xn(s))] ds

+〈Dun(t− s,Xn(s)), Gn(Xn(s)) dW (s)〉, s ∈ [0, t0].
(7.6.7)

Here

Lnϕ(x) =
1
2
Tr[Gn(x))∗D2ϕ(x)(Gn(x)]

+〈Ax+ Fn(x), Dϕ(x)〉, x ∈ D(A),

is the value of the operator determined by the process Xn, on the function
ϕ. Note that

Dtun(s, x) = Dtu(s, Jnx), Dun(s, x) = J∗
nDu(s, Jnx),

D2un(s, x) = J∗
nD

2u(s, Jnx)Jn, s > 0, x ∈ H.

Therefore

Lnun(s, ·)(x) =
1
2
Tr[(JnGn(x))∗D2u(s, Jnx)](JnGn(x))

+〈AJnx+ JnFn(x), Du(s, Jnx)〉,
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and

−Dtun(s, x) + Lnun(s, ·)(x) = −Dtu(s, Jnx) + Lnun(s, ·)(x)

= Lnun(s, ·)(x)− Lnun(s, ·)(Jnx)

=
1
2
Tr
[
[(JnGn(x)Q1/2)(JnGn(x)Q1/2)∗

−(G(Jnx)Q1/2)(G(Jnx)Q1/2)∗]D2
xu(s, Jnx)

]
+〈JnFn(x)− F (Jnx), Du(s, Jnx)〉, s > 0, x ∈ H.

Since E(ψ(t0)) = E(un(t − t0, Xn(t0))) = E(u(t − t0, JnXn(t0)), E(ψ(0)) =
u(t, Jnx), one gets from (7.6.7) that

E[u(t− t0, JnXn(t0)]

= u(t, Jnx) +
1
2

E

∫ t0

0
Tr
[
[(JnGn(Xn(s)))(JnGn(Xn(s)))∗

−(G(JnXn(s)))(G(JnXn(s)))∗]D2
xu(t− s, JnXn(s))

]
ds

+E

∫ t0

0
〈JnFn(Xn(s))− F (JnXn(s)), Dxu(t− s, JnXn(s))〉ds

= u(t, Jnx) +
1
2
I1n(t0) + I2n(t0). (7.6.8)

Taking into account that the process Xn has continuous trajectories one
gets, by the Lebesgue dominated convergence theorem, that

E(u(t, JnXn(t))) = u(t, Jnx) +
1
2
I1n(t) + I2n(t).

It is therefore enough to show that I1n(t) → 0, I2n(t) → 0 as n → +∞. We
will prove for instance that limn→+∞ I1n(t) = 0. Note that if B and C are
Hilbert-Schmidt operators then

|Tr BB∗ − Tr CC∗| ≤ ‖BB∗ − CC∗‖1 (7.6.9)
≤ ‖(B − C)B∗‖1 + ‖C(B − C)∗‖1
≤ ‖B − C‖HS(‖B‖HS + ‖C‖HS)
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Let M = sup{‖D2
xu(s, x)‖ : s > 0, x ∈ H}. By (7.6.9)

I1n(t) ≤ M

(
E

∫ t

0
‖JnGn(Xn(s))−G(JnXn(s))‖HS ds

)1/2

×
(

E

∫ t

0

[
‖JnGn(Xn(s))Q1/2‖HS + ‖G(JnXn(s))‖HS

]
ds

)1/2
.

Taking into account that G is Lipschitz form H into H and that Xn → X
as n→ +∞, one sees that I1n(t)→ 0 as n→ +∞.

7.7 Strong Feller property

To prove that the generalized solution u is regular and satisfies the Kol-
mogorov equation we assumed, in the previous sections, that the initial
function ϕ was in the space C2b (H). In this section we show that if the dif-
fusion operator G is nondegenerate then the generalized solution might be
very regular for initial functions ϕ which are only bounded. Results of this
type require a new technique which we will describe now. We restrict our
considerations only to the regularity questions. The question of solvability
of the corresponding Kolmogorov equation will not be answered here.

As before we are concerned with the stochastic equation{
dX(t) = (AX(t) + F (X(t)))dt+G(X(t))dW (t),
X(0) = x ∈ H,

(7.7.1)

but we assume that the space V is identical with H. Let (Pt) be the corre-
sponding transition semigroup

u(t, x) = Ptϕ(x) = E [ϕ(X(t, x))] , t ≥ 0, x ∈ H, ϕ ∈ Cb(H).

The transition semigroup (Pt) is said to be strong Feller if for arbitrary
t > 0 and an arbitrary function ϕ ∈ Bb(H), Ptϕ ∈ Cb(H). Necessary and
sufficient conditions for the strong Feller property in the case F = 0 and
G = I were given in Chapter 6. In this section we consider much more
general data F and G and follow S. Peszat and J. Zabczyk [184].

Theorem 7.7.1 Assume that F : H → H, G : H → H are Lipschitz
continuous and that for all x ∈ H, G(x) is an invertible mapping such that
for some K > 0 ‖G−1(x)‖ ≤ K, x ∈ H. Assume in addition that there exists
α > 0 such that for all t > 0, etA ∈ LHS(H,H) and∫ t

0
s−α‖esA‖2HSds < +∞.
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Then for arbitrary T > 0 there exists a constant CT > 0 such that for all
ϕ ∈ Bb(H) and all t ∈ [0, T ],

|Ptϕ(x)− Ptϕ(y)| ≤
CT√
t
‖ϕ‖0|x− y|, x, y ∈ H. (7.7.2)

Proof. We start by proving (7.7.2) in the case of smooth F , G and ϕ.

Lemma 7.7.2 Assume that the mappings F , G and the function ϕ have
uniformly continuous and bounded derivatives up to the second order. Then
for each t > 0, Ptϕ ∈ UC2b (H) and

ϕ(X(t, x)) = Ptϕ(x)

+
∫ t

0
〈DPt−sϕ(X(t, x)), G(X(s, x)) dW (s)〉, P-a.s. (7.7.3)

Proof. Let (en) be a complete orthonormal system in H. For each n, let
Xn = Xn(·, x) be the solution to the equation{

dXn(t) = (AnXn(t) + F (Xn(t)))dt+G(Xn(t))Q
1/2
n dW (t),

Xn(0) = x ∈ H,

where An = nA(n − A)−1 is the Yosida approximation of A and Qn is the
orthogonal projection of H onto the subspace generated by {e1, . . . , en},
n ∈ N.

It can be shown that the function

un(t, x) = E[ϕ(Xn(t, x))], (t, x) ∈ [0,+∞)×H,

is the classical solution of the Kolmogorov equation Dtun(t, x) = 1
2Tr[(G(x)Q

1/2
n )∗D2un(t, x)(G(x)Q

1/2
n )]

+〈Anx+ F (x), Dun(t, x)〉, t ≥ 0, x ∈ D(A),
un(0, x) = ϕ(x), x ∈ H.

Applying Itô’s formula to the process ψ(s) = un(t − s,Xn(s, x)), s ∈ [0, t],
x ∈ H, one obtains P-a.s.,

ϕ(Xn(t, x)) = un(t, x) +
∫ t

0
〈Dun(t− s,Xn(s, x)), G(Xn(x, s))Q1/2n dW (s)〉.

(7.7.4)
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Note that
Du(s, x) = E[(DX(s, x))∗Dϕ(X(s, x))]

and

Dun(s, x) = E[(DXn(s, x))∗Dϕ(Xn(s, x))]. (7.7.5)

Applying Theorems 7.3.5, 7.3.6, and taking into account that the approx-
imation procedure affects only the semigroup and the Wiener process, one
can pass to the limit in (7.7.4) and (7.7.5) and arrive at (7.7.3).

We derive now the so called Bismut-Elworthy-Xe formula , see [184].

Lemma 7.7.3 Under the assumptions of Lemma 7.7.2, the directional
derivative 〈DPtϕ(x), h〉 is given by the formula

〈DPtϕ(x), h〉 =
1
t
E

[
ϕ(X(t, x))

∫ t

0
〈G−1(X(s, x))(DX(s, x)h), dW (s)〉

]
.

(7.7.6)

Proof. Fix h ∈ H and define u(t, x) = Ptϕ(x), t ≥ 0, x ∈ H. Multiplying
both sides of (7.7.3) by∫ t

0
〈G−1(X(s, x))[DX(s, x)h], dW (s)〉,

and taking expectations one gets

E

(
ϕ(X(t, x))

∫ t

0
〈G−1(X(s, x))(DX(s, x)h), dW (s)〉

)
= E

[∫ t

0
〈G∗(X(s, x))DPt−sϕ(X(s, x)), G−1(X(s, x))(DX(s, x)h)〉 ds

]
= E

[∫ t

0
〈DPt−sϕ(X(s, x)), DX(s, x)h〉ds

]
=
∫ t

0
〈D[E(Pt−sϕ(X(s, x))), h〉ds

=
∫ t

0
〈D(PsPt−sϕ)(x), h〉ds = t〈DPtϕ(x), h〉.

Lemma 7.7.4 Under the assumptions of Lemma 7.7.3, the estimate (7.7.2)
holds true.
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Proof. Fix T > 0, then by Lemma 7.7.3,

〈DPtϕ(x), h〉|2 ≤ 1
t2
‖ϕ‖20 E

[∫ t

0
|G−1(X(s, x)) ·DX(s, x)h|2ds

]

≤ K2

t2
‖ϕ‖20 E

[∫ t

0
|DX(s, x)h|2 ds

]
, (7.7.7)

and we need an estimate on the process Y (t) = DX(t, x)h, t ≥ 0. By
Theorem 7.3.5, the process Y is the mild solution of the equation{

dY (t) = (AY (t) +DF (X(t)) Y (t))dt+DG(X(t)) Y (t) dW (t),
Y (0) = h.

(7.7.8)

Equation (7.7.8) is linear, with random coefficients and equivalent to the
integral equation

Y (t) = etAh+
∫ t

0
e(t−s)ADF (X(s)) Y (s)ds

+
∫ t

0
e(t−s)ADG(X(s)) Y (s)dW (s).

By our assumptions, for arbitrary T > 0, there exists M > 0, such that

|DF (x)y|+ ‖eσADG(x)y‖HS ≤M |y|, x, y ∈ H, σ ∈ [0, T ].

Applying the contraction mapping principle in H2([0, T ]) one easily obtains
that (7.7.8) has a unique solution satisfying

E|Y (t)|2 ≤ C|h|2, t ∈ [0, T ], (7.7.9)

if T is sufficiently small. Reiterating the procedure one gets (7.7.9) for
arbitrary T > 0, h ∈ H. Applying (7.7.9) to (7.7.7) one has that

|〈DPtϕ(x), h〉|2 ≤
K2

t
C ‖ϕ‖20 |h|2, t ∈ [0, T ].

Let x, y be arbitrary elements in H. Then by the mean value theorem, for
σ(y) ∈ [0, T ]

Ptϕ(x)− Ptϕ(y) = 〈DPtϕ(x+ σ(y)(x− y)), x− y〉.
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Therefore

|Ptϕ(x)− Ptϕ(y)| ≤
K
√
C√
t
‖ϕ‖0|x− y|,

as required.

Lemma 7.7.5 If (7.7.2) holds for arbitrary ϕ ∈ UC2b (H), then it holds for
all ϕ ∈ Bb(H).

Proof. If ϕ ∈ UCb(H), then there exists a sequence (ϕn) of functions from
UC2b (H) such that limn ϕn(x) = ϕ(x), ‖ϕn‖0 ≤ ‖ϕ‖0, and therefore (7.7.2)
holds for all ϕ ∈ UCb(H). From elementary properties of measures on metric
spaces one has the following estimate of the variation of the signed measure
P (t, x, ·)− P (t, y, ·): (2)

Var (P (t, x, ·)− P (t, y, ·)) = sup
ϕ∈UCb(H)
‖ϕ‖0≤1

|Ptϕ(x)− Ptϕ(y)|

≤ CT√
t
|x− y|, x, y ∈ H.

But then for ϕ ∈ Bb(H)

|Ptϕ(x)− Ptϕ(y)| ≤
∣∣∣∣∫

H
ϕ(z)[P (t, x, dz)− P (t, y, dz)]

∣∣∣∣
≤ ‖ϕ‖0 Var(P (t, x, ·)− P (t, y, ·))

≤ ‖ϕ‖0
CT√
t
|x− y|.

From Lemma 7.7.5 it follows that in order to prove the theorem one can
assume that ϕ ∈ UC2b (H). Now we show that it is possible to eliminate
the hypothesis of twice order differentiability of the coefficients F and G.
Actually it is possible to construct, see [184], approximations Fn of F and
Gn of G with the following properties:

(i) Fn, Gn, n ∈ N, are twice Fréchet differentiable with bounded and
continuous derivatives,

(ii) Fn, Gn satisfy the Lipschitz condition uniformly with respect to n ∈ N,

(iii) the operators Gn, n ∈ N, are invertible and

lim
n→+∞ sup

x∈H
‖G−1

n (x)‖ ≤ sup
x∈H

‖G−1(x)‖,

2P (t, x, ·) is the law of X(t, x).
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(iv) lim
n→+∞ |Fn(x)− F (x)| = 0, lim

n→+∞ ‖Gn(x)−G(x)‖ = 0, x ∈ H.

To complete the proof of the theorem set

Pn
t ϕ(x) = E[ϕ(Xn(t, x))], ϕ ∈ Cb(H),

where Xn is the solution to problem (7.7.1) corresponding to coefficients Fn
and Gn. Fix T > 0, ϕ ∈ UC2b (H). By Lemma 7.7.4

|Pn
t ϕ(x)− Pn

t ϕ(y)| ≤
CT√
t
‖ϕ‖0 |x− y|, x, y ∈ H, t ∈ [0, T ].

However, for fixed t > 0 and x ∈ H there exists a subsequence (Xnk(t, x))
such that Xnk(t, x) → X(t, x), P-a.s. as k → +∞. Since ϕ is bounded and
continuous function we have

Pnk
t ϕ(x) = E(ϕ(Xnk(t, x)))→ E(ϕ(X(t, x))) = Ptϕ(x),

as k → +∞, and therefore

|Ptϕ(x)− Pt(y)| ≤
CT√
t
‖ϕ‖0|x− y|, x, y ∈ H, t ∈ [0, T ],

as required.



Chapter 8

Parabolic equations in open
sets

The heat equation with a linear first order term is considered in an open
subset O of a separable Hilbert space H. Boundary conditions are of the
Dirichlet type, see §8.1. In §8.2 the regularity in the interior of the general-
ized solution is studied; §8.3 is devoted to the existence of strong solutions
and §8.4 to uniqueness.

In this chapter we follow [92] and A. Talarczyk [207]. We note that in
the special case when O is a half-space, some regularity results up to the
boundary were proved by E. Priola [190], [193], [194], [195], [191].

8.1 Introduction

Let O be an open subset of a separable Hilbert space H. The present chapter
is devoted to the Kolmogorov equation in the set O, with the Dirichlet
boundary condition Dtu(t, x) = 1

2Tr[Q
1
2D2u(t, x)Q

1
2 ] + 〈x,A∗Du(t, x)〉 if x ∈ O, t > 0,

u(0, x) = ϕ(x) if x ∈ O,
u(t, x) = 0 if x ∈ ∂O, t > 0.

(8.1.1)

We shall assume that (i) A is the infinitesimal generator of a C0 semigroup etA,

(ii) Q is self-adjoint and
∫ t

0
Tr[esAQesA

∗
]ds <∞, t > 0.

(8.1.2)

156
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The second important assumption is the controllability condition (6.2.3),

etA(H) ⊂ Q
1/2
t (H), t > 0. (8.1.3)

As we have noted in Chapter 6, by (8.1.3) and the closed graph theorem it
follows that the operator Λt defined by

Λt = Q
− 1

2
t etA, t > 0,

is bounded. Moreover, again by the closed graph theorem, it follows that
for each t > 0, etA is Hilbert-Schmidt, and consequently, by the semigroup
property, etA is of trace class.

We will also require that for some 0 < α < 1, T > 0,∫ T

0
s−αTr[esAQesA

∗
]ds < +∞. (8.1.4)

If O = H then the generalized solution of the problem (8.1.1) is given
by the formula, see Chapter 7,

u(t, x) = Ptϕ(x) = E[ϕ(X(t, x))], t ≥ 0, x ∈ H, (8.1.5)

where X(t, x) is the solution to the differential stochastic equation

dX = AXdt+ dW (t), X(0) = x, (8.1.6)

given by

X(t, x) = etAx+
∫ t

0
e(t−s)A dWs. (8.1.7)

The generalized solution to (8.1.1) is defined by a modified formula:

u(t, x) = E[ϕ(X(t, x))χ{τxO>t}], x ∈ O,

where
τxO = inf{t > 0 : X(t, x) ∈ Oc}

is the exit time of the process X(t, x) from O. As a counterpart of the
semigroup (Pt), it is convenient to introduce a family of linear operators
(PO

t ), corresponding to the Dirichlet problem in O, and acting on Borel
functions defined on O in the following way:

PO
t ϕ(x) = E[ϕ(X(t, x))χ{τxO>t}], x ∈ O. (8.1.8)
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One can show that the family (PO
t ) forms a semigroup PO

t+s = PORtP
O
s

which will be called the restricted semigroup.
We will prove that, under weak requirements, the function PO

t ϕ is regular
in O, for each t > 0. We will follow the papers by G. Da Prato, B. Goldys
and J. Zabczyk [92] and by A. Talarczyk [207]. Following Talarczyk [207]
we prove also that the generalized solution is the classical one and unique.

8.2 Regularity of the generalized solution

We know by Chapter 6 that, for t > 0, the function Ptϕ is differentiable on
H an arbitrary number of times. A similar result holds also for the restricted
semigroup.

The main result of the present section is the following, taken from [92]
and A. Talarczyk [207].

Theorem 8.2.1 Assume that (8.1.2) and (8.1.3) hold and there exist t0, C >
0 and δ > 0 such that

‖Λt‖ ≤ Ct−δ, t ∈ (0, t0). (8.2.1)

Then, for arbitrary ϕ ∈ Bb(O) and t > 0, the function PO
t ϕ is continuously

differentiable in O an arbitrary number of times.

The proof will be based on several results of independent interest. The
following proposition, due to E. B. Dynkin, see [108], is valid for general
transition semigroups.

Lemma 8.2.2 Let ϕ ∈ Bb(O). Define

P̂O
t ϕ(x) =

{
PO
t ϕ(x) if x ∈ O,

0 if x ∈ Oc.

Let t ≥ s > 0, x ∈ O and ϕ ∈ Bb(O), then∣∣∣PO
t ϕ(x)− Ps

(
P̂O
t−sϕ

)
(x)

∣∣∣ ≤ ‖ϕ‖O P (τxO ≤ s). (8.2.2)

Proof. We have

PO
t ϕ(x) = E(ϕ(X(t, x)) : X(r, x) ∈ O for all r ∈ [0, t])

= E(ϕ(X(t, x)) : X(r, x) ∈ O for all r ∈ [s, t])
= E(ϕ(X(t, x)) : X(r, x) ∈ O for some r ∈ [0, s]

and X(r, x) ∈ O for all r ∈ [s, t])
= I1 + I2.
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By the Markov property, see [102],

I1 = E(ϕ(X(t, x)) : X(r, x) ∈ O for all r ∈ [s, t])

= E(PO
t−sϕ(X(s, x)) : X(s, x) ∈ O) = Ps

(
P̂O
t−sϕ

)
(x).

Since

|I2| ≤ |ϕ|0P(X(r, x) ∈ Oc for some r ∈ [0, s]
and X(r, x) ∈ O for all r ∈ [s, t])

≤ |ϕ|0P(X(r, x) ∈ Oc for some r ∈ [0, s])
≤ |ϕ|0P(τxO ≤ s),

the proof is complete.
We need the following interpolatory result.

Lemma 8.2.3 Let U be an open subset of H. For x ∈ U denote dU (x) =
dist(x, U c) ∧ 2. Then

‖Dg(x)‖ ≤ 4
dU (x)

‖g‖
1
2
U (‖g‖U +

∥∥D2g
∥∥
U
)

1
2 if g ∈ C2(U),

∥∥D2g(x)
∥∥ ≤

(
8

dU (x)

) 3
2

(‖g‖U )
1
4
(
‖g‖U +

∥∥D2g
∥∥
U

) 1
4

×
(
‖Dg‖U +

∥∥D3g
∥∥
U

) 1
2 if g ∈ C3(U),

∥∥D3g(x)
∥∥ ≤

(
16

dU (x)

) 7
4

(‖g‖U )
1
8
(
‖g‖U +

∥∥D2g
∥∥
U

) 1
8

×
(
‖Dg‖U +

∥∥D3g
∥∥
U

) 1
4
(∥∥D2g

∥∥
U
+
∥∥D4g

∥∥
U

) 1
2

if g ∈ C4(U).

Proof. Assume that the closure of the open ball,

B(x, r) = {y ∈ H : ‖y − x‖ < r },

is contained in U and |h| = r. By the mean value theorem, for each t ∈ [0, 1]
there exists z ∈ B(x, r) such that

g(x+ th) = g(x) + t〈Dg(x), h〉+ 1
2
t2〈D2g(z)h, h〉. (8.2.3)
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From (8.2.3)∣∣∣∣〈Dg(x), h|h|
〉∣∣∣∣ ≤ 2‖g‖U

t|h| +
1
2
t|h|‖D2g‖U

≤
(
2‖g‖U
r

)
1
t
+ t

(
1
2
r‖D2g‖U

)
,

and therefore, for all t ∈ (0, 1),

|Dg(x)| ≤
(
1‖g‖U
r

)
1
t
+ t

(
1
2
r‖D2g‖U

)
≤ α

t
+ tβ.

Setting t =
√

α
α+β one gets that α

t + tβ ≤ 2
√
α(α+ β). Consequently

|Dg(x)| ≤ 2

√
2‖g‖U
r

√
2‖g‖U
r

+
1
2
r‖D2g‖U

≤ 4
r

√
‖g‖U

√
‖g‖U +

1
4
r2‖D2g‖U .

Since r was an arbitrary positive number smaller than dU (x), the estimate
follows.

Now let V be an open ball with center at x and radius dU (x)/2. We apply
the first inequality to V and to functions of the form fv(x) = 〈Dg(x), v〉,
v ∈ H, and we see that∥∥D2g(x)

∥∥ ≤ 4
dV (x)

√
‖Dg‖V

√
‖Dg‖V + ‖D3g‖V

≤ 8
dU (x)

√
‖Dg‖V

√
‖Dg‖U + ‖D3g‖U . (8.2.4)

For y ∈ V we have

‖Dg(y)‖ ≤ 4
dU (y)

√
‖g‖U

√
‖g‖U + ‖D2g‖U .

Now, since dU (y) ≥ dU (x)/2, we obtain

‖Dg‖V ≤
8

dU (x)

√
‖g‖U

√
‖g‖U + ‖D2g‖U .

Combining this with (8.2.4) we get the second inequality of the lemma. The
proof of the last one is similar.
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The following result plays an essential rôle in the estimates of the exit
probabilities and therefore in the proof of the theorem. It is an improved
version of a result from [92] with a simpler proof based on the arguments of
[182] and on the properties of Gaussian measures.

Lemma 8.2.4 Assume that condition (8.1.4) holds. Then

(i) the process Z(t) =
∫ t
0 e

(t−s)A dWs has a continuous version and for
each T > 0 there exist positive constants C1, C2 such that for all
t ∈ (0, T ] and r > 0,

P

(
sup
s≤t

‖Z(s)‖ ≥ r

)
≤ C1e

−C2
r2

tα , (8.2.5)

(ii) for all x ∈ O and T > 0 there exist positive constants r0, t0, C3, C4
(dependent on x, T and O) such that for all t ∈ (0, t0],

sup
y∈B(x,r0)

P
(
τyO ≤ t

)
≤ C3e

−C4
tα . (8.2.6)

Proof. The proof of the continuity of Z, as well as the formula (8.2.5), is a
consequence of the following formula:

Z(t) =
sinβπ
π

∫ t

0
(t− s)β−1e(t−s)AY (s)ds, t ≥ 0, (8.2.7)

where

Y (s) =
∫ t

0
(s− σ)−βe(s−σ)AdW (σ), s ≥ 0, (8.2.8)

see [101] and [102], valid for β ∈ (0, 12). We prove only formula (8.2.5)
leaving the proof of continuity of Z to the reader, see e.g. [101]. Define

β =
α

2
, n0 =

[
1
α

]
+ 1, q0 = 2n0, p0 =

q0
q0 − 1

.

Then p−10 + q−10 = 1. Moreover if n ≥ n0, n ∈ N and q = 2n, p = q(q − 1)−1

then by the Hölder inequality

‖Z(t)‖ ≤ sinβπ
π

∫ t

0
(t− s)β−1‖e(t−s)A‖ ‖Y (s)‖ds

≤ sinβπ
π

(∫ t

0
(t− s)(β−1)p‖e(t−s)A‖pds

)1/p(∫ t

0
‖Y (s)‖qds

)1/q
.
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Therefore, for all u ∈ (0, T ]

sup
t≤u

‖Z(t)‖ ≤ cu
2(β−1)p+1

p

(∫ u

0
‖Y (s)‖qds

)2/q
where c =

( sinβπ
π

)2
M2, M = supt≤T ‖etA‖. For arbitrary λ > 0, n ≥ n0,

u ∈ [0, T ],

supt≤u ‖Z(t)‖2

cλuα
≤

(
1
u

∫ u

0

(
‖Y (s)‖2

λ

)n

ds

)1/n
,

E

(
supt≤u ‖Z(t)‖2

cλuα

)n

≤ 1
u

∫ u

0
E

(
‖Y (s)‖2

λ

)n

ds.

Consequently

E

∑
n≥n0

1
n!

(
supt≤u ‖Z(t)‖2

cλuα

)n
 ≤ 1

u

∫ u

0
E

(
e

‖Y (s)‖2
λ

)
ds. (8.2.9)

Now if E‖Y (T )‖2 ≤ λ
2 and s ∈ (0, T ] we have

E(e
‖Y (s)‖2
λ ) ≤ 1√

1− 2
λE‖Y (s)‖2

(8.2.10)

≤ 1√
1− 2

λE‖Y (T )‖2
= C(λ).

Note that E‖Y (T )‖2 =
∫ T
0 t−α‖etAQ1/2‖2HSdt. Moreover, for n = 0, 1, . . . ,

n0 − 1

E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)n

≤
(

E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)n0
) n
n0

and
n0−1∑
n=0

1
n!

E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)n

≤
n0−1∑
n=0

1
n!

([
E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)n0
] n
n0

)n

≤ e

(
E

(
sup{‖Z(t)‖2: t≤u}

cλuα

)n0
) 1
n0

. (8.2.11)
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Since

E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)n0

≤ n0!
1
u

∫ u

0
E

(
1
n0!

(
‖Y (s)‖2

λ

)n0
)
ds

≤ n0!
1
u

∫ u

0
E

(
e

‖Y (s)‖2
λ

)
ds

≤ n0!C(λ)

we have, taking into account (8.2.9), (8.2.10) and (8.2.11),

E

(
sup{‖Z(t)‖2 : t ≤ u}

cλuα

)
≤ C(λ) + e(n0!C(λ))1/n0

.

Finally, by Chebyshev’s inequality

P

(
(sup
t≤u

‖Z(t)‖ ≥ r

)
= P

(
e

sup{‖Z(t)‖2: t≤u}
cλuα ≥ e

r2

cλuα

)
≤ e−

r2

cλuα E

(
e

sup{‖Z(t)‖2: t≤u}
cλuα

)
≤ e−

r2

cλuα

(
C(λ) + e(n0!C(λ))1/n0

)
and the proof of the estimate (8.2.5) is complete.

To prove (8.2.6) it is enough to show that if (8.1.4) holds and a ∈ O, r >
0, and T > 0 are such that

B(a, r) ⊂ O, and sup
t≤T

|etAa− a| ≤ r

4
,

then for M = supt≤T ‖etA‖ and r0 = r/4M, there exist positive constants
C1, C2 such that for s ∈ [0, T ] ,

sup
x∈B(a,r0)

P(τxB(a,r) ≤ s) ≤ C1e
−C2

r2

sα . (8.2.12)

Notice that for x ∈ B(a, r0)

‖X(t, x)− a‖ = ‖etAx+ Z(t)− a‖ ≤ ‖etA(x− a)‖+ ‖etAa− a‖+ Z(t)‖
≤ 1/2r + ‖Z(t)‖.

Therefore, for x ∈ B(a, r0) and s ≤ T,

P

(
τxB(a,r) ≤ s

)
≤ P

(
sup
t≤s

‖X(t, x)− a‖ ≥ r

)
≤ P

(
sup
t≤s

‖Z(t)‖ ≥ r

2

)
,
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and it is enough to apply (8.2.6).
The case of the first derivative was treated in [92]. The proof for higher

derivatives is analogous. We show, following [207], the existence of the
second derivative of PO

t ϕ, its continuity and boundedness on small balls
contained in O.

Fix x ∈ O and 0 < t < T . Let r0, t0 be as in Lemma 8.2.4 (ii). Taking
t0 smaller if necessary we can assume that for all s ≤ t0 assumptions (8.3.2)
and (8.2.1) are satisfied. In what follows C will always denote a positive
constant dependent only on x, T and the set O. This constant can be
different in different expressions below.

For k ∈ N, k ≥ 1 we define functions ψk as follows:

ψk(y) = P t
k
P̂O
k−1
k

t
ϕ(y) for y ∈ H. (8.2.13)

By Lemmas 8.2.2 and 8.2.4 the sum ψ1(y) +
∑∞

k=2 (ψk(y)− ψk−1(y)) con-
verges uniformly to PO

t ϕ(y) for y ∈ B(x, r0). Each ψk is in C∞
b (H), hence

to prove that PO
t ϕ is twice differentiable at x it suffices to show that

∥∥D2ψ1
∥∥
B(x,

r0
2
)
+

∞∑
k=2

∥∥D2 (ψk − ψk−1)
∥∥
B(x,

r0
2
)
<∞. (8.2.14)

For each k ≥ 1 the norm
∥∥D2ψk

∥∥
B(x,r0/2)

is finite. For k such that t
k < t0

and k > 2 we will use Lemma 8.2.3 with gk = ψk − ψk−1, U = B(x, r0). By
formula (6.2.12) and assumption (8.2.1) we have for y ∈ B(x, r02 ),

‖Dgk(y)‖ ≤ ‖ϕ‖O
(∥∥∥Λ t

k

∥∥∥+ ∥∥∥Λ t
k−1

∥∥∥) ≤ C ‖ϕ‖O
(
k
t

)δ
,

∥∥D2gk(y)
∥∥ ≤ C ‖ϕ‖O

(
k
t

)2δ
,

∥∥D3gk(y)
∥∥ ≤ C ‖ϕ‖O

(
k
t

)3δ
.

As a consequence of Lemma 8.2.3 we get

∥∥D2 (ψk − ψk−1) (y)
∥∥ ≤ C

(
‖ψk − ψk−1‖B(x,r0)

) 1
4 ‖ϕ‖

3
4
O

(
k

t

)2δ
,

which, by Lemmas 8.2.2 and 8.2.4(ii), can be estimated by

C ‖ϕ‖O e
−1
C ( k−1

t )α
(
k

t

)2δ
.
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Thus the series in (8.2.14) is convergent and for y ∈ B(x, r02 ),

D2PO
t ϕ(y) = D2ψ1(y) +

∞∑
k=2

D2 (ψk − ψk−1) (y). (8.2.15)

The required regularity of PO
t ϕ is proved.

8.3 Existence theorems

For x ∈ H denote by τxO the first exit time of the process X(t, x) from O,

τxO = inf{t > 0 : X(t, x) ∈ Oc}.

By the Blumenthal 0-1 law the probability P(τxO = 0) is either 0 or 1. We
say that a point x is regular if P(τxO = 0) = 1, otherwise we call it irregular.

Definition 8.3.1 We say that a continuous and bounded function u(t, x)
on [0,∞)×O is a strong solution of (8.1.1) if it satisfies

(i) for each t > 0 the Fréchet derivatives Du(t, x) and D2u(t, x) exist, are
continuous on x ∈ O, and locally bounded as functions of (t, x), i.e.
for all x ∈ O and t > 0 there exist t1 ∈ (0, t) and r > 0 such that

sup
(s,y)∈[t1,T ]×B(x,r)

{|Du(s, y)|+
∥∥D2u(s, y)

∥∥} <∞, (8.3.1)

(ii) for each t > 0, Du(t, x) ∈ D(A∗), |A∗Du(t, x)| and
∥∥∥Q 1

2D2u(t, x)Q
1
2

∥∥∥
1

are locally bounded, and for fixed t > 0, Q
1
2D2u(t, x)Q

1
2 is continuous

as a function of x ∈ O into the space of linear trace class operators on
H,

(iii) for each x ∈ O, Dtu(t, x) exists for t > 0 and is a continuous function
of t,

(iv) equation (8.1.1) is satisfied in the classical sense,

(v) u(0, x) = ϕ(x) for x ∈ O,

(vi) for any sequences (xn) of points in O converging to a regular point
x of the boundary, and (tn), tn > 0, converging to t > 0, u(tn, xn)
converges to zero.
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Remark 8.3.2 By the compactness of {x} × [γ, T ] for 0 < γ < T < ∞, it
follows that (8.3.1) is equivalent to

∀x ∈ O, ∀ 0 < γ < T <∞, ∃r > 0,

sup
(s,y)∈[γ,T ]×B(x,r)

{|Du(s, y)|+
∥∥D2u(s, y)

∥∥} <∞.

Our aim is to prove the following two existence theorems due to A.
Talarczyk [207]. The first theorem deals with bounded initial functions ϕ,
while the second deals with continuous ones.

Theorem 8.3.3 Assume that conditions (8.1.3), (8.1.4) and (8.2.1) are sat-
isfied. Assume in addition that etA ⊂ D(A) and there exist t0 > 0, C > 0
and δ ≥ 0 such that for all t ∈ (0, t0]

‖AetA‖ ≤ Ct−δ. (8.3.2)

Then for each ϕ ∈ Bb(O) the function u(t, x) = PO
t ϕ(x) satisfies (i)-(iv)

of Definition 8.3.1. Moreover, D2PO
t ϕ(x) ∈ D(A∗) and A∗D2PO

t ϕ(x) is a
bounded operator.

Theorem 8.3.4 Assume that in addition to the assumptions of Theorem
8.3.3 the initial function ϕ is continuous. Then u(t, x) = PO

t ϕ(x), t ≥
0, x ∈ H, is a strong solution of (8.1.1).

Remark 8.3.5 If etA(H) ⊂ D(A) then, since A is closed, AetA is a bounded
operator. Consequently, etAA can be extended to a bounded operator, this
extension is equal AetA, etA

∗
(h) ∈ D(A∗) and

∥∥A∗etA∗∥∥ =
∥∥AetA∥∥.

Assumption (8.3.2) is satisfied for analytic semigroups with δ = 1 (see
[104]).

Example 8.3.6 Let

H = L2(0, 1), A =
d2

dξ2
, D(A) = H2(0, 1) ∩H1

0 (0, 1), Q = I

and let O be an open set in H. The operator A has eigenvalues −n2π2,
n ∈ N. The semigroup etA generated by A, and the operator Qt, have
the same eigenvectors as A. The corresponding eigenvalues are e−n2π2t and
1−e−2n2π2t

2n2π2 , respectively. All the assumptions of Theorem 8.3.4 are satisfied.
(8.1.4) holds for all 0 < α < 1

2 , (8.3.2) is satisfied for δ = 1 and (8.2.1)



Parabolic equations in open sets 167

with δ = 1
2 . Thus for each ϕ ∈ Cb(O) the function PO

t ϕ(x) is a strong
solution to (8.1.1). If O = B(0, r) is a ball in H then, as shown in [92],
every z ∈ ∂O such that 〈Qz, z〉 > 0, z ∈ D(A) or z ∈ D((−A) 1

2 ) is regular,
and consequently, for t > 0,

lim
x∈O
x→z

PO
t ϕ(x) = 0.

But in [92] it was also shown that there exists a dense set of irregular points.

The proofs of both theorems follow the work of A. Talarczyk [207]. We
refer to [207] for more details

We need one more lemma to prove that for arbitrary ϕ ∈ Bb(O), x ∈ O
and t > 0 the operator Q

1
2D2PO

t ϕ(x)Q
1
2 is of trace class and that DPO

t ϕ(x)
is in the domain of A∗. This result was proved in Chapter 6.

Lemma 8.3.7 Assume that (8.1.4) and (8.1.3) hold.
(i) We have

DPtφ(x) =
∫
H
etA

∗
Dφ

(
etAx+ y

)
NQt(dy) if φ ∈ C1b (H),

D2Ptφ(x) =
∫
H
etA

∗
D2φ

(
etAx+ y

)
etANQt(dy) if φ ∈ C2b (H). (8.3.3)

(ii) DPtφ(x) ∈ D(A∗) for all t > 0, x ∈ H and φ ∈ Bb(H) if and only if
etA(H) ∈ D(A).

(iii) The operator D2Ptφ is of trace class for all t > 0, x ∈ H and
φ ∈ Bb(H).

Proof of Theorem 8.3.3.
Step 1. Proof of (i) in the definition of the strong solution .
This is a direct corollary of the regularity theorem from the previous

section which states in particular that for all t > 0, PO
t ϕ(x) is of class C

2

with respect to the space variable x ∈ O, with locally bounded first and
second derivatives.

Step 2. We will prove that if (8.1.4) is satisfied then

∞∑
k=1

(
t

k

)2 ∥∥∥e tkAQ 1
2

∥∥∥2
HS

<∞. (8.3.4)
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Let N > 0 and a ∈ R be such that
∥∥eσA∥∥ ≤ Neaσ, σ ≥ 0. Denote

M = supσ≤T
∥∥eσA∥∥ ∨ 1. From (8.1.4) we have

∞ >

∫ t

0
σ−α

∥∥∥eσAQ 1
2

∥∥∥2
HS

dσ ≥ t−α
∞∑
k=1

∫ t
k

t
k+1

∥∥∥eσAQ 1
2

∥∥∥2
HS

dσ

≥ t−α
∞∑
k=1

∫ t
k
− t
k+1

0

∥∥∥e( t
k+1

+σ)AQ
1
2

∥∥∥2
HS

dσ.

By the semigroup property∥∥∥e tkAQ 1
2

∥∥∥
HS

≤
∥∥∥e( tk− t

k+1
−σ)A

∥∥∥∥∥∥e( t
k+1

+σ)AQ
1
2

∥∥∥
HS

≤M
∥∥∥e( t

k+1
+σ)AQ

1
2

∥∥∥
HS

for 0 ≤ σ ≤ t
k(k+1) . Thus we get

1
M2

∞∑
k=1

t

k(k + 1)

∥∥∥e tkAQ 1
2

∥∥∥2
HS

<∞

and (8.3.4) follows.
Step 3. Now we will show that for arbitrary t > 0 and x ∈ O the opera-

tor Q
1
2D2PO

t ϕ(x)Q
1
2 is of trace class and DPO

t ϕ(x) ∈ D(A∗), which means
that the right hand side of (8.1.1) is well defined for u(t, x) = PO

t ϕ(x). We
also prove here local boundedness of A∗DPO

t ϕ(x) and
∥∥∥Q 1

2D2PO
t ϕ(x)Q

1
2

∥∥∥
1
.

Fix x ∈ O, 0 < t < T and k0 ≥ 2 such that for all k > k0,
∣∣∣e tkAx− x

∣∣∣ < r0
4

and t
k < t0. To prove that Q

1
2D2PO

t ϕ(x)Q
1
2 is of trace class it suffices to

show that∥∥∥Q 1
2D2ψk0(x)Q

1
2

∥∥∥
1
+

∞∑
k=k0+1

∥∥∥Q 1
2D2 (ψk − ψk−1) (x)Q

1
2

∥∥∥
1
<∞, (8.3.5)

where ψk are defined in (8.2.13). Then we will also have

Tr[Q
1
2D2PO

t ϕ(x)Q
1
2 ] = Tr[Q

1
2D2ψk0(x)Q

1
2 ]

+
∞∑

k=k0+1

Tr[Q
1
2D2 (ψk − ψk−1) (x)Q

1
2 ].
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Set

Ψk(x) = P t
2k
P̂O
k−1
k

t
ϕ(x)− P t

k−1
− t

2k
P̂O
k−2
k−1

t
ϕ(x). (8.3.6)

By the smoothing property of the global semigroup Pt we see that Ψk ∈
C2b (H). Applying Lemma 8.3.7 to

D2 (ψk − ψk−1) (x) = D2
(
P t

2k
Ψk

)
(x)

we get

D2 (ψk − ψk−1) (x) =
∫
H
e
t
2k
A∗
D2Ψk(e

t
2k
Ax+ y)e

t
2k
ANQ t

2k

(dy), (8.3.7)

and consequently we have∥∥∥Q 1
2D2 (ψk − ψk−1) (x)Q

1
2

∥∥∥
1

≤
∥∥∥e t2kAQ 1

2

∥∥∥2
HS

∫
H

∥∥∥D2Ψk

(
e
t
2k
Ax+ y

)∥∥∥NQ t
2k

(dy). (8.3.8)

First we estimate the integral in (8.3.8). From the definition of Ψk we see
that ∥∥D2Ψk

∥∥
H
≤ C2 ‖ϕ‖O

(∥∥∥Λ t
2k

∥∥∥2 + ∥∥∥Λ t
k−1

− t
2k

∥∥∥2)
≤ C ‖ϕ‖O

(
k

t

)2δ
. (8.3.9)

Thus by (8.3.9) and Lemma 8.2.4(i),∫
|y|≥ r0

4

∥∥∥D2Ψk

(
e
t
2k
Ax+ y

)∥∥∥NQ t
2k

(dy)

≤ C ‖ϕ‖O
(
k

t

)2δ
P

(∣∣∣∣∣
∫ t

2k

0
e(

t
2k

−u)A dWu

∣∣∣∣∣ ≥ r0
4

)

≤ C ‖ϕ‖O
(
k

t

)2δ
e

−1
C
( k
t
)α . (8.3.10)

If |y| < r0
4 then e

t
2k
Ax+y ∈ B(x, r02 ), since

∣∣∣e t2kAx− x
∣∣∣ < r0

4 and by Lemmas
8.2.2 and 8.2.4

sup
z∈B(x,r0)

|Ψk(z)| ≤2 ‖ϕ‖O sup
z∈B(x,r0)

P

(
τ zO ≤

t

k − 1
− t

2k

)
≤C ‖ϕ‖O e

−1
C
( k
t
)α . (8.3.11)
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Using Lemma 8.2.3, estimates (8.2.1) for Λt and (8.3.11) we obtain∫
|y|< r0

4

∥∥∥D2Ψk

(
e
t
2k
Ax+ y

)∥∥∥NQ t
2k

(dy)

≤ C

∫
|y|< r0

4

‖Ψk‖
1
4

B(x,r0)

(
‖Ψk‖H +

∥∥D2Ψk

∥∥
H

) 1
4

×
(
‖DΨk‖H +

∥∥D3Ψk

∥∥
H

) 1
2 NQ t

2k

(dy)

≤ C ‖ϕ‖O
(
k

t

)2δ
e

−1
C
( k
t
)α . (8.3.12)

Applying (8.3.10) and (8.3.12) to (8.3.8), we get

∥∥∥Q 1
2D2 (ψk − ψk−1) (x)Q

1
2

∥∥∥
1
≤ C ‖ϕ‖O

∥∥∥e t2kAQ 1
2

∥∥∥2
HS

(
k

t

)2δ
e

−1
C
( k
t
)α .

(8.3.13)

In view of (8.3.4) the sum over k of these terms is finite, since kγe
−1
C
kα → 0

as k →∞ for each γ ∈ R. This completes the proof of (8.3.5).

To prove that DPO
t ϕ(x) belongs to the domain of A∗ it suffices to show

that the series

A∗Dψk0(x) +
∞∑

k=k0+1

A∗D (ψk − ψk−1) (x) (8.3.14)

is convergent in H. Estimates are similar to the previous ones and they are
omitted.

By (8.3.3) we also have that for each v ∈ H, D2PO
t ϕ(x)v ∈ D(A∗). Since

A∗ is closed it follows that A∗D2PO
t ϕ(x) is a bounded operator.

From the above discussion we easily obtain, see [207], that for all x ∈ O
and 0 < t1 < T <∞ there exists r > 0 such that both

∥∥∥Q 1
2D2PO

t ϕ(y)Q
1
2

∥∥∥
1

and
∣∣A∗DPO

t ϕ(y)
∣∣ are uniformly bounded for (t, y) ∈ [t1, T ]×B(x, r). More-

over, Q
1
2D2PO

t ϕ(x)Q
1
2 is continuous as a function of x ∈ O into the space

of trace class operators on H.
Thus we get (ii) in Definition 8.3.1.
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Step 4. In this step we show that for a fixed x ∈ O the right derivative
of PO

t ϕ(x) with respect to t exists for each t > 0 and satisfies

D+
t P

O
t ϕ(x) =

1
2
Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ] +

〈
x,A∗DPO

t ϕ(x)
〉
. (8.3.15)

Let h ∈ (0, t), then
PO
t+hϕ(x)− PO

t ϕ(x)
h

=
PhP̂

O
t ϕ(x)− PO

t ϕ(x)
h

+
PO
t+hϕ(x)− PhP̂

O
t ϕ(x)

h
(8.3.16)

and by Lemmas 8.2.2 and 8.2.4(ii) the second term in the right hand side
of (8.3.16) converges to zero as h→ 0. Let M = sups≤2t

∥∥esA∥∥. By Lemma
8.2.4(i),

1
h

∫
|y|≥ r0

8M

(
P̂O
t ϕ

(
ehAx+ y

)
− PO

t ϕ(x)
)
NQh(dy)

≤ 2 ‖ϕ‖O
1
h
Ce

−1
Chα −−−→

h→0
0

and (8.3.16) takes the form

PO
t+hϕ(x)− PO

t ϕ(x)
h

=
1
h
o(h) +

1
h

∫
|y|< r0

8M

(
P̂O
t ϕ

(
ehAx+ y

)
− PO

t ϕ(x)
)
NQh(dy). (8.3.17)

Suppose that h is so small that for each u ≤ h,
∣∣euAx− x

∣∣ < r0
8M . If

|y| < r0
8M then ehAx + y is in the ball B

(
x, r0

4M

)
and here PO

t ϕ is three
times continuously differentiable, with bounded derivatives. We use Taylor’s
formula to see that the right hand side of (8.3.17) is equal to

1
h
o(h) +

1
h

∫
|y|< r0

8M

〈
DPO

t ϕ(x), e
hAx− x+ y

〉
NQh(dy)

+
1
2h

∫
|y|< r0

8M

〈(
D2PO

t ϕ(x)
) (

ehAx− x+ y
)
, ehAx− x+ y

〉
NQh(dy)

+
1
6h

∫
|y|< r0

8M

〈
D3PO

t ϕ(x+ θhy)
(
ehAx− x+ y

)(
ehAx− x+ y

)
,

(
ehAx− x+ y

)〉
NQh(dy)

=
1
h
o(h) + I1(h) + I2(h) + I3(h), (8.3.18)
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where θhy = ηhy
(
ehAx− x+ y

)
for some 0 ≤ ηhy ≤ 1. Notice that if

|y| < r0
8M then |θhy| < r0

4M .
Since the measure NQh is symmetric we have

I1(h) =
1
h

〈
DPO

t ϕ(x), e
hAx− x

〉
P

(
|Z(h)| ≤ r0

8M

)
, (8.3.19)

where Z(h) =
∫ h
0 e

(h−u)AdWu. Moreover,

1
h

〈
DPO

t ϕ(x), e
hAx− x

〉
=
〈
DPO

t ϕ(x),
1
h
A

∫ h

0
euAxdu

〉
=
〈
A∗DPO

t ϕ(x),
1
h

∫ h

0
euAxdu

〉
−−−→
h→0

〈
A∗DPO

t ϕ(x), x
〉

(8.3.20)

and
lim
h→0

P

(
|Z(h)| ≤ r0

8M

)
= 1.

Thus from (8.3.19) we get

lim
h→0

I1(h) =
〈
A∗DPO

t ϕ(x), x
〉
. (8.3.21)

Next, I2(h) in (8.3.18) can be written as

I2(h) =
1
2h

〈
D2PO

t ϕ(x)
(
ehAx− x

)
, ehAx− x

〉
P

(
|Z(h)| ≤ r0

8M

)
+

1
2h

∫
H

〈
D2PO

t ϕ(x)y, y
〉
NQh(dy)

− 1
2h

∫
|y|≥ r0

M

〈
D2PO

t ϕ(x)y, y
〉
NQh(dy)

=I21(h) + I22(h) + I23(h). (8.3.22)

As in (8.3.20) we get

I21(h) =
1
2

〈
A∗D2PO

t ϕ(x)
(
ehAx− x

)
,
1
h

∫ h

0
euAx du

〉
P

(
|Z(h)| ≤ r0

8M

)
.

Recall that by Step 3, A∗D2PO
t ϕ(x) is a bounded operator. Since e

hAx−x→
0 and 1

h

∫ h
0 e

uAx du→ x we have

lim
h→0

I21(h) = 0. (8.3.23)
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Finally, by Hölder’s inequality we get

I23(h) ≤
∥∥D2PO

t ϕ(x)
∥∥ 1
2h

(∫
y≥ r0

8M

NQh(dy)

) 1
2 (∫

H
|y|4NQh(dy)

) 1
2

.

By Corollary 2.17 in [102], for each m ∈ N there exists a constant Cm > 0
such that ∫

H
|y|2mNQh(dy) ≤ Cm (TrQh)

m . (8.3.24)

Thus by Lemma 8.2.4 and (8.3.24),

I23(h) ≤ C
∥∥D2PO

t ϕ(x)
∥∥ 1
h
e

−1
Chα TrQh −−−→

h→0
0. (8.3.25)

The term I22(h) in (8.3.22) can be written as follows:

I22 =
1
2
Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]

+
1
2

(
1
h
Tr[QhD

2PO
t ϕ(x)]− Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]
)
. (8.3.26)

We will show that the last term in (8.3.26) converges to zero as h→ 0.
By an elementary transformation, see [207], we obtain the estimate∣∣∣∣1h Tr[QhD

2PO
t ϕ(x)]− Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]
∣∣∣∣

≤ 1
h

∫ h

0

∣∣∣Tr[Q 1
2 euA

∗
D2PO

t ϕ(x)e
uAQ

1
2 ]− Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]
∣∣∣ du.
(8.3.27)

It suffices to prove that the integrand in (8.3.27) tends to zero as h→ 0. Let
M = supt∈[0,T ] ‖etA‖ and κ0 > 2min{2, T/t0} be such that for any h ≤ T/t0,

we have |ehAx−x| < κ0/8 and for all k > k0 we have
∣∣∣e tkAx− x

∣∣∣ < r0
8M . We

can use the expansion (8.2.15) of D2PO
t ϕ(x) but starting from k0 instead

of 1. Both series are absolutely convergent. Thus we can estimate the
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integrand in(8.3.27) by

∞∑
i=1

∣∣∣〈(Q 1
2 euA

∗
D2ψk0(x)e

uAQ
1
2 −Q

1
2D2ψk0Q

1
2

)
ei, ei

〉∣∣∣
+

∞∑
k=k0

∞∑
i=1

∣∣∣〈[Q 1
2 euA

∗
D2 (ψk − ψk−1) (x)euAQ

1
2

−Q 1
2D2 (ψk − ψk−1) (x)Q

1
2

]
ei, ei

〉∣∣∣ (8.3.28)

where (ei) is an arbitrary orthonormal basis of H.
But, for all v ∈ H,

∣∣euAv − v
∣∣→ 0 if h→ 0, hence each term of (8.3.28)

converges to zero as well. By the dominated convergence theorem (8.3.28)
converges to zero. Putting it together with (8.3.27) and (8.3.26) we see that

lim
h→0

I22(h) =
1
2
Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]. (8.3.29)

Applying (8.3.23), (8.3.25) and (8.3.29) to (8.3.22), we obtain

lim
h→0

I2(h) =
1
2
Tr[Q

1
2D2PO

t ϕ(x)Q
1
2 ]. (8.3.30)

We will show finally, that I3(h) in (8.3.18) tends to 0 as h goes to 0. We
will estimate a typical term I31(h) only, for the other estimates we refer to
[207]. We have

I31(h) =

∣∣∣∣∣
∫
|y|< r0

8M

〈
D3PO

t ϕ (x+ θhy)
(
ehAx− x

)(
ehAx− x

)
,

1
h
A

∫ h

0
euAx du

〉
NQh(dy)

∣∣∣∣ .
(8.3.31)

From (8.1.5) it is easy to see that for φ ∈ C3b (H) and f, g, h ∈ H,

〈(
D3Ptφ(x)f

)
g, h

〉
=
∫
H

〈(
etA

∗
D3φ(etAx+ y)etAf

)
etAg, h

〉
. (8.3.32)
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The third derivative of PO
t ϕ in the ball B

(
x, r0

4M

)
can be written as D3ψk0+∑∞

k=k0+1
D3 (ψk+1 − ψk). Applying (8.3.32) we get∣∣∣∣∣

∫
|y|< r0

8M

〈[
D3P t

k0

P̂O
k0−1
k0

t
ϕ (x+ θhy)

(
ehAx− x

)](
ehAx− x

)
,

1
h
A

∫ h

0
euAx du

〉
NQh(dy)

∣∣∣∣
≤
∫
|y|< r0

8M

∫
H

∣∣∣∣〈e t
2k0

A∗[
D3P t

2k0

P̂O
k0−1
k0

ϕ
(
e
t

2k0
A(x+ θhy) + z

)
e
t

2k0
A

×
(
ehAx− x

) ]
e
t

2k0
A
(
ehAx− x

)
,
1
h
A

∫ h

0
euAx du

〉∣∣∣∣NQ t
2k0

(dz)NQh(dy)

≤ C

(
2k0
t

)4δ
‖ϕ‖O

∣∣∣ehAx− x
∣∣∣2 ∣∣∣∣1h

∫ h

0
euAx du

∣∣∣∣ −−−→h→0
0.

Applying (8.3.32) to terms containing (ψk − ψk−1) we obtain∣∣∣∣∣
∫
|y|< r0

8M

〈
D3 (ψk − ψk−1) (x+ θhy)

(
ehAx− x

)(
ehAx− x

)
,

1
h
A

∫ h

0
euAx du

〉
NQh(dy)

∣∣∣∣ ≤ C

(
k

t

)δ ∣∣euAx− x
∣∣2 ∣∣∣∣1h

∫ h

0
ehAx du

∣∣∣∣
×
∫
|y|< r0

8M

∫
H
‖D3Ψk

(
e
t
2k
A (x+ θhy) + z

)
‖NQ t

2k

(dz)NQh(dy),

(8.3.33)

were Ψk is defined by (8.3.6). Recall that |θhy| ≤ r0
4M , thus∣∣∣e t2kA(x+ θhy)− x

∣∣∣ ≤ r0
4
+
r0
8
.

Processing the inner integral in (8.3.33) as in (8.3.10) and (8.3.12), but
taking |z| < r0/8 and |z| ≥ r0/8, we see that the expression in (8.3.33) can
be estimated by

C
∣∣∣ehAx− x

∣∣∣2 ∣∣∣∣1h
∫ h

0
euAx du

∣∣∣∣ (kt
)4δ

e
−1
C ( kt )

α

.
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Hence the sum over k of these terms tends to zero. Since we also have (8.3),
we get that for I31(h) defined in (8.3.31),

lim
h→0

I31(h) = 0 (8.3.34)

Combining this with (8.3.21), (8.3.30) and (8.3.18) we get (8.3.15).
Step 5 To finish the proof of the theorem we need to show that PO

t ϕ(x)
is differentiable with respect to t for t > 0.
Fix x ∈ O. First we notice that by Step 3 for arbitrary 0 < t1 < T < ∞
the right hand side of (8.1.1) is uniformly bounded for t ∈ [t1, T ]. Thus
∂+

∂t P
O
t ϕ(x) is bounded for t ∈ [t1, T ]
Now the argument from Step 4 gives the uniform convergence of

PO
t+hϕ(x)−PO

t ϕ(x)

h with respect to t ∈ [t1, T ] as h → 0. Therefore there exists
h0 such that for each 0 < h < h0,

sup
t∈[t1,T ]

∣∣∣∣∣PO
t+hϕ(x)− PO

t ϕ(x)
h

∣∣∣∣∣ ≤ C + sup
t∈[t1,T ]

∣∣D+
t P

O
t ϕ(x)

∣∣ ,
hence PO

t ϕ(x) is continuous in (t1, T ). Since on compact subsets of (t1, T ),
∂+

∂t P
O
t ϕ(x) is the limit of a uniformly convergent sequence of uniformly con-

tinuous functions, it follows that ∂+

∂t P
O
t ϕ(x) is continuous in (t1, T ).

Fix t ∈ (t1, T ). For h > 0 and u > 0, such that u ≤ t−t1
2 we have∣∣∣∣∣PO

t ϕ(x)− PO
t−hϕ(x)

h
−D+

t P
O
t ϕ(x)

∣∣∣∣∣
≤
∣∣∣∣∣PO

t−u+hϕ(x)− PO
t−uϕ(x)

h
−D+

t P
O
t−uϕ(x)

∣∣∣∣∣
+
∣∣∣∣D+

t P
O
t−uϕ(x)−

∂+

∂t
PO
t ϕ(x)

∣∣∣∣
+
1
h
|PO

t−uϕ− PO
t−hϕ|+

1
h
|PO

t−u+hϕ− PO
t ϕ|.

The first term converges to zero as h → 0 uniformly with respect to u. It
follows from the continuity of PO

t ϕ(x) and D+
t P

O
t ϕ(x) that P

O
t ϕ(x) has a

continuous derivative with respect t. This finishes the proof of (iii) and (iv)
in Definition 8.3.1.

For the proof of Theorem 8.3.4 we need a result on regular points of the
boundary of O.



Parabolic equations in open sets 177

Lemma 8.3.8 Assume that (8.1.4) and (8.1.3) hold. If x is a regular point
of ∂O then for t > 0,

lim
y∈O
y→x

P(τyO > t) = 0. (8.3.35)

Proof. A nonnegative measurable function f on H is called α-excessive if

e−αtPtf ≤ f, ∀t ≥ 0, (8.3.36)
lim
t→0

e−αtPtf(x) = f(x), ∀x ∈ H. (8.3.37)

Such α-excessive functions were studied in [17] on locally compact spaces,
which is not our case; however, some arguments are similar.

Define

f(x) = E[e−τ
x
O ]. (8.3.38)

This is a Borel measurable function, since τxO is measurable with respect to
x and ω. The function f is 1-excessive. The latter fact is an analogue of a
special case of Prop. II.2.8 in [17].

By the Markov property

e−tPtf(x) = E[e−τ
x,t
O ],

where τx,tO = inf{s > t : Xx
s ∈ Oc}. It is obvious that τx,tO ≥ τxO and for

t→ 0, τx,tO → τxO. Thus (8.3.36) and (8.3.37) follow with α = 1.
A bounded α-excessive function f is lower semicontinuous. By (8.3.36),

f(y)− f(x) ≥
(
e−αtPtf(y)− e−αtPtf(x)

)
+
(
e−αtPtf(x)− f(x)

)
.

(8.3.39)

By (8.1.4) and (8.1.3) the semigroup Pt has the smoothing property and Ptf
is continuous. We also have (8.3.37), thus f is lower semicontinuous.

The function f defined in (8.3.38) is bounded by 1, is lower semicontin-
uous and for a regular point x ∈ ∂O, f(x) = 1. Therefore if y tends to x
then for each t > 0, P(τyO > t) tends to 0.
Proof of Theorem 8.3.4. In view of Theorem 8.3.3 it remains to show
that u(t, x) = PO

t ϕ(x) is jointly continuous on [0,∞)×O and (v) and (vi)
hold.

PO
t ϕ(x) is jointly continuous on (0,∞) × O, since PO

t ϕ(x) has locally
bounded space and time derivatives.
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Let xn ∈ O, xn → x ∈ O as n → ∞, and tn > 0, tn → 0. Fix ε > 0.
By the continuity of the function ϕ and by Lemma 8.2.4 there exist positive
constants r, r0, t0 such that 0 < r0 < r < dist (x,Oc)

2 , and

|ϕ(y)− ϕ(x)| <
ε

2
∀y ∈ B(x, r),

sup
y∈B(x,r0)

P

(
τyB(x,r) ≤ t

)
≤ Ce−

1
Ctα ∀t ≤ t0.

Let n0 be such that for all n ≥ n0 we have |x− xn| < r0, tn ≤ t0 and

2 ‖ϕ‖O Ce
− 1
Ctαn < ε

2 . Then for all n ≥ n0,∣∣∣Eϕ(X(tn, xn))1{τxnO >tn} − ϕ(x)
∣∣∣

≤ E

(
|ϕ (X(tn, xn))− ϕ(x)| 1{τxn

B(x,r)
>tn}

)
+ ‖ϕ‖O P

(
τxnO > tn, τ

xn
B(x,r) ≤ tn

)
+ ‖ϕ‖O P

(
τxnB(x,r) ≤ tn

)
≤ ε

2
+ 2 ‖ϕ‖O P

(
τxnB(x,r) ≤ tn

)
≤ ε.

Thus we obtain the continuity of u on [0,∞)×O and (v) follows.
Let (tn) be a sequence of positive numbers converging to t > 0 and

(xn) ⊂ O a sequence of points converging to some regular x ∈ ∂O. Then
for n large enough, tn > t

2 and∣∣∣E [
ϕ (X(tn, xn)) 1τxnO >tn

]∣∣∣ ≤ ‖ϕ‖O P

(
τxnO >

t

2

)
.

By Lemma 8.3.8 the right hand side converges to zero as n tends to infinity,
and we get (vi). This concludes the proof that u is a strong solution of
(8.1.1).

8.4 Uniqueness of the solutions

The next theorem provides the following result about the uniqueness of a
solution.

Theorem 8.4.1 Assume that (8.1.4) is satisfied, the solution X(·, x) of
(8.1.6) exits from the open set O only through regular points of the boundary
and for all x ∈ O and t > 0, P(τxO = t) = 0. If u(t, x) is a strong solution
of (8.1.1), then u(t, x) = E[ϕ(X(t, x)); τxO > t].
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Remark 8.4.2 There exist sets O for which all points of ∂O are regular.
The method used in the proof of Theorem 3.1 in [92] shows that for each
γ ∈ R and a ∈ D(A∗) such that 〈Qa, a〉 > 0, the sets {x ∈ H : 〈x, a〉 > γ}
and {x ∈ H : 〈x, a〉 < γ} have regular boundaries. A finite intersection of
sets of this form also has a boundary consisting of regular points only.

Proof of Theorem 8.4.1. Fix x ∈ O and t > 0, t < T . In the proof we
will always consider processes starting from x, therefore we will write X(t)
instead of X(t, x).

Step 1. Let ε > 0, 0 < γ < t, i ∈ N. First we construct sets Uε,γ,i that
increase as i increases and such that

|Du(s, y)| ,
∥∥D2u(s, y)

∥∥ ,
∥∥∥Q 1

2D2u(s, y)Q
1
2

∥∥∥
1
, |A∗Du(s, y)| ,

are bounded on [γ, T ] × Uε,γ,i and that the exit times of X(t) from Uε,γ,i

converge to τxO when i goes to infinity, on a subset of Ω with probability
bigger than 1− ε.

For each ε > 0 there exists a compact set Lε in H such that

P (X(s) ∈ Lε,∀s ∈ [0, T ]) ≥ 1− ε (8.4.1)

(see Proposition 2 in [218]). Let i0 ∈ N be such that dist(x,Oc)
4 ≥ 1

i0
. For

i ≥ i0 we define an open set (Oc)i =
⋃

y∈Oc B(y, 2i ). Then x /∈ (Oc)i
and dist(Oc, (Oc)ci ) ≥ 2

i . Let Kε,i = Lε ∩ (Oc)ci . Kε,i is a compact subset
of O. By properties (i) and (ii) of a strong solution , for each y ∈ Kε,i

there exists ry > 0 such that |Du(s, y)|,
∥∥D2u(s, y)

∥∥, ∥∥∥Q 1
2D2u(s, y)Q

1
2

∥∥∥
1

and |A∗Du(s, y)| are bounded on the set [γ, T ]×B(y, ry). By compactness
of Kε,i we can choose a finite covering {B(yj , ryj ∧ 1

i )}
nε,γ,i
j=1 of Kε,i. Let

Vε,γ,i =
⋃nε,γ,i

j=1 B(yj , ryj ∧ 1
i ). We define sets Uε,γ,i for i ≥ i0 inductively,

taking Uε,γ,i0 = Vε,γ,i0 and Uε,γ,i = Uε,γ,i−1 ∪ Vε,γ,i.
For each i ≥ i0 we have Uε,γ,i ⊂ Uε,γ,i+1. Moreover, Uε,γ,i ⊂ O, x ∈

Uε,γ,i and |Du(s, y)|,
∥∥D2u(s, y)

∥∥,|A∗Du(s, y)| and
∥∥∥Q 1

2D2u(s, y)Q
1
2

∥∥∥
1
are

bounded on [γ, T ]× Uε,γ,i.
Denote by τε,γ,i the first exit time ofX from Uε,γ,i, that is τε,γ,i = inf{s >

0 : X(s) ∈ U c
ε,γ,i}. We will show that

lim
i→∞

τε,γ,i ∧ T = τxO ∧ T on the set {ω : X(s, ω) ∈ Lε,∀s ∈ [0, T ]}.
(8.4.2)
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Let ω be such that X(s, ω) ∈ Lε,∀s ∈ [0, T ]. It is obvious that τε,γ,i(ω) ≤
τxO(ω) with a strict inequality if τ

x
O(ω) �=∞. Consequently, if limi→∞ τε,γ,i(ω)∧

T = T then (8.4.2) holds. Suppose that limi→∞ τε,γ,i(ω) = σ(ω) < T . We
observe that X(τε,γ,i(ω)) ∈ (Oc)i. This holds because X(τε,γ,i(ω)) ∈ U c

ε,γ,i

and Kε,i = Lε ∩ (Oc)ci ⊂ Uε,γ,i. Thus X(τε,γ,i(ω)) ∈ (Oc)i or X(τε,γ,i(ω)) ∈
Lc
ε but our assumption on ω excludes the second case. Hence, by the con-

struction of the set (Oc)i we see that dist(X(τε,γ,i(ω)),Oc) < 2
i . By the

continuity of X and the distance function we obtain

dist(X(σ(ω)),Oc) = lim
i→∞

dist(X(τε,γ,i(ω)),Oc) = 0.

Since Oc is closed, X(σ(ω)) ∈ Oc, which means that σ(ω) = τxO(ω).
Step 2. Proof of the identity

Eu (t− (t− γ) ∧ τε,γ,i, X((t− γ) ∧ τε,γ,i)) = u(t, x). (8.4.3)

To prove (8.4.3) one usually applies Itô’s formula to u(t− s,X(s)). Since in
general X(s) is not a strong solution to (8.1.6) we will apply Itô’s formula
to approximating processes. We will only define approximating sequences,
for the complete proof of (8.4.3) we refer to [207].

Let (el) be an orthonormal basis of H and let (βl) be a sequence of
independent one dimensional standard Wiener processes. Write Wn(t) =∑n

l=1 elβl(t) and W (t) =
∑∞

l=1 elβl(t). Let Ak = AkR(k,A) be the Yosida
approximations of A. Let Xn,k, Xn and X be the mild solutions to the
equations

dXn,k(t) = AkXn,k(t)dt+Q
1
2dWn(t), Xn,k(0) = x, (8.4.4)

dXn(t) = AXn(t)dt+Q
1
2dWn(t), Xn(0) = x, (8.4.5)

dX(t) = AX(t)dt+Q
1
2dW (t), X(0) = x, (8.4.6)

respectively. Of course the process X has the same law as the process
satisfying (8.1.6) and Xn,k is a strong solution to (8.4.4).

By Theorem 2.2.6 in [76] we have

lim
k→∞

sup
s≤T

E |Xn,k(s)−Xn(s)|2 = 0,

lim
n→∞ sup

s≤T
E |Xn(s)−X(s)|2 = 0. (8.4.7)

Let us fix temporary ε, γ and i and define exit times

τn,k = inf{s > 0 : Xn,k(s) ∈ U c
ε,γ,i},

τn = inf{s > 0 : Xn(s) ∈ U c
ε,γ,i},

τ = inf{s > 0 : X(s) ∈ U c
ε,γ,i}.
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Denote σ = τn,k ∧ τn ∧ τ . Since Xn,k is a strong solution to (8.4.4), by Itô’s
formula we get

u(t− (t− γ) ∧ σ,Xn,k((t− γ) ∧ σ)) = u(t, x)

−
∫ (t−γ)∧σ

0
Dtu(t− r,Xn,k(r)) dr

+
∫ (t−γ)∧σ

0
〈Du(t− r,Xn,k(r)), AkR(k,A)Xn,k(r)〉 dr

+
∫ (t−γ)∧σ

0

〈
Du(t− r,Xn,k(r)), Q

1
2dWn(r)

〉
+

1
2

∫ (t−γ)∧σ

0
Tr[D2u(t− r,Xn,k(r))(Q

1
2 In)(Q

1
2 In)∗]dr,

(8.4.8)

where In denotes the orthogonal projection on span{e1, . . . , en}. The fact
that u satisfies (8.1.1) allows us to write (8.4.8) in the form

u(t− (t− γ) ∧ σ,Xn,k((t− γ) ∧ σ)) = u(t, x)

+
∫ (t−γ)∧σ

0
〈A∗Du(t− r,Xn,k(r)), kR(k,A)Xn,k(r)−Xn,k(r)〉 dr

+
∫ (t−γ)∧σ

0

〈
Du(t− r,Xn,k(r)), Q

1
2dWn(r)

〉
+

1
2

∫ (t−γ)∧σ

0
Tr[Q

1
2D2u(t− r,Xn,k(r))Q

1
2 [In − I]] dr. (8.4.9)

After taking the expectations of both sides of (8.4.9) the term with the
stochastic integral disappears since |Du(s, y)| is bounded on [γ, T ] × Uε,γ,i.
Hence we get

Eu(t− (t− γ) ∧ σ,Xn,k((t− γ) ∧ σ)) = u(t, x)

+ E

∫ (t−γ)∧σ

0
〈A∗Du(t− r,Xn,k(r)), kR(k,A)Xn,k(r)−Xn,k(r)〉 dr

+ E
1
2

∫ (t−γ)∧σ

0
Tr[Q

1
2D2u(t− r,Xn,k(r))Q

1
2 [In − I]] dr. (8.4.10)

Passing in (8.4.10) to the limit as k → ∞ and n → ∞, see [207], one
arrives at (8.4.3).

Step 3. We will show that if i goes to infinity, and γ goes to zero and fi-
nally ε goes to zero, the left hand side of (8.4.3) converges to Eϕ(X(t))1τxO>t,
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which is the desired conclusion. We have∣∣Eu (t− (t− γ) ∧ τε,γ,i, X((t− γ) ∧ τε,γ,i))− Eϕ(X(t))1τxO>t

∣∣
≤
∣∣Eu(γ,X(t− γ))1τε,γ,i≥t−γ1X∈Lε − Eϕ(X(t))1τxO>t1X∈Lε

∣∣
+
∣∣Eu(t− τε,γ,i, X(τε,γ,i))1τε,γ,i<t−γ1X∈Lε

∣∣+ 2 ‖u‖[0,T ]×O P(X /∈ Lε)

= I1(ε, γ, i) + I2(ε, γ, i) + I3(ε). (8.4.11)

Observe that

I1(ε, γ, i) ≤ E |u(γ,X(t− γ))− ϕ(X(t))| 1τxO>t

+ ‖u‖[0,T ]×O E
∣∣1τε,γ,i≥t−γ − 1τxO>t

∣∣ 1X∈Lε . (8.4.12)

By (8.4.2) and the fact that τε,γ,i < τxO if τxO <∞ we see that

lim sup
i→∞

E
∣∣1τε,γ,i≥t−γ − 1τxO>t

∣∣ 1X∈Lε

≤ lim sup
i→∞

E
∣∣1τε,γ,i≥t−γ − 1τxO>t−γ

∣∣ 1X∈Lε + P(t ≥ τxO > t− γ)

=P(t ≥ τxO > t− γ). (8.4.13)

Moreover, by the assumption on τxO,

lim
γ→0

P(t ≥ τxO > t− γ) = P(τxO = t) = 0. (8.4.14)

By (8.4.13) and (8.4.14) the second term on the right hand side of (8.4.12)
converges to zero when we let i→∞ and then γ → 0. The first term on the
right hand side of (8.4.12) does not depend on i and converges to zero if γ
goes to zero by the joint continuity and property (v) of the strong solution.
Thus from (8.4.12) we obtain

lim sup
γ→0

lim sup
i→∞

I1(ε, γ, i) = 0. (8.4.15)

By (8.4.2) and property (vi)

lim
i→∞

I2(ε, γ, i) = 0. (8.4.16)

We also have that

lim
ε→0

I3(ε) ≤ lim
ε→0

Cε = 0. (8.4.17)
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By (8.4.15), (8.4.16) and (8.4.17) applied to (8.4.11) we obtain

lim sup
ε→0

lim sup
γ→0

lim sup
i→∞

|Eu (t− (t− γ) ∧ τε,γ,i, X ((t− γ) ∧ τε,γ,i))

−Eϕ(Xt)1τxO>t| = 0.

Consequently from (8.4.3) it follows that

u(t, x) = E[ϕ(X(t))1τxO>t].





Part II

THEORY IN SOBOLEV
SPACES





Chapter 9

L2 and Sobolev spaces

We are given a Gaussian measure µ = NQ, where Q ∈ L+1 (H). We shall
assume for simplicity that Ker Q = {0}. We shall denote by (ek) a complete
orthonomal system in H and by (λk) a sequence of positive numbers such
that Qek = λkek, k ∈ N. For any x ∈ H we set xk = 〈x, ek〉, k ∈ N.

For any p ≥ 1 we shall denote by Lp(H,µ) the Banach space of all
p-integrable equivalence classes of functions from H into R, with norm

‖ϕ‖Lp(H,µ) =
(∫

H
|ϕ(x)|pµ(dx)

)1/p
, ϕ ∈ Lp(H,µ).

In particular L2(H,µ) is a real Hilbert space with the inner product

〈ϕ,ψ〉L2(H,µ) =
∫
H
ϕ(x)ψ(x)µ(dx), ϕ, ψ ∈ L2(H,µ).

We shall denote by E(H) the linear space spanned by all exponential
functions, that is all functions ϕ of the form

ϕ(x) = e〈h,x〉, h ∈ H.

We know by Proposition 1.2.5 that E(H) is dense in Lp(H,µ), p ≥ 1.
In §9.1 we shall study several properties of the space L2(H,µ), including

the Itô-Wiener decomposition. Then in §9.2 we shall define the Sobolev
spaces W 1,2(H,µ) and W 2,2(H,µ) and prove compactness of the embedding
of L2(H,µ) into W 1,2(H,µ). Finally, in §9.3 we shall define the Malliavin
derivative and the Sobolev spaces W 1,2

Q (H,µ) and W 2,2
Q (H,µ).
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9.1 Itô-Wiener decomposition

9.1.1 Real Hermite polynomials

Let us consider the analytic function

F (t, ξ) = e−
t2

2
+tξ, t, ξ ∈ R.

Then the Hermite polynomials Hn, n ∈ {0} ∪ N, are defined through the
formula

F (t, ξ) =
∞∑
n=0

tn√
n!

Hn(ξ), t, ξ ∈ R. (9.1.1)

Proposition 9.1.1 For any n ∈ {0} ∪ N we have

Hn(ξ) =
(−1)n√

n!
e
ξ2

2 Dn
ξ

(
e−

ξ2

2

)
, ξ ∈ R. (9.1.2)

Proof. In fact

e−
(t−ξ)2

2 =
∞∑
n=0

tn

n!
Dn

t

[
e−

(t−ξ)2
2

]
t=0

=
∞∑
n=0

tn

n!
(−1)n Dn

ξ

(
e−

ξ2

2

)
, t, ξ ∈ R.

Multiplying both sides by e
ξ2

2 , we find

F (t, ξ) =
∞∑
n=0

tn

n!
(−1)n e

ξ2

2 Dn
ξ

(
e−

ξ2

2

)
, t, ξ ∈ R,

which yields (9.1.2).
It follows by (9.1.2) that, for all n ∈ N, Hn is a polynomial of degree n

with positive leading coefficient. We have in particular

H0(ξ) = 1, H1(ξ) = ξ, H2(ξ) =
1√
2
(ξ2 − 1), H3(ξ) =

1√
6
(ξ3 − 3ξ).

Let us prove some useful identities.
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Proposition 9.1.2 Let n ∈ N, then fror all ξ ∈ R we have

ξHn(ξ) =
√
n+ 1 Hn+1(ξ) +

√
n Hn−1(ξ), (9.1.3)

DξHn(ξ) =
√
n Hn−1(ξ), (9.1.4)

D2
ξHn(ξ)− ξDξHn(ξ) = −nHn(ξ), . (9.1.5)

Proof. Equations (9.1.3) and (9.1.4) follow from the identities

DtF (t, ξ) = (ξ − t)F (t, ξ) =
∞∑
n=1

√
n

tn−1√
(n− 1)!

Hn(ξ), t, ξ ∈ R,

and

DξF (t, ξ) = tF (t, ξ) =
∞∑
n=1

tn√
n!

H ′
n(ξ), t, ξ ∈ R.

Equation (9.1.5) is a consequence of (9.1.3) and (9.1.4).
Finally, we prove orthonormality and completeness of the system of Her-

mite polynomials on L2(R, N1).

Proposition 9.1.3 The system (Hn)n∈{0}∪N is orthonormal and complete
on L2(R, N1).

Proof. Let us first prove orthonormality. We have, for t, s, ξ ∈ R,

F (t, ξ)F (s, ξ) = e−
1
2
(t2+s2)+ξ(t+s) =

∞∑
m,n=0

tm√
m!

sn√
n!

Hn(ξ) Hm(ξ).

Integrating both sides of this equality with respect to N1, and taking into
account the identity

1√
2π

∫
R

e−
ξ2

2 e−
1
2
(t2+s2)+ξ(t+s) dξ = ets,

we find

ets =
∞∑

m,n=0

tm√
m!

sn√
n!

∫
R

Hn(ξ) Hm(ξ) N1(dξ),

which yields ∫
R

Hn(ξ) Hm(ξ) N1(dξ) = δn,m.

It remains to prove completeness. Let f ∈ L2(R, N1) be such that∫
R

f(ξ)Hn(ξ)N1(dξ) = 0, ∀n ∈ {0} ∪ N.
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It follows that ∫
R

f(ξ)F (t, ξ)e−
ξ2

2 dξ =
∫

R

f(ξ)e−
(t−ξ)2

2 dξ = 0.

Taking Fourier transforms we find f = 0.

9.1.2 Chaos expansions

Let us introduce Hermite polynomials on L2(H,µ). Consider the set Γ of
all mappings γ : N → {0} ∪ N, n → γn, such that |γ| :=

∑∞
k=1 γk < +∞.

Note that if γ ∈ Γ then γn = 0 for all n, except possibly a finite number.
For any γ ∈ Γ we define the Hermite polynomial

Hγ(x) =
∞∏
k=1

Hγk(Wek(x)), x ∈ H,

where the mapping W was defined in §1.2.4. This definition is meaning-
ful since all factors, with the exception of a finite number, are equal to
H0(Wek(x)) = 1, x ∈ H.

We are going to prove that (Hγ)γ∈Γ is a complete orthonormal system
in L2(H,µ). For this we need a lemma.

Lemma 9.1.4 Let h, g ∈ H with |h| = |g| = 1 and let n,m ∈ N∪{0}. Then
we have ∫

H
Hn(Wh)Hm(Wg) dµ = δn,m[〈h, g〉]n. (9.1.6)

Proof. For any t, s ∈ R we have∫
H
F (t,Wh(x))F (s,Wg(x))µ(dx) = e−

t2+s2

2

∫
H
etWh(x)+sWg(x) µ(dx)

= e−
t2+s2

2

∫
H
eWth+sg(x) µ(dx) = e−

t2+s2

2 e
1
2
|th+sg|2 = ets〈h,g〉,

because |h| = |g| = 1. It follows that

ets〈h,g〉 =
∞∑

m,n=0

tnsm√
n!m!

∫
H
Hn(Wh(x))Hm(Wg(x)) µ(dx),

which implies (9.1.6).
We can now prove the result.
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Theorem 9.1.5 The system (Hγ)γ∈Γ is orthonormal and complete on L2(H,µ).

Proof. Let γ, η ∈ Γ. We have∫
H
Hγ(x)Hη(x)µ(dx) =

∞∏
n=1

∫
H
Hγn(Wen(x))Hηn(Wen(x))µ(dx) = δγ,η,

in virtue of Lemma 9.1.4, where δη,γ =
∏∞

n=1 δηn,γn . So the system (Hγ)γ∈Γ
is orthonormal. To prove that it is complete, let ϕ ∈ L2(H,µ) be such that∫

H
ϕ(x)Hγ(x)µ(dx) = 0, ∀γ ∈ Γ.

We have to show that ϕ = 0. Taking into account Proposition 1.2.5 it is
enough to show that ∫

H
e〈f,x〉ϕ(x)µ(dx) = 0, ∀f ∈ H. (9.1.7)

Also it is enough to prove (9.1.7) for f of the form

f =
n∑

k=1

λ
−1/2
k tkek, (t1, . . . , tn) ∈ R

n, n ∈ N. (9.1.8)

If f is of the form (9.1.8) we have∫
H
e〈f,x〉ϕ(x)µ(dx) =

∫
H
e
∑n
k=1 tkWek (x)ϕ(x)µ(dx)

= e
∑n
k=1

t2k
2

∫
H
F (t1,We1(x)) . . . F (tn,Wen(x))ϕ(x)µ(dx).

On the other hand∫
H
F (t1,We1) . . . F (tn,Wen)ϕdµ

=
∞∑

j1, ... ,jn=1

tj11√
j1!

. . .
tjnn√
jn!

∫
H
Hj1(We1) . . . Hjn(Wen)ϕ dµ = 0,

and (9.1.7) follows.

We finally introduce the Itô-Wiener decomposition of L2(H,µ). For all
n ∈ {0}∪N, we set Γn = {γ ∈ γ : |γ| = n} and denote by L2n(H,µ) the closed
subspace of L2(H,µ) spanned by {Hγ : γ ∈ Γn} . In particular L20(H,µ) is
the set of all constant functions in L2(H,µ). Moreover, we denote by Πn the
orthogonal projector on L2n(H,µ), n ∈ {0} ∪ N.
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Exercise 9.1.6 Prove that L21(H,µ) is the closed subspace of L2(H,µ) gen-
erated by all functions {Wf : f ∈ H} .

Theorem 9.1.7 We have

L2(H,µ) =
∞⊕
n=0

L2n(H,µ).

Proof. Note first that, in view of Lemma 9.1.4, the subspaces L2n(H,µ), n ∈
N ∪ {0}, are pairwise orthogonal. Assume that ϕ ∈ L2(H,µ) is such that,
for any x ∈ H with |h| = 1 and for any n ∈ N,∫

H
ϕ(x)Hn(Wh(x)) µ(dx) = 0. (9.1.9)

Arguing as in the proof of Theorem 9.1.5 we get that ϕ = 0.
We end this subsection by computing some projections, needed later.

For this we prove two lemmas.

Lemma 9.1.8 Let f, g ∈ H be such that |f | = |g| = 1, s ∈ R and n ∈
N ∪ {0}. Then we have

I :=
∫
H
esWf (x)Hn(Wg(x))µ(dx) =

1√
n!

sne
s2

2 〈f, g〉n. (9.1.10)

Proof. We have, taking into account (9.1.6)

I = e
s2

2

∫
H
F (s,Wf (x))Hn(Wg(x))µ(dx)

= e
s2

2

∞∑
k=0

sk√
k!

∫
H
Hk(Wf (x))Hn(Wg(x))µ(dx)

=
1√
n!

sne
s2

2 〈f, g〉n.

Lemma 9.1.9 Let f, g ∈ H be such that |f | = |g| = 1, and n ∈ N ∪ {0}.
Then we have

J :=
∫
H
Wn

f (x)Hn(Wg(x))µ(dx) =
√
n! [〈f, g〉]n. (9.1.11)
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Proof. By Lemma 9.1.8 it follows that

1√
n!

sne
s2

2 [〈f, g〉]n =
∞∑
h=0

∫
H

shW h
f (x)
h!

Hn(Wg(x))µ(dx),

and the conclusion follows differentiating n times with respect to s and
setting s = 0.

Now we compute the projections Πn(Wn
f ), n ∈ N.

Proposition 9.1.10 Let f ∈ H such that |f | = 1 and let n ∈ N. Then we
have

Πn(Wn
f ) =

√
n! Hn(Wf ). (9.1.12)

Proof. First notice that
√
n! Hn(Wf ) ∈ L2n(H,µ). Thus it is enough to

show that for all g ∈ H such that |g| = 1, we have∫
H
[Wn

f (x)−
√
n! Hn(Wf (x))]Hn(Wg(x))µ(dx) = 0,

and this follows from (9.1.6) and (9.1.11).
Finally we compute the projection Πn(esWf ).

Proposition 9.1.11 Let f ∈ H with |f | = 1. Then we have

Πn

(
esWf

)
=

1√
n!

sne
s2

2 Hn(Wf ). (9.1.13)

Proof. It is enough to show that for all g ∈ H, such that |g| = 1, we have∫
H

(
esWf (x) − sn√

n!
e
s2

2 Hn(Wf )
)
Hn(Wg(x))µ(dx) = 0.

This follows using once again (9.1.6) and (9.1.10).

9.1.3 The space L2(H, µ; H)

Let us consider the space L2(H,µ;H) of all equivalence classes of measurable
functions F : H → H such that∫

H
|F (x)|2µ(dx) < +∞.

L2(H,µ;H), endowed with the scalar product

〈F,G〉L2(H,µ;H) =
∫
H
〈F (x), G(x)〉µ(dx),
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is a Hilbert space.
For any F ∈ L2(H,µ;H) we set Fk(x) = 〈F (x), ek〉, k ∈ N. Then we

have

F (x) =
∞∑
k=1

Fk(x)ek, µ-a.e.

Proposition 9.1.12 (Hγ⊗eh)γ∈Γ,h∈N is a complete orthonormal system on
L2(H,µ;H).

Proof. In fact let F ∈ L2(H,µ;H) be such that for any γ ∈ Γ and h ∈ N∫
H
〈F (x), Hγ ⊗ eh〉dµ = 0.

Then we have for any γ ∈ Γ∫
H
Fh(x)Hγ(x)µ(dx) = 0,

which yields Fh(x) = 0, µ-a.e. for all h ∈ N, so that f = 0.

9.2 Sobolev spaces

For any k ∈ N we consider the partial derivative in the direction ek, defined
as

Dkϕ(x) = lim
ε→0

1
ε
(ϕ(x+ εek)− ϕ(x)), x ∈ H, ϕ ∈ E(H).

If ϕ(x) = e〈f,x〉 with f ∈ H, we have obviously

Dkϕ(x) = fke
〈f,x〉, x ∈ H.

Moreover we denote by Λ0 the linear span of {Hγ ⊗ eh : γ ∈ Γ, h ∈ N} and
by D the linear operator

D : E(H)⊂L2(H,µ)→ L2(H,µ;H), ϕ→ Dϕ.

By Proposition 9.1.12, Λ0 is dense in L2(H,µ;H).
We want to prove that D and Dh, h ∈ N, are closable operators in

L2(H,µ). To this purpose we need some integration by parts formulae.

Lemma 9.2.1 Let ϕ,ψ ∈ E(H). Then the following identity holds:∫
H
Dkϕ(x)ψ(x)µ(dx) +

∫
H
ϕ(x)Dkψ(x)µ(dx) =

1
λk

∫
H
xkϕ(x)ψ(x)µ(dx).

(9.2.1)
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Proof. Since E(H) is dense in L2(H,µ) it is enough to prove (9.2.1) for

ϕ(x) = e〈f,x〉, ψ(x) = e〈g,x〉, x ∈ H,

where f, g ∈ H. In this case we have∫
H
Dkϕ(x)ψ(x)µ(dx) =

∫
H
fke

〈f+g,x〉µ(dx) = fke
1
2
〈Q(f+g),f+g〉, (9.2.2)

∫
H
ϕ(x)Dkψ(x)µ(dx) =

∫
H
gke

〈f+g,x〉µ(dx) = gke
1
2
〈Q(f+g),f+g〉, (9.2.3)

∫
H
ϕ(x)xkψ(x)µ(dx) =

∫
H
xke

〈f+g,x〉µ(dx)

=
d

dt

∫
H
e〈f+g+tek,x〉µ(dx)

∣∣∣
t=0

=
d

dt
e

1
2
〈Q(f+g+tek),f+g+tek〉

∣∣∣
t=0

= λk(fk + gk)e
1
2
〈Q(f+g),f+g〉.

(9.2.4)

Now summing up (9.2.2) and (9.2.3), we find (9.2.4).

Proposition 9.2.2 Dk is closable for all k ∈ N.

Proof. Let (ϕn) ⊂ E(H) be such that

ϕn → 0, in L2(H,µ), Dkϕn → f in L2(H,µ).

We have to show that f = 0. If g ∈ E(H), then by (9.2.1) we have∫
H
Dkϕn g dµ+

∫
H
ϕn Dkg dµ =

1
λk

∫
H
xkϕn g dµ.

By taking the limit as n → ∞ we obtain
∫
H fgdµ = 0, which yields f = 0

since E(H) is dense in L2(H,µ).
If ϕ belongs to the domain of the closure of Dk, which we shall still

denote by Dk, we shall say that Dkϕ belongs to L2(H,µ).
We come now to the operator D. We first state an easy consequence of

Lemma 9.2.1.

Lemma 9.2.3 Let ϕ ∈ E(H) and G ∈ Λ0. Then we have∫
H
〈Dϕ,G〉dµ+

∫
H
div G ϕ dµ =

∫
H
〈x,Q−1G(x)〉dµ. (9.2.5)
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Now we are ready to prove the following result.

Proposition 9.2.4 D is closable.

Proof. Let (ϕn) ⊂ E(H) be such that

ϕn → 0 in L2(H,µ), Dϕn → F in L2(H,µ;H).

We have to show that F = 0. If G ∈ Λ0, then by (9.2.5) we have∫
H
〈Dϕn, G〉dµ+

∫
H
ϕn div G(x) dµ =

∫
H
〈x,Q−1G(x)〉ϕdµ.

As n→∞ we obtain
∫
H〈F,G〉dµ = 0, which yields F = 0 since Λ0 is dense

in L2(H,µ;H).
If ϕ belongs to the domain of the closure of D, which we shall still denote

by D, we shall say that Dϕ belongs to L2(H,µ;H).

9.2.1 The space W 1,2(H, µ)

W 1,2(H,µ) is the linear space of all functions ϕ ∈ L2(H,µ) such that Dϕ ∈
L2(H,µ;H). W 1,2(H,µ), endowed with the inner product

〈ϕ,ψ〉W 1,2(H,µ) = 〈ϕ,ψ〉L2(H,µ) +
∫
H
〈Dϕ(x), Dψ(x)〉µ(dx),

is a Hilbert space.
If ϕ ∈W 1,2(H,µ) it is clear that Dkϕ ∈ L2(H,µ) for all k ∈ N. We shall

set

Dϕ(x) =
∞∑
k=1

Dkϕ(x)ek, x ∈ H.

Since

|Dϕ(x)|2 =
∞∑
k=1

|Dkϕ(x)|2, a.e. in H,

the series above is convergent for almost all x ∈ H. We call Dϕ(x) the
gradient of ϕ at x. Notice that if ϕ ∈W 1,2(H,µ), one has

〈Dϕ(x), ek〉 = Dkϕ(x), ∀k ∈ N, a.e.

Let us state an immediate consequence of Lemma 9.2.1 and Proposition
9.2.4.
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Lemma 9.2.5 Let ϕ,ψ ∈ W 1,2(H,µ), and let k ∈ N. Then the following
identity holds.∫

H
Dkϕ(x)ψ(x)µ(dx) +

∫
H
ϕ(x)Dkψ(x)µ(dx) =

1
λk

∫
H
xkϕ(x)ψ(x)µ(dx).

(9.2.6)

Remark 9.2.6 Let n ∈ N, g : R
n → R be such that g ∈ W 1,2(Rn, NQn),

where Qn = diag{λ1, . . . , λn} . Setting ϕ(x) = g(x1, . . . , xn), it is easy to
check that ϕ ∈W 1,2(H,µ).

9.2.2 Some additional summability results

We are going to prove the useful result that if Dkϕ ∈ L2(H,µ), then
xkDkϕ ∈ L2(H,µ). For this we need a lemma.

Lemma 9.2.7 For all ζ ∈ E(H) we have∫
H
x2kζ

2(x)µ(dx) ≤ 2λk

∫
H
ζ2(x)µ(dx) + 4λ2k

∫
H
(Dkζ(x))2µ(dx). (9.2.7)

Proof. Let ϕ(x) = xk, and ψ(x) = ζ2(x), x ∈ H. Then by (9.2.1) it follows
that∫

H
x2kζ

2(x)µ(dx) = 2λk

∫
H
xkζ(x)Dkζ(x)µ(dx) + λk

∫
H
ζ2(x)µ(dx).

Consequently∫
H
x2kζ

2(x)µ(dx) ≤ 1
2

∫
H
x2kζ

2(x)µ(dx) + 2λ2k

∫
H
(Dkζ)2(x)µ(dx)

+λk

∫
H
ζ2(x)µ(dx),

which yields the conclusion.
We are now ready to prove the following result.

Proposition 9.2.8 Let k ∈ N and Dkϕ ∈ L2(H,µ). Then xkϕ ∈ L2(H,µ)
and the following estimate holds:∫

H
x2kϕ

2(x)µ(dx) ≤ 2λk

∫
H
ϕ2(x)µ(dx) + 4λ2k

∫
H
(Dkϕ(x))2µ(dx). (9.2.8)
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Proof. Let (ϕn) ⊂ E(H) be such that

ϕn → ϕ, Dkϕn → Dkϕ, in L2(H,µ).

Then by Lemma 9.2.7 we have∫
H
x2kϕ

2
n(x)µ(dx) ≤ 2λk

∫
H
ϕ2n(x)µ(dx) + 4λ2k

∫
H
(Dkϕn(x))2µ(dx).

Letting n tend to infinity, we find (9.2.8).
The next corollary follows easily from Lemma 9.2.1.

Corollary 9.2.9 Let k ∈ N and Dkϕ,Dkψ ∈ L2(H,µ). Then the following
identity holds:∫

H
Dkϕ(x)ψ(x)µ(dx) +

∫
H
ϕ(x)Dkψ(x)µ(dx) =

1
λk

∫
H
xkϕ(x)ψ(x)µ(dx).

(9.2.9)

Let us prove finally the following result.

Proposition 9.2.10 Let ζ ∈W 1,2(H,µ). Then the function

H → R, x→ |x|ζ(x),

belongs to L2(H,µ) and the following estimate holds:∫
H
|x|2ζ2(x)µ(dx) ≤ 2 Tr Q

∫
H
ζ2(x)µ(dx) + 4 ‖Q‖2

∫
H
|Dζ(x)|2µ(dx).

(9.2.10)

Proof. By (9.2.7) it follows that

∫
H
x2kζ

2(x)µ(dx) ≤ 2λk

∫
H
ζ2(x)µ(dx) + 4‖Q‖2

∫
H
(Dkζ(x))2µ(dx).

Summing up over k yields (9.2.10).

9.2.3 Compactness of the embedding W 1,2(H, µ) ⊂ L2(H, µ)

We start by giving a characterization of functions belonging to W 1,2(H,µ)
in terms of the complete orthonormal basis (Hγ)γ∈Γ.
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For any ϕ ∈ L2(H,µ) we have

ϕ =
∑
γ∈Γ

ϕγHγ ,

where ϕγ = 〈ϕ,Hγ〉L2(H,µ). We recall that for any γ = (γn), the Hermite
polynomial Hγ is defined by

Hγ =
∞∏
n=0

Hγn(Wen).

This is equivalent to

Hγ(x) =
∞∏
n=0

Hγn

(
xn√
λn

)
, x ∈ H.

For any i ∈ N ∪ {0} we set

H(i)
γ =

∞∏
n=0
n	=i

Hγn(Wen).

In view of Remark 9.2.6, for any γ ∈ Γ and, due to (9.1.4), for any k ∈ N

we have Hγ ∈W 1,2(H,µ) and

DkHγ =
√
γk
λk

Hγk−1(Wek)H
(k)
γ . (9.2.11)

In the formula above we have made the convention that H−1(Wek) = 0.

Remark 9.2.11 Notice that the set of elements of L2(H,µ),{
Hγk−1(Wek)H

(k)
γ : γ ∈ Γ, γk > 0

}
,

is orthonormal.

The following result was proved independently by G. Da Prato, P. Malli-
avin and D. Nualart [95] and S. Peszat [181].

Theorem 9.2.12 A function ϕ ∈ L2(H,µ) belongs to W 1,2(H,µ) if and
only if ∑

γ∈Γ
〈γ, λ−1〉 |ϕγ |2 < +∞, (9.2.12)
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where

〈γ, λ−1〉 =
∞∑
k=1

γkλ
−1
k . (9.2.13)

Moreover if (9.2.12) holds, we have

‖ϕ‖2W 1,2(H,µ) = ‖ϕ‖2L2(H,µ) +
∑
γ∈Γ

〈γ, λ−1〉 |ϕγ |2. (9.2.14)

Finally, the embedding of W 1,2(H,µ) in L2(H,µ) is compact.

Proof. Assume first that ϕ ∈ W 1,2(H,µ) and let k ∈ N. By a direct
verification, when ϕ ∈ E(H)

Dkϕ =
∑
γ∈Γ

ϕγ

√
γk
λk

Hγk−1(Wek)H
(k)
γ . (9.2.15)

Now let (ϕ(n)) ⊂ E(H) be such that

ϕ(n) → ϕ, Dkϕ
(n) → Dkϕ in L2(H,µ).

Then, recalling Remark 9.2.11, we have∫
H
|Dkϕ(x)|2µ(dx) = lim

n→∞

∫
H
|Dkϕn(x)|2µ(dx)

= lim
n→∞

∑
γ∈Γ

|ϕn,γ |2
γk
λk

=
∑
γ∈Γ

|ϕγ |2
γk
λk
,

which yields (9.2.14).
Conversely, assume that ϕ ∈ L2(H,µ) is such that (9.2.12) holds. Then

for any k ∈ N we have obviously∑
γ∈Γ

|ϕγ |2
γk
λk

< +∞.

For any n ∈ N let ϕn be defined by

ϕn =
∑
γ∈Γn

γl=0 if l≥n

ϕγHγ .



L2 and Sobolev spaces 201

It follows that Dkϕ
n ∈ L2(H,µ) and

Dkϕ
n =

∑
γ∈Γn

γl=0 if l≥n

ϕγ

√
γk
λk

Hγk−1(Wek)H
(k)
γ .

Again by Remark 9.2.11, we find∫
H
|Dkϕ

n(x)|2µ(dx) =
∑
γ∈Γn

γl=0 if l≥n

|ϕnγ |2
γk
λk
.

Consequently ∫
H
|Dkϕ

n(x)|2µ(dx) ≤
∑
γ∈Γ

|ϕγ |2
γk
λk
.

This implies that the sequence (Dkϕ
n) is bounded in L2(H,µ). Then there

exists a subsequence (Dkϕ
nm) weakly convergent to some element ψk. Since

any linear closed operator is also closed with respect to the weak topology,
we can conclude that ψk = Dkϕ. Therefore Dkϕ ∈ L2(H,µ), and∫

H
|Dkϕ(x)|2µ(dx) ≤

∑
γ∈Γ

|ϕγ |2
γk
λk
.

Now, summing up over k, we see that ϕ ∈W 1,2(H,µ), as required.
It remains to prove compactness of the embedding above. Let us intro-

duce the following linear closed operator B on L2(H,µ):

Bϕ =
∑
γ∈Γ

〈γ, λ−1〉ϕγHγ , ϕ ∈ D(B) =W 1,2(H,µ). (9.2.16)

It is enough to notice that the operator B−1 is compact. In fact for any
C > 0 the set

{
γ ∈ Γ : 〈γ, λ−1〉 < C

}
is finite, as is easily checked. This

implies that any subsequence of the set
{
〈γ, λ−1〉 : γ ∈ Γ

}
tends to 0 as

|γ| tends to infinity. Consequently the sequence of all eigenvalues of B is
infinitesimal and B−1 is compact .

9.2.4 The space W 2,2(H, µ)

The proof of the following lemma is straightforward, it is left as an exercise
to the reader.
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Lemma 9.2.13 Let h, k ∈ N, then the linear operator DhDk, defined in
E(H), is closable.

If ϕ belongs to the domain of the closure of DhDk, which we shall still
denote by DhDk, we shall say that DhDkϕ belongs to L2(H,µ).

Now we define W 2,2(H,µ) as the space of all functions ϕ ∈ W 1,2(H,µ)
such that DhDkϕ ∈ L2(H,µ) for all h, k ∈ N and

∞∑
h,k=1

∫
H
|DhDkϕ(x)|2µ(dx) < +∞.

W 2,2(H,µ) is a Hilbert space with the inner product

〈ϕ,ψ〉W 2,2(H,µ) = 〈ϕ,ψ〉W 1,2(H,µ) +
∞∑

h,k=1

∫
H
〈DhDkϕ(x), DhDkψ(x)〉µ(dx).

If ϕ ∈ W 2,2(H,µ) we can define a Hilbert-Schmidt operator D2ϕ(x) on
H for almost any x ∈ H by setting

〈D2ϕ(x)α, β〉 =
∞∑

h,k=1

DhDkϕ(x)αhβk, α, β ∈ H.

Remark 9.2.14 If H is infinite dimensional the embedding W 2,2(H,µ) ⊂
W 1,2(H,µ), is not compact. In fact setting ϕ(n)(x) = xn, n ∈ N, we have

‖ϕ(n)‖L2(H,µ) = λn → 0 as n→ ∞,

and
‖ϕ(n)‖W 1,2(H,µ) = ‖ϕ(n)‖W 2,2(H,µ) = 1 + λn.

Consequently, ϕ(n) → 0 in L2(H,µ), and no subsequence of (ϕn) tends to 0
in W 1,2(H,µ).

Let us give some properties of W 2,2(H,µ).
We first note that, for any γ ∈ Γ and for any k ∈ N, we have D2

kHγ ∈
L2(H,µ) and

D2
kHγ =


√
γk(γk − 1)

λk
Hγk−2(Wek)H

(k)
γ if γk �= 0,

0 otherwise,

(9.2.17)
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and so, since {Hγk−2(Wek)H
(k)
γ : γ ∈ Γ, γ > 0} is an orthonormal set,∫

H
|D2

kϕ(x)|2µ(dx) =
∑
γ∈Γ

γk(γk − 1)
λ2k

|ϕγ |2. (9.2.18)

Proceeding in the same way, we find for h �= k,∫
H
|DhDkϕ(x)|2µ(dx) =

∑
γ∈Γ

γhγk
λkλk

|ϕγ |2. (9.2.19)

Proceeding as in the proof of Theorem 9.2.12 we get the next result.

Theorem 9.2.15 A function ϕ ∈ L2(H,µ) belongs to W 2,2(H,µ) if and
only if

∑
γ∈Γ

〈γ, λ−1〉2 |ϕγ |2 −
∑
γ∈Γ

〈γ, λ−2〉2 |ϕγ |2 < +∞. (9.2.20)

9.3 The Malliavin derivative

We shall denote by DQ the linear operator

DQ : E(H)⊂L2(H,µ)→ L2(H,µ;H), ϕ→ Q1/2Dϕ.

Proposition 9.3.1 DQ is closable.

Proof. Let (ϕn)⊂E(H) and F ∈ L2(H,µ;H) be such that

ϕn → 0 in L2(H,µ), DQϕn → F in L2(H,µ;H).

If G ∈ Λ0, then Q1/2G ∈ Λ0 and by (9.2.5), replacing G with Q1/2G, we
have ∫

H
〈DQϕn(x), G(x)〉µ(dx) +

∫
H
ϕn(x) div [Q1/2G(x)]µ(dx)

=
∫
H
〈x,Q−1/2G(x)〉µ(dx).

As n→∞ we obtain ∫
H
〈F (x), G(x)〉µ(dx) = 0,
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which yields F = 0 since Λ0 is dense in L2(H,µ;H).
If ϕ belongs to the domain of the closure of DQ, which we shall still

denote by DQ, we shall say that DQϕ belongs to L2(H,µ;H).
DQϕ is called the Malliavin derivative of ϕ.
Now we defineW 1,2

Q (H,µ) as the linear space of all functions ϕ ∈ L2(H,µ)
such that DQϕ ∈ L2(H,µ;H).

W 1,2
Q (H,µ), endowed with the inner product

〈ϕ,ψ〉
W 1,2
Q (H,µ)

= 〈ϕ,ψ〉L2(H,µ) +
∫
H
〈DQϕ(x),DQψ(x)〉µ(dx),

is a Hilbert space.
Finally we defineW 2,2

Q (H,µ) as the space of all functions ϕ ∈W 1,2
Q (H,µ)

such that DhDkϕ ∈ L2(H,µ) for all h, k ∈ N and

∞∑
h,k=1

∫
H
λhλk|DhDkϕ(x)|2µ(dx) < +∞.

W 2,2
Q (H,µ) is a Hilbert space with the inner product

〈ϕ,ψ〉
W 2,2
Q (H,µ)

= 〈ϕ,ψ〉
W 1,2
Q (H,µ)

+
∞∑

h,k=1

∫
H
λhλk〈DhDkϕ(x), DhDkψ(x)〉µ(dx).
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Ornstein-Uhlenbeck
semigroups on Lp(H, µ)

In this chapter we study the Ornstein-Uhlenbeck semigroup (Rt), introduced
in Chapter 6, acting on spaces Lp(H,µ), p ≥ 1, were µ is an invariant mea-
sure. First we prove in §10.1 that (Rt) extends uniquely to a contraction
semigroup on Lp(H,µ). Next §10.2 is devoted to the study of the infinitesi-
mal generator Lp of (Rt), and to the corresponding Dirichlet form. In §10.3
the important case when (Rt) is strong Feller is studied in detail. It is shown
that (Rt) can be expressed as an integral operator with respect to µ, and
that it is hypercontractive. In §10.4 we give a representation formula for
(Rt) in terms of the second quantization operator . This formula allows us
to find an explicit expression for the adjoint of L2. Then §10.5 is devoted
to Poincaré and logarithmic Sobolev inequalities and to their consequences
as spectral gap and exponential convergence to equilibrium. Finally, §10.6
includes some supplements.

We shall use the notation EA(H) to mean the space of all real parts
of the functions (ei〈x,h〉)h∈D(A∗). Frequently we shall consider functions for
simplicity as ϕh(x) = ei〈x,h〉 instead of their real parts. In these cases the
standard complexification of the space X is assumed. It is easy to see that
EA(H) is dense in L2(H,µ) for any probability measure µ on (H,B(H)).

205



206 Chapter 10

10.1 Extension of (Rt) to Lp(H, µ)

The following conditions are assumed throughout the chapter.

(i) A : D(A)⊂H → H is the generator of a C0 semigroup (etA) in H
and there existM,ω > 0 such that ‖etA‖ ≤Me−ωt, t ≥ 0.

(ii) Q ∈ L+(H).
(iii) For all s > 0, we have esAQesA

∗ ∈ L1(H) and∫ t

0
Tr[esAQesA

∗
]ds < +∞, t ≥ 0.

(10.1.1)

Let us recall the definition of the Ornstein-Uhlenbeck semigroup (Rt) intro-
duced in Chapter 6:

Rtϕ(x) =
∫
H
ϕ(y)NetAx,Qt(dy) =

∫
H
ϕ(etAx+ y)NQt(dy), ϕ ∈ Bb(H),

(10.1.2)

where

Qtx =
∫ t

0
esAQesA

∗
xds, t ≥ 0, x ∈ H,

and Bb(H) represents the set of all Borel and bounded mappings from H
into R. We set also

Q∞x =
∫ ∞

0
esAQesA

∗
xds, x ∈ H.

Note that Q∞ ∈ L+1 (H). We have in fact

Q∞x =
∞∑
k=0

∫ k+1

k
esAQesA

∗
xds =

∞∑
k=0

ekAQ1e
kA∗

x, x ∈ H.

This implies that Q∞ ∈ L1(H) and

TrQ∞ ≤M2 Tr[Q1]
∞∑
k=0

e−2ωk < +∞.

Proposition 10.1.1 Assume that (10.1.1) holds. Then the Gaussian mea-
sure µ = NQ∞ is invariant for the semigroup (Rt), that is∫

H
Rtϕ(x)µ(dx) =

∫
H
ϕ(y)µ(dy), ϕ ∈ Cb(H). (10.1.3)
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Moreover for any ϕ ∈ Cb(H) and any x ∈ H we have

lim
t→+∞Rtϕ(x) =

∫
H
ϕ(x)µ(dx). (10.1.4)

Proof. It is enough to show (10.1.3) and (10.1.4) for ϕ ∈ EA(H). Let in fact
ϕh(x) = ei〈h,x〉, x ∈ H. Then we have∫

H
Rte

i〈h,x〉µ(dx) = exp
{
−1
2
〈Qth, h〉 −

1
2
〈Q∞etA

∗
h, etA

∗
h〉
}
.

Since clearly Qt + etAQ∞etA
∗
= Q∞, this implies∫

H
Rtϕh(x)µ(dx) =

∫
H
ϕh(x)µ(dx),

and (10.1.3) is proved.
Finally, let us prove (10.1.4) for ϕ = ϕh, h ∈ H. We have

lim
t→+∞Rtϕh(x) = lim

t→+∞ ei〈e
tAh,x〉− 1

2
〈Qth,h〉 = e−

1
2
〈Q∞h,h〉 =

∫
H
ϕhdµ.

Throughout the chapter we shall denote by µ the Gaussian measure
NQ∞ .

We shall also consider the linear operator

DQ : EA(H)⊂L2(H,µ)→ L2(H,µ;H), ϕ→ Q1/2Dϕ.

Proposition 10.1.2 Assume that KerQ = {0} and that Q1/2(H) ⊃ Q
1/2
∞ (H).

Then DQ is closable.

Proof. We first notice that by the assumption and the closed graph theorem,
the linear operator K := Q−1/2Q1/2∞ is bounded. Moreover its adjoint K∗ is
the closure of Q1/2∞ Q−1/2. Now let (ϕn) ⊂ EA(H) and let F ∈ L2(H,µ;H)
be such that

lim
n→∞ϕn = 0 in L2(H,µ), lim

n→∞Q1/2Dϕn = F in L2(H,µ;H).

Then it follows that

lim
n→∞Q1/2∞ Dϕn = lim

n→∞K∗Q1/2Dϕn = K∗F in L2(H,µ;H).

Since the operator D is closable, by Proposition 9.2.4, we find K∗F = 0 and
so F = 0. Therefore DQ is closable.
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If ϕ belongs to the domain of the closure of DQ, which we still denote
by DQ, we shall say that DQϕ belongs to L2(H,µ).

Now we defineW 1,2
Q (H,µ) as the linear space of all functions ϕ ∈ L2(H,µ)

such that DQϕ ∈ L2(H,µ;H). W 1,2
Q (H,µ), endowed with the inner product

〈ϕ,ψ〉
W 1,2
Q (H,µ)

= 〈ϕ,ψ〉L2(H,µ) +
∫
H
〈DQϕ(x), DQψ(x)〉µ(dx),

is a Hilbert space. W 2,2
Q (H,µ) can be defined in a similar way.

Remark 10.1.3 The assumption that ‖etA‖ ≤ Me−ωt, t ≥ 0, for some
ω > 0 is not necessary for the existence of an invariant measure for (Rt).
The necessary and sufficient condition for this is that

Q∞ =
∫ +∞

0
esAQesA

∗
ds ∈ L1(H),

see G. Da Prato and J. Zabczyk [101].

Proposition 10.1.4 Q∞ is the unique symmetric and positive solution to
the following equation:

〈Q∞x,A∗y〉+ 〈Q∞A∗x, y〉 = −〈Qx, y〉, x, y ∈ D(A∗). (10.1.5)

This is called the Lyapunov equation.
Proof of Proposition 10.1.4. Let x, y ∈ D(A∗). Then we have

〈Q∞x,A∗y〉 =
∫ +∞

0
〈esAQesA∗

x,A∗y〉ds

=
∫ +∞

0

〈
QesA

∗
x,

d

ds
esA

∗
y

〉
ds.

Integrating by parts gives

〈Q∞x,A∗y〉 = −〈Qx, y〉 − 〈Q∞A∗x, y〉,

which proves (10.1.5).
Let us prove uniqueness. Let X ∈ L+(H) be such that

〈Xx,A∗y〉+ 〈XA∗x, y〉 = −〈Qx, y〉, x, y ∈ D(A∗).
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If x ∈ D(A∗) we have

d

dt
〈XetA

∗
x, etA

∗
x〉 = −〈QetA∗

x, etA
∗
x〉.

Integrating between 0 and t gives

〈XetA
∗
x, etA

∗
x〉 = 〈Xx, x〉 − 〈Qtx, x〉.

Letting t tend to +∞ we find X = Q∞ as required.
Let us prove now that (Rt) can be extended to Lp(H,µ), p ≥ 1.

Theorem 10.1.5 Assume that (10.1.1) hold. Then for all t > 0, the opera-
tor Rt, defined by (10.1.2), is uniquely extendible to a bounded linear operator
on Lp(H,µ), p ≥ 1, which we still denote by Rt. Moreover (Rt) is a strongly
continuous semigroup of contractions on Lp(H,µ).

Proof. Let t > 0 and f ∈ UCb(H). Since for x ∈ H we have by the Hölder
inequality, |Rtϕ(x)|p ≤ Rt(|ϕ|p)(x), it follows that∫

H
|Rtϕ(x)|pµ(dx) ≤

∫
H
Rt(|ϕ|p)(x)µ(dx) =

∫
H
|ϕ(x)|pµ(dx),

in view of the invariance of µ. Since UCb(H) is dense in Lp(H,µ), Rt is
uniquely extendible to Lp(H,µ). Therefore

‖Rtϕ‖Lp(H,µ) ≤ ‖ϕ‖Lp(H,µ), t ≥ 0, ϕ ∈ Lp(H,µ).

Finally strong continuity of (Rt) follows from the dominated convergence
theorem.

We end the introductory part of this section by giving a necessary and
sufficient condition in order that (Rt) is symmetric in L2(H,µ). We follow
here A. Chojnowska-Michalik and B. Goldys [51].

Proposition 10.1.6 The semigroup (Rt) is symmetric if and only if one of
the following conditions holds.

(i) Q∞etA
∗
= etAQ∞, t ≥ 0.

(ii) QetA
∗
= etAQ, t ≥ 0.

If (Rt) is symmetric we have

Q∞ = −1
2
A−1Q. (10.1.6)
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Proof. Let h, k ∈ H and ϕ(x) = ei〈x,h〉, ψ(x) = ei〈x,k〉, x ∈ H. Then we
have

Rtϕ(x) = exp
{
i〈h, etAx〉 − 1

2〈Qth, h〉
}
, t ≥ 0, x ∈ H,

Rtψ(x) = exp
{
i〈k, etAx〉 − 1

2〈Qtk, k〉
}
, t ≥ 0, x ∈ H.

By a straightforward computation it follows that∫
H
(Rtϕ)ψdµ = exp

{
−1
2
〈Q∞h, h〉 − 1

2
〈Q∞k, k〉 − 〈Q∞etA

∗
h, k〉

}
.

Consequently∫
H
(Rtϕ)ψdµ =

∫
H
(Rtψ)ϕdµ, for all ϕ,ψ ∈ EA(H),

if and only if condition (i) holds. Since EA(H) is dense in L2(H,µ) the
conclusion follows.

Assume now that (ii) holds. Then we have for x ∈ H

Q∞etA
∗
x =

∫ +∞

0
esAQe(s+t)A

∗
xds =

∫ +∞

0
e(t+2s)AQxds = etAQ∞x,

so that (i) holds and (Rt) is symmetric. Let us prove (10.1.6). Let x ∈
D(A∗). Then by (i) we see that Q∞x ∈ D(A) and

Q∞A∗x = AQ∞x.

Now the conclusion follows from the Lyapunov equation (10.1.5).
Assume, finally, that (Rt) is symmetric. Let us prove that (ii) holds. Let

in fact x, y ∈ D(A∗). Then we have recalling (10.1.5)

〈QetA∗
x, y〉 = −〈Q∞etA

∗
x,A∗y〉 − 〈Q∞A∗etA∗

x, y〉

= −〈Q∞x,A∗etA∗
y〉 − 〈Q∞A∗x, etA∗

y〉 = 〈etAQx, y〉,

which yields (ii).

Corollary 10.1.7 Assume that
(i) A : D(A)⊂H → H is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A),
(ii) QetA = etAQ, t ≥ 0,
(iii) QA−1 ∈ L1(H).

(10.1.7)

Then Rt is symmetric.
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Proof. In fact assumptions (10.1.7) clearly imply (10.1.1), since Qt =
−1
2QA

−1(1− e2tA) and condition (ii) of Proposition 10.1.6 holds.
Setting Q = I we find in particular the following result.

Corollary 10.1.8 Assume that
(i) A : D(A)⊂H → H is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A),
(ii) A−1 ∈ L1(H) and Q = 1.

(10.1.8)

Then Rt is symmetric.

10.1.1 The adjoint of (Rt) in L2(H, µ)

In general the adjoint of (Rt) in L2(H,µ) is not an Ornstein-Uhlenbeck
semigroup of the form (10.1.2). However, this happens under the following
assumptions.

Q∞(H) ⊂ D(A∗). Moreover the operator
A1x = Q∞A∗Q−1∞ x, x ∈ D(A1) = {x ∈ Q∞(H) : Q−1∞ x ∈ D(A∗)}

generates a C0 semigroup given by etA1 = Q∞etA
∗
Q−1∞ .

(10.1.9)

Under this assumption we can consider the Ornstein-Uhlenbeck semigroup

Stϕ =
∫
H
ϕ(y)NetA1x,Q1,t

(dy), t ≥ 0, (10.1.10)

where

Q1,tx =
∫ t

0
esA1QesA

∗
1xds, x ∈ H, t ≥ 0. (10.1.11)

We notice that the linear operator

Q1,∞x =
∫ +∞

0
esA1QesA

∗
1xds, x ∈ H,

fulfills the Lyapunov equation (10.1.5). Therefore Q1,∞ = Q∞ by Proposi-
tion 10.1.4.

Proposition 10.1.9 Assume that (10.1.1) and (10.1.9) hold, and let t > 0.
Then the adjoint of Rt is the operator St defined by (10.1.10).
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Proof. It is enough to show that∫
H
Rtϕ ψdµ =

∫
H
Stψ ϕdµ, (10.1.12)

for ϕ(x) = ei〈h,x〉, ψ(x) = ei〈k,x〉, h, k ∈ H. By an elementary computation
we have in fact∫

H
Rtϕ ψdµ = exp

{
−1
2
〈Qth, h〉 −

1
2
〈Q∞(etA

∗
h+ k), (etA

∗
h+ k)〉

}
,

∫
H
Stψ ϕdµ = exp

{
−1
2
〈Q1,tk, k〉 −

1
2
〈Q∞(etA

∗
1k + h), (etA

∗
1k + h)〉

}
.

Therefore (10.1.12) is equivalent to the equality

〈(Qt + etAQ∞etA
∗ −Q∞)h, h〉+ 〈(2Q∞etA

∗ − etA1Q∞)h, k〉

−〈(Q1,t + etA1Q∞etA
∗
1 −Q∞)k, k〉 = 0.

Now (10.1.12) follows from the identities

Qt+ etAQ∞etA
∗
= Q∞, Q∞etA

∗
= etA1Q∞, Q1,t+ etA1Q∞etA

∗
1 = Q∞.

If assumptions (10.1.9) do not hold we can find an expression for the
adjoint of (Rt) by using the second quantization operator , see §10.4.

10.2 The infinitesimal generator of (Rt)

We shall denote by Lp the infinitesimal generator of (Rt) on Lp(H,µ). First
we want to show that EA(H) is a core for Lp.

Let us define on EA(H) the following differential operator:

L0ϕ(x) =
1
2
Tr[QD2ϕ(x)] + 〈x,A∗Dϕ(x)〉, ϕ ∈ EA(H), x ∈ H. (10.2.1)

Proposition 10.2.1 Assume that (10.1.1) hold. Then for any p ≥ 1, Lp is
an extension of L0 and EA(H) is a core for Lp.

Proof. Let ϕ(x) = ei〈h,x〉, h ∈ H. Then by (10.1.2) we have

Rtϕ(x) =
∫
H
ei〈h,e

tAx+y〉NQt(dy)

= ei〈h,e
tAx〉− 1

2
〈Qth,h〉 = ei〈e

tA∗
h,x〉− 1

2
〈Qth,h〉 ∈ EA(H).
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It follows that EA(H) is invariant for (Rt) and moreover

lim
h→0

1
h
(Rhϕ− ϕ) = L0ϕ in Lp(H,µ).

ThereforeD(L0) ⊂ D(Lp) and Lp is an extension of L0. Consequently EA(H)
is a core , because it is invariant for (Rt), is included in D(Lp) and is dense
in Lp(H,µ), see e.g. E. B. Davies [104]. The proof is complete.

We now are going to study in particular the operator L2. We start with
two basic identities, proved independently by V. I. Bogachev, M. Röckner
and B. Schmuland [22] and M. Fuhrman [120].

Proposition 10.2.2 For all ϕ,ψ ∈ EA(H) the following identities hold:∫
H
L0ϕ ψdµ =

∫
H
〈Q∞Dψ,A∗Dϕ〉dµ, (10.2.2)

and ∫
H
L0ϕ ϕdµ = −1

2

∫
H
〈Q1/2Dϕ,Q1/2Dϕ〉dµ. (10.2.3)

If in particular (Rt) is symmetric then L0 is symmetric too and∫
H
L0ϕ ψdµ = −1

2

∫
H
〈QDϕ,Dψ〉dµ, ϕ, ψ ∈ EA(H). (10.2.4)

Proof. We start with the proof of (10.2.2). It is enough to take

ϕ(x) = ei〈x,h〉, ψ(x) = ei〈x,k〉, h, k ∈ D(A∗), x ∈ H.

In this case we have by a simple computation,∫
H
L0ϕ ψdµ =

(
〈A∗h,Q∞(h− k)〉+ 1

2
|Q1/2h|2

)
e−

1
2
〈Q∞(h+k),h+k〉,

and ∫
H
〈Q∞Dψ,A∗Dϕ〉dµ = −〈A∗h,Q∞k〉e− 1

2
〈Q∞(h+k),h+k〉.

Therefore (10.2.2) holds since

2〈A∗h,Q∞h〉+ |Q1/2h|2 = 0,

in view of the Lyapunov equation (10.1.5).
Finally, (10.2.3) follows again by (10.1.5) and (10.2.4) by (10.2.3) and

again by the Lyapunov equation.
Identity (10.2.3) will give important information about the domain of

L2, as the following proposition shows.
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Proposition 10.2.3 Assume that KerQ = {0} and that Q1/2(H) ⊃
Q
1/2
∞ (H). Then we have D(L2) ⊂ W 1,2

Q (H,µ). Moreover for any ϕ ∈ D(L2)
we have ∫

H
L2ϕ ϕdµ = −1

2

∫
H
〈QDϕ,Dϕ〉dµ. (10.2.5)

Finally, if (Rt) is symmetric , we have D((−L2)1/2) =W 1,2
Q (H,µ).

Proof. Let ϕ ∈ D(L2). Since, by Proposition 10.2.1, EA(H) is a core of L2
there exists a sequence (ϕn) ⊂ EA(H) such that

ϕn → ϕ, ψn := L0ϕn → L2ϕ in L2(H,µ).

By (10.2.3) it follows that for any m,n ∈ N,∫
H
〈Q1/2D(ϕn−ϕm), Q1/2D(ϕn−ϕm)〉dµ = −2

∫
H
(L2ϕn−ϕm)(ϕn−ϕm)dµ.

Consequently (ϕn) is a Cauchy sequence in W 1,2
Q (H,µ) and (10.2.5) holds.

Finally, if (Rt) is symmetric the final statement follows from the identity∫
H
|(−L2)1/2ϕ|2dµ =

∫
H
|Q1/2Dϕ|2dµ.

Remark 10.2.4 Let us consider the bilinear form

a(ϕ,ψ) =
∫
H
〈Q∞Dψ,A∗Dϕ〉dµ, ϕ, ψ ∈ EA(H);

a is not in general continuous on W 1,2
Q (H,µ)×W 1,2

Q (H,µ) and consequently
it is not a Dirichlet form.

The form is a Dirichlet form when Q = I, because in this case AQ∞ is
bounded, see [72]. For sufficient conditions that ensure continuity see V. I.
Bogachev, M. Röckner and B. Schmuland [22] and M. Fuhrman [120].

Thus in general the operator L2 is neither variational nor the infinites-
imal generator of an analytic semigroup, see [120]. We recall that by a
result of B. Goldys [127], L2 generates an analytic semigroup if and only it
is variational.
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10.2.1 Characterization of the domain of L2

A precise characterization of D(L2) is known when (Rt) is symmetric, see
G. Da Prato and B. Goldys [91]. For a similar characterization in Lp(H,µ)
see A. Chojnowska-Michalik and B. Goldys [53].

Let us start with the case when assumptions (10.1.8) hold, that is when
A is self-adjoint, A−1 is of trace class and Q = I. Notice that in this case
Q∞ = −1

2 A−1. We denote by (ek) a complete orthonormal system in H,
and by (αk) a sequence of positive numbers such that

Aek = −αkek, k ∈ N.

We need the following identity.

Proposition 10.2.5 Assume that (10.1.8) holds, and let ϕ ∈ EA(H). Then
we have

1
2

∫
H
Tr[(D2ϕ)2]dµ+

∫
H
|(−A)1/2Dϕ|2dµ = 2

∫
H
(L2ϕ)2dµ. (10.2.6)

Proof. Let ϕ ∈ EA(H), h ∈ N, and set f = L2ϕ. Then we have

Dhf = L2Dhϕ− αhDhϕ.

Multiplying both sides of this identity byDhϕ, integrating in H with respect
to µ, and taking into account (10.2.3) we find

1
2

∫
H
〈DDhϕ,DDhϕ〉dµ+

∫
H
αh|Dhϕ|2dµ = −

∫
H
Dhf Dhϕ dµ.

Summing up over h gives

1
2

∫
H
Tr[(D2ϕ)2]dµ+

∫
H
|(−A)1/2Dϕ|2dµ = −

∫
H
〈Df,Dϕ〉dµ.

Now the conclusion follows taking into account (10.2.4).
Let us introduce the space W 1,2

(−A)(H,µ) consisting of all ϕ ∈W 1,2(H,µ)
such that ∫

H
|(−A)1/2Dϕ|2dµ =

∞∑
k=1

∫
H
αk|Dkϕ|2dµ < +∞.

It is easy to see that W 1,2
(−A)(H,µ) is a Hilbert space.

We can give now, following G. Da Prato [74], a characterization of the
domain of L2.
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Theorem 10.2.6 Assume that (10.1.8) hold. Then we have

D(L2) =W 2,2(H,µ) ∩W 1,2
(−A)(H,µ). (10.2.7)

Proof. Let ϕ ∈ EA(H) and f = L2ϕ. Since EA(H) is a core for L2 (Propo-
sition 10.2.1), there exists a sequence (ϕn) ⊂ EA(H) such that

ϕn → ϕ, L2ϕn → L2ϕ in L2(H,µ).

Now if n,m ∈ N by (10.2.6), it follows that

1
2

∫
H
Tr[(D2(ϕn − ϕm))2]dµ+

∫
H
|(−A)1/2D(ϕn − ϕm)|2dµ

= 2
∫
H
(L2(ϕn − ϕm))2dµ.

Consequently the sequence (ϕn) is Cauchy both in W 2,2(H,µ) and in
W 1,2
(−A)(H,µ), so that

D(L2) ⊂W 2,2(H,µ) ∩W 1,2
(−A)(H,µ).

Let us prove the opposite inclusion. Let ψ ∈ W 2,2(H,µ) ∩ W 1,2
(−A)(H,µ).

Then it is not difficult to find a sequence (ψn) ⊂ EA(H) such that

ψn → ψ inW 2,2(H,µ) ∩W 1,2
(−A)(H,µ).

Using (10.2.6) again, we see that ψ ∈ D(L2).
Let us now consider the case when assumptions (10.1.7) hold, that is

when A and Q commute and Q∞ = −1
2 QA

−1 is of trace class. Notice that
AQ is negative.

Proposition 10.2.7 Assume that (10.1.7) holds, and let ϕ ∈ EA(H). Then
the following identity holds.

1
2

∫
H
Tr[(QD2ϕ)2]dµ+

∫
H
〈(−AQ)Dϕ,Dϕ〉dµ = 2

∫
H
(L2ϕ)2dµ. (10.2.8)

Proof. Let (ek) be a complete orthonormal basis in H, let ϕ ∈ EA(H), h ∈
N, and set f = L2ϕ. Then we have

DhL2ϕ = L2Dhϕ+ 〈A∗Dϕ, eh〉 = Dhf.
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Multiplying both sides of this identity by Dkϕ, integrating in H with respect
to µ and taking into account (10.2.4), as Rt is symmetric, we find

1
2

∫
H
〈QDDhϕ,DDkϕ〉dµ−

∫
H
〈A∗Dϕ, eh〉Dkϕdµ = −

∫
H
DhfDkϕdµ.

Multiplying both sides by Qh,k = 〈Qek, eh〉 and summing up over h, k gives

1
2

∞∑
h,k=1

∫
H
Qh,k〈QDDkϕ,DDhϕ〉dµ−

∞∑
h,k=1

∫
H
Qh,k〈A∗Dϕ, eh〉Dkϕdµ

= −
∞∑

h,k=1

∫
H
Qh,kDhfDkϕdµ,

which is equivalent to

1
2

∫
H
Tr[(QD2ϕ)2]dµ+

∫
H
〈(−AQ)Dϕ,Dϕ〉dµ = −

∫
H
〈QDf,Dϕ〉dµ.

Now the conclusion follows taking into account (10.2.3).
Now we can prove the following result, see G. Da Prato and B. Goldys

[91]. The proof is similar to that of Theorem 10.2.6 and it is left to the
reader.

Theorem 10.2.8 Assume (10.1.7). Then we have

D(L2) =
{
ϕ ∈W 2,2

Q (H,µ) :
∫
H
〈(−AQ)Dϕ,Dϕ〉dµ < +∞

}
. (10.2.9)

Remark 10.2.9 If the semigroup (Rt) is not symmetric we are not able to
give a characterization of D(L2) in general. If H is finite dimensional and
Q has a bounded inverse we have, see A. Lunardi [163], G. Da Prato [74],

D(L2) =W 2,2(H,µ).

For some results on the infinite dimensional case see [74].

10.3 The case when (Rt) is strong Feller

We assume here that (Rt) is strong Feller. We recall that this is equivalent
to the null controllability condition (6.2.3):

etA(H) ⊂ Q
1/2
t (H), for all t > 0. (10.3.1)
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We set as before Λt = Q
−1/2
t etA, t ≥ 0, and µ = NQ∞ . We recall that, see

Appendix B,

Q
1/2
t (H) = Q1/2∞ (H), t > 0. (10.3.2)

Proposition 10.3.1 Assume that (10.1.1) and (10.3.1) hold. Let p ≥ 1,
and ϕ ∈ Lp(H,µ). Then for any t > 0 we have Rtϕ ∈W 1,p(H,µ) and

‖DRtϕ‖Lp(H,µ) ≤ ‖Λt‖ ‖ϕ‖Lp(H,µ). (10.3.3)

Moreover Rt is compact for all t > 0.
If, in addition, the mapping [0,+∞) → R, t → ‖Λt‖, is Laplace trans-

formable, then D(Lp) ⊂W 1,p(H,µ) with continuous embedding.

Proof. We prove (10.3.3) for p = 2, the general case follows by interpolation,
taking into account that, in view of Theorem 6.2.2, we have

‖DRtϕ‖0 ≤ ‖Λt‖‖ϕ‖0, ϕ ∈ Bb(H).

Let first ϕ ∈ UCb(H). Then by Theorem 6.2.2 we have for any h ∈ H,

〈DRtϕ(x), h〉 =
∫
H
ϕ(etAx+ y)〈Λth,Q

−1/2
t y〉µ(dy).

By using Hölder’s inequality we find

|〈DRtϕ(x), h〉|2 ≤
∫
H
ϕ2(etAx+ y)µ(dy)

∫
H
|〈Λth,Q

−1/2
t y〉|2µ(dy)

= |Λth|2Rt(ϕ2).

Due to the arbitrariness of h it follows that

|DRtϕ(x)|2 ≤ ‖Λt‖2Rt(ϕ2)(x), t > 0, x ∈ H.

Now, integrating on H with respect to µ, and recalling the invariance of µ,
we find ∫

H
|DRtϕ(x)|2µ(dx) ≤ ‖Λt‖2

∫
H
|ϕ(x)|2µ(dx), t > 0.

Therefore (10.3.3) follows from the density of UCb(H) into L2(H,µ).
Since the embedding W 1,p(H,µ) ⊂ Lp(H,µ) is compact (this result is

proved in Theorem 9.2.12 if p = 2 and in A. Chojnowska-Michalik and B.
Goldys [51] for p arbitrary), Rt is compact as well for any t > 0.
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Finally, the final statement follows from (10.3.3), taking the Laplace
transform.

We are now going to prove that, for any t > 0 and any x ∈ H, the
measures NetAx,Qt and µ = NQ∞ are equivalent. This will allow us to obtain
a representation formula for Rtϕ for all ϕ ∈ Lp(H,µ), p ≥ 1. More precisely
we shall prove, following G. Da Prato, M. Fuhrman and J. Zabczyk [90],
that

Rtϕ(x) =
∫
H
kt(x, y)ϕ(y)µ(dy), x ∈ H, (10.3.4)

where

kt(x, y) =
dNetAx,Qt

dNQ∞
(y), x, y ∈ H. (10.3.5)

Let us introduce the semigroup of linear operators on H

T (t) := Q−1/2
∞ etAQ1/2∞ , t ≥ 0.

This definition is meaningful in view of (10.3.1) and (10.3.2) since

Q−1/2
∞ etAQ1/2∞ = Q−1/2

∞ Q
1/2
t ΛtQ

1/2
∞ .

It is easy to check that T (·) is a strongly continuous semigroup in H; we
shall denote its infinitesimal generator by B, so that

etB = Q−1/2
∞ etAQ1/2∞ , t ≥ 0.

The adjoint etB
∗
of etB is given by

etB
∗
= Q

1/2
∞ etA∗Q

−1/2
∞ = Q1/2∞ (Λt)∗(Q−1/2

∞ Q
1/2
t )∗, t ≥ 0.

Lemma 10.3.2 etB, t ≥ 0, is a semigroup of contractions on H.

Proof. It is enough to check that

|Q1/2∞ etA
∗
x| ≤ |Q1/2∞ x|, x ∈ D(A∗). (10.3.6)

In fact, for all x ∈ D(A∗) we have

d

dt
|Q1/2∞ etA

∗
x|2 = 2〈Q∞A∗etA

∗
x, etA

∗
x〉 = −〈QetA∗

x, etA
∗
x〉 ≤ 0,

which yields (10.3.6).
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Lemma 10.3.3 For any t > 0 and any x ∈ H, the measures NetAx,Qt and

µ = NQ∞ are equivalent. Moreover, for x, y ∈ H, the density
dN
etAx,Qt
dNQ∞

:=
kt(x, ·) is given by

kt(x, y) = det(1−Θt)−1/2 exp
{
− 1

2
〈(1−Θt)−1Q−1/2

∞ etAx,Q−1/2
∞ etAx〉

+ 〈(1−Θt)−1Q−1/2
∞ etAx,Q−1/2

∞ y〉

− 1
2
〈Θt(1−Θt)−1Q−1/2

∞ y,Q−1/2
∞ y〉

}
,

(10.3.7)

where

Θt = etBetB
∗
= Q1/2∞ Λ∗

t (Q
−1/2
∞ Q

1/2
t )∗(Q1/2∞ Λ∗

t (Q
−1/2
∞ Q

1/2
t )∗)∗, t ≥ 0.

(10.3.8)

Proof. We will first prove the special case corresponding to x = 0, namely
that

kt(0, ·) = det(1−Θt)−1/2 exp
{
− 1

2
〈Θt(1−Θt)−1Q−1/2

∞ y,Q−1/2
∞ y〉

}
.

(10.3.9)

Since Q∞ is a trace class operator, we see by (10.3.8) that the operator Θt

is trace class. Moreover, since

Qt = Q∞ − etAQ∞etA
∗
= Q

1/2
∞

[
1− (Q−1/2

∞ etA)Q∞(Q−1/2
∞ etA)∗

]
Q
1/2
∞

= Q
1/2
∞ (1−Θt)Q

1/2
∞

we have

(1−Θt)x = Q−1/2
∞ QtQ

−1/2
∞ x, x ∈ Q1/2∞ (H). (10.3.10)

Therefore, 〈(1 − Θt)x, x〉 ≥ 0 for x ∈ Q
1/2
∞ (H), a dense subset of H, and

then it follows that (1−Θt) is nonnegative. Equality (10.3.10) also implies,
by standard arguments, that (1−Θt) is invertible and

(1−Θt)−1 = (Q−1/2
t Q1/2∞ )∗Q−1/2

t Q1/2∞ . (10.3.11)
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Define G = (Q−1/2
t Q

1/2
∞ )∗Q−1/2

t Q
1/2
∞ − 1. Then

G = (1−Θt)−1 − 1 = Θt(1−Θt)−1, (10.3.12)

so that G is trace class and formula (10.3.9) follows from Proposition 1.3.11.
To prove the general case, we use the equality

kt(x, ·) =
dNetAx,Qt

dNQt

dNQt

dNQ∞
=
dNetAx,Qt

dNQt

kt(0, ·) (10.3.13)

and we notice that, by the Cameron-Martin theorem (see Theorem 1.3.6),

dNetAx,Qt

dNQt

(y) = exp
(
〈Q−1/2

t etAx,Q
−1/2
t y〉 − 1

2
|Q−1/2

t etAy|2
)
,

for NQt-a.e. y ∈ H. If m ∈ Qt(H), then (10.3.11) implies

(1−Θt)−1Q−1/2
∞ m = Q1/2∞ Q−1

t m

and we have, for y ∈ H, a.e. with respect to NQ∞ and NQt ,

〈Q−1/2
t m,Q

−1/2
t y〉 = 〈Q−1

t m, y〉 = 〈Q1/2∞ Q−1
t m,Q−1/2

∞ y〉

= 〈(1−Θt)−1Q−1/2
∞ m,Q−1/2

∞ y〉. (10.3.14)

Equation (10.3.11) implies also

|Q−1/2
t m|2 = |(1−Θt)−1/2Q−1/2

∞ m|2. (10.3.15)

The equalities (10.3.14) and (10.3.15) extend by continuity to every m ∈
Q
1/2
t (H). So we can set m = etAx, and substituting into (10.3.12) and using

(10.3.9) proves (10.3.7).

Remark 10.3.4 Notice that if A is self-adjoint and etA and Q commute,
then Θt = e2tA.

10.3.1 Additional regularity properties of (Rt)

The following result was proved by A. Chojnowska-Michalik and B. Goldys
[48] using the Cameron-Martin formula. Here we follow the proof given in
G. Da Prato, M. Fuhrman and J. Zabczyk [90].

Theorem 10.3.5 For any ϕ ∈ Lp(H,µ), p > 1, and t > 0, Rtϕ, defined by
formula (10.3.4), is a C∞ function.
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Note that we cannot expect that Rtϕ belongs to C∞
b (H) because even

for ϕ(x) = 〈x, h〉, h ∈ H, we have Rtϕ(x) = 〈etAx, h〉, x ∈ H, and so Rtϕ is
unbounded.
Proof of Theorem 10.3.5. Let us assume that ϕ ∈ Lp(H,µ) and t > 0.
Choose r ∈ (1, p). Then by the Hölder inequality we have∫
H
|kt(x, y)ϕ(y)|rµ(dy) ≤

(∫
H
|kt(x, y)|

pr
p−rµ(dy)

) p−r
p
(∫

H
|ϕ(y)|pµ(dy)

) r
p

.

From Proposition 1.3.11 it follows that the first integral in the right hand side
is locally bounded, and therefore the family of functions (kt(x, ·)ϕ(·))x∈K is
uniformly integrable for any bounded subset K of H. It follows from (10.3.7)
that kt(xn, ·)→ kt(x, ·) in µ-measure whenever xn → x in H. Consequently,
Rtϕ is continuous. Let us prove continuity of the first derivative of Rtϕ. We
have

〈DRtϕ(x), h〉

=
∫
H
〈(1−Θt)−1Q−1/2

∞ etAh,Q−1/2
∞ y −Q−1/2

∞ etAx〉ϕ(y)kt(x, y)µ(dy)

=
∫
H
〈(1−Θt)−1Q−1/2

∞ etAh,Q−1/2
∞ y〉ϕ(y)kt(x, y)µ(dy)

−〈(1−Θt)−1Q−1/2
∞ etAx,Q−1/2

∞ etAh〉Rtϕ(x). (10.3.16)

By proceeding as before, we have only to show that the function∫
H
|〈(1−Θt)−1Q−1/2

∞ etAh,Q−1/2
∞ y〉kt(·, y)|

rp
p−rµ(dy)

is locally bounded. This easily follows using the Hölder inequality again.
We proceed similarly for the other derivatives.

The following result is also proved in G. Da Prato, M. Fuhrman and J.
Zabczyk [90].

Theorem 10.3.6 Let ϕ ∈ L1(H,µ) and let Rtϕ be defined by formula
(10.3.4).

(i) If H is infinite dimensional, A is self-adjoint and etA and Q commute,
there exist ϕ ∈ L1(H,µ) nonnegative and x ∈ H such that Rtϕ(x) = +∞.

(ii) If H is finite dimensional then Rtϕ is of class C∞, for any ϕ ∈
L1(H,µ).
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Proof. (i) It is enough to show that for any t > 0 there exists x ∈ H
such that ess.sup kt(x, ·) = +∞. To this purpose, taking into account the
definition of k, we are going to prove that there exists x ∈ H such that the
function

Fx(z) = 〈(1−Θt)−1Q−1/2
∞ etAx, z〉 − 1

2
〈Θt(1−Θt)−1z, z〉, z ∈ H,

is unbounded. By Lemma 10.3.7 below Fx is bounded for every x ∈ H if
and only if

(1−Θt)−1Q−1/2
∞ etA(H) ⊂

(
Θt(1−Θt)−1

)1/2
(H). (10.3.17)

This holds if and only if there exists a constant Ct > 0 such that

|(Q−1/2
∞ etA)∗(1−Θt)−1z|2 ≤ Ct 〈Θt(1−Θt)−1z, z〉, z ∈ H. (10.3.18)

By the commutativity assumption, due to Remark 10.3.4, this is equivalent
to

(1− e2tA)−2Q−1
∞ e2tA ≤ Ct e

2tA(1− e2tA)−1. (10.3.19)

This cannot hold when dim H = +∞ since in this case Q−1∞ is not bounded.
Therefore (i) is proved.

Let us prove (ii). As we remarked before the kernel kt(x, y) is continuous
in x and bounded in y, therefore Rtϕ is continuous. Consider now the
first derivative of Rtϕ. Taking into account formula (10.3.16) we see, by
elementary properties of exponentials, that it is also continuous. Similarly
we get continuity of all derivatives.

The following lemma is well known. However, we give a proof for the
reader’s convenience.

Lemma 10.3.7 Assume that S is a nonnegative symmetric operator in
L(H) and that b ∈ H. If

ψ(x) = −〈Sx, x〉+ 〈b, x〉, x ∈ H. (10.3.20)

Then

sup
x∈H

ψ(x) =


1
4 |S−1/2b|2 if b ∈ S1/2(H),

+∞ if b /∈ S1/2(H).
(10.3.21)
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Proof. If b ∈ S1/2(H) one can easily check that

ψ(x) =
1
4
|S−1/2b|2 −

∣∣∣∣S1/2x− 1
2
S−1/2b

∣∣∣∣2 .
Therefore (10.3.21) follows.

If b /∈ S1/2(H) we consider for any ε > 0 the function

ψε(x) = −〈(S + ε)x, x〉+ 〈b, x〉, x ∈ H.

Then

sup
x∈H

ψ(x) ≥ sup
x∈H

ψε(x) =
1
4
|(S + ε)−1/2b|2.

Since b /∈ S1/2(H) therefore |(S+ε)−1/2b|2 → +∞ as ε→ 0. This completes
the proof.

10.3.2 Hypercontractivity of (Rt)

We give here, following G. Da Prato, M. Fuhrman and J. Zabczyk [90], a
direct proof of hypercontractivity of (Rt) (see Theorem 10.3.10). We recall
that hypercontractivity was first proved for symmetric Ornstein-Uhlenbeck
semigroups by Nelson [175] with a direct combinatorial argument and by
L. Gross [139] with log-Sobolev inequalities. In the nonsymmetric case we
quote M. Fuhrman, [118] and [121], which adapted an argument due to
Neveu [177], and A. Chojnowska-Michalik and B. Goldys [50], which used the
second quantization operator. The result we present here can be found, with
small variations, in A. Chojnowska-Michalik and B. Goldys [49, Theorem
4], in [117, Theorem 6.5] and in M. Fuhrman [119, Theorem 5]. Although
the hypercontractivity estimates are not sharp, the method is simple and
can be generalized to more general semigroups, see I. Simão [199], [200].

We start with a lemma.

Lemma 10.3.8 For all s ≥ 1, we have(∫
H
kst (x, y)NQ∞(dy)

)1/s
= det(1−Θt)−

1
2
+ 1

2s det(1 + (s− 1)Θt)−
1
2s

× exp
{
s− 1
2

〈(1 + (s− 1)Θt)−1Q−1/2
∞ etAx,Q−1/2

∞ etAx〉
}
. (10.3.22)
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Proof. By Proposition 1.3.11,∫
H
exp

{
− s

2
〈Θt(1−Θt)−1Q−1/2

∞ y,Q−1/2
∞ y〉

+s〈(1−Θt)−1Q−1/2
∞ etAx,Q−1/2

∞ y〉
}
NQ∞(dy)

= det(1 + sΘt(1−Θt)−1)−1/2 exp
{s2
2
〈(1 + sΘt(1−Θt)−1)−1

×(1−Θt)−1Q−1/2
∞ etAx, (1−Θt)−1Q−1/2

∞ etAx〉
}
.

So we obtain(∫
H
kst (x, y)NQ∞(dy)

)1/s
= det(1−Θt)−1/2 det(1 + sΘt(1−Θt)−1)−1/(2s)

× exp
{
〈V Q−1/2

∞ etAx,Q−1/2
∞ etAx〉

}
,

where the operator V is

−1
2
(1−Θt)−1 +

s

2
(1−Θt)−1

(
1 + sΘt(1−Θt)−1

)−1
(1−Θt)−1,

and it is easily shown that

V =
s− 1
2

(1 + (s− 1)Θt)−1.

Finally, we notice that

1 + sΘt(1−Θt)−1 = (1−Θt)−1(1 + (s− 1)Θt),

so that

det(1 + sΘt(1−Θt)−1)−1/(2s) = det(1−Θt)1/(2s) det(1 + (s− 1)Θt)−1/(2s)

and the formula of the lemma follows.

Lemma 10.3.9 Let s, r ≥ 1. Then the integral

I :=
∫
H

[∫
H
kst (x, y)µ(dy)

] r
s

µ(dx)

is finite if and only if (r − 1)(s− 1) < ‖Θt‖−1. In this case

I1/r = det(1−Θt)−
1
2
+ 1

2s det(1+(s−1)Θt)
1
2r

− 1
2s det(1+(s−1)(r−1)Θt)−

1
2r .
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Proof. We apply Lemma 10.3.8 and we compute

I = det(1−Θt)−
r
2
+ r

2s det(1 + (s− 1)Θt)−
r
2s

×
∫
H
exp

{
r(s− 1)

2
〈(1 + (s− 1)Θt)−1Q−1/2

∞ etAx,Q−1/2
∞ etAx〉

}
NQ∞(dx).

Performing the change of variable x → (1 + (s − 1)Θt)−1/2Q
−1/2
∞ etAx, the

integral in the right hand side becomes∫
H
exp

{
r(s− 1)

2
|x|2

}
NV (dx),

where

V = (1 + (s− 1)Θt)−1/2Q−1/2
∞ etAQ∞(Q−1/2

∞ etA)∗(1 + (s− 1)Θt)−1/2

= (1 + (s− 1)Θt)−1/2Θt(1 + (s− 1)Θt)−1/2 = Θt(1 + (s− 1)Θt)−1.

By Proposition 1.3.11, the integral is convergent if and only if r(s − 1) <
‖V ‖−1. Let λn denote the eigenvalues of Θt, with ‖Θt‖ = λ1 ≥ λ2 ≥ . . . .
Then the eigenvalues of V are λn(1 + (s− 1)λn)−1 and it follows that

‖V ‖ = λ1(1 + (s− 1)λ1)−1 = ‖Θt‖(1 + (s− 1)‖Θt‖)−1.

Convergence of the integral takes place if and only if

r(s− 1) < ‖Θt‖−1(1 + (s− 1)‖Θt‖),

i.e. (r−1)(s−1) < ‖Θt‖−1. Assuming that this inequality holds, we obtain,
again by Proposition 1.3.11,

I = det(1−Θt)−
r
2
+ r

2s det(1 + (s− 1)Θt)−
r
2s det(1− r(s− 1)V )−

1
2 .

Since

1− r(s− 1)V = 1− r(s− 1)Θt(1 + (s− 1)Θt)−1

= (1 + (s− 1)Θt)−1(1− (s− 1)(r − 1)Θt),

the conclusion follows.
We now prove
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Theorem 10.3.10 Let t > 0 and p, q ∈ [1,∞) be such that

q − 1 < (p− 1)‖Q−1/2
∞ etAQ1/2∞ ‖−2.

Then the operator Rt has continuous extension to an operator from Lp(H,µ)
into Lq(H,µ).

Proof. We have to estimate∫
H
|Rtϕ(x)|qµ(dx) =

∫
H

∣∣∣∣∫
H
kt(x, y)ϕ(y)µ(dy)

∣∣∣∣q µ(dx),
for all bounded ϕ. By the Hölder inequality we have∫

H
|Rtϕ(x)|qµ(dx)

≤
∫
H

(∫
H
kt(x, y)p

′
µ(dy)

)q/p′ (∫
H
|ϕ(y)|pµ(dy)

)q/p

µ(dx),

where 1
p +

1
p′ = 1. To show the result it is enough to prove that the integral∫

H

(∫
H
kt(x, y)p

′
µ(dy)

)q/p′

µ(dx)

is finite. By Lemma 10.3.9 this happens if (p′ − 1)(q − 1) < ‖Θt‖−1. This
finishes the proof, since p′ − 1 = (p− 1)−1 and ‖Θt‖ = ‖Q−1/2

∞ etAQ
1/2
∞ ‖2.

Remark 10.3.11 Since the kernel k is not symmetric, one may wonder
what happens if the order of integration with respect to x and y is reversed
in Lemma 10.3.9. We have the following analogue of Lemma 10.3.9 and
Lemma 10.3.8 whose proof is very similar and is therefore omitted.

Proposition 10.3.12 For all r ≥ 1, we have(∫
H
krt (x, y)µ(dx)

)1/r
= det(1−Θt)−

1
2
+ 1

2r det(1 + (r − 1)Θt)−
1
2r

× exp
{
r − 1
2

〈Θt(1 + (r − 1)Θt)−1Q−1/2
∞ y,Q−1/2

∞ y〉
}
.

Let s ≥ 1. Then[∫
H

[∫
H
krt (x, y)µ(dx)

] s
r

µ(dy)

]1/s

= det(1−Θt)−
1
2
+ 1

2r det(1 + (r − 1)Θt)
1
2s

− 1
2r det(1 + (s− 1)(r − 1)Θt)−

1
2s ,
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the integral being finite if and only if (r − 1)(s− 1) < ‖Θt‖−1.

10.4 A representation formula for (Rt) in terms of
the second quantization operator

We follow here A. Chojnowska-Michalik and B. Goldys, see [50]. We set
again µ = NQ∞ .

10.4.1 The second quantization operator

Let us define an embedding of L(H) into L2(H,µ). We set

Lµ(H) = {T ∈ L(H) : ∃S ∈ L(H) such that T = SQ1/2∞ }.

It is easy to see that Lµ(H) is dense in L(H), with respect to the pointwise
convergence. Given (Tn) and T in L(H), we say that Tn → T pointwise if
limn→∞ Tnx = Tx, x ∈ H.

Let us define a linear mapping

F : Lµ(H)→ L2(H,µ), T → F (T ),

where
F (T )x = Q1/2∞ Sx, and S is such that T = SQ1/2∞ .

It is easy to see that this definition does not depend on S. Moreover∫
H
|F (T )x|2µ(dx) = Tr[T ∗TQ∞].

Consequently F is extendible by density to all L(H). We shall still denote
the extension by F .

In the following we shall often write

F (T )x = Q1/2∞ TQ−1/2
∞ x, x ∈ H.

Now we define the second quantization operator. For any Banach space
E we denote by K(E) the set of all operators T ∈ L(E) such that ‖T‖L(E) ≤
1. For any p ≥ 1 we define a linear mapping

Γ : K(H)→ L(Lp(H,µ)), T → Γ(T ),

by setting

Γ(T )ϕ(x) =
∫
H
ϕ
(
F (T ∗)x+ F (

√
1− T ∗T )y

)
µ(dy).
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In particular we have Γ(1)ϕ = ϕ, and for any constant κ such that |κ| ≤ 1,

Γ(κ)ϕ(x) =
∫
H
ϕ
(
κx+

√
1− |κ|2)y

)
µ(dy).

and Γ(T ∗) = (Γ(T ))∗.

Proposition 10.4.1 Γ(T ) ∈ K(Lp(H,µ)), p ≥ 1.

Proof. By Hölder’s inequality we have

|Γ(T )ϕ(x)|p ≤
∫
H
ϕp

(
F (T ∗)x+ F (

√
1− T ∗T )y

)
µ(dy),

and so∫
H
|Γ(T )ϕ(x)|pµ(dx) ≤

∫
H×H

ϕp
(
F (T ∗)x+ F (

√
1− T ∗T )y

)
µ(dx)µ(dy).

Now the conclusion follows from the identity∫
H×H

ψ
(
F (T ∗)x+ F (

√
1− T ∗T )y

)
µ(dx)µ(dy)

=
∫
H
ψ(x)µ(dx), ψ ∈ Cb(H). (10.4.1)

It is enough to check (10.4.1) for ψ(x) = ei〈h,x〉, h ∈ H. We have in fact in
this case ∫

H×H
ψ
(
F (T ∗)x+ F (

√
1− T ∗T )y

)
µ(dx)µ(dy)

=
∫
H
ei〈h,F (T

∗)x〉µ(dx)
∫
H
ei〈h,F (

√
1−T ∗T )y〉µ(dy)

=
∫
H
e
iW
TQ

1/2
∞ h

(x)
µ(dx)

∫
H
e
iW√

1−T∗TQ1/2
∞
(y)
µ(dy)

= e−
1
2
〈Q∞h,h〉 =

∫
H
ψ(x)µ(dx).
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10.4.2 The adjoint of (Rt)

For any contraction T ∈ L(H) we define a linear contraction on L2(H,µ)
by setting

Γ(T )ϕ(x) =
∫
H
ϕ(Q1/2∞ T ∗Q−1/2

∞ x+Q1/2∞
√
1− T ∗T Q−1/2

∞ y)µ(dy),

(10.4.2)

for all ϕ ∈ L2(H,µ).

Theorem 10.4.2 Assume that hypotheses (10.1.1) and (10.3.1) hold. Then,
for all t > 0 and ϕ ∈ L2(H,µ) we have

Rt = Γ(etB
∗
) = Γ(Q1/2∞ etA

∗
Q−1/2

∞ ). (10.4.3)

Proof. We first remark that (10.4.2) is equivalent to

Γ(T )ϕ(x) =
∫
H
ϕ(Q1/2∞ T ∗Q−1/2

∞ x+ z)N
Q

1/2
∞ (1−T ∗T )Q1/2

∞
(dz), (10.4.4)

for all ϕ ∈ L2(H,µ). Then, setting in (10.4.4) T = Q
1/2
∞ etA

∗
Q

−1/2
∞ we obtain

Γ(Q1/2∞ etA
∗
Q

−1/2
∞ )ϕ(x) =

∫
H
ϕ(etAx+ z)N[Q∞−etAQ∞etA

∗
](dz)

=
∫
H
ϕ(etAx+ z)NQt(dz).

Remark 10.4.3 Theorem 10.4.2 allows us to obtain an explicit formula for
the adjoint semigroup of (Rt), namely R∗

t = [Γ(etB)].

10.5 Poincaré and log-Sobolev inequalities

Let us consider the Dirichlet form

a(ϕ,ψ) = −1
2

∫
H
L2ϕ ψdµ, ϕ, ψ ∈ C1b (H). (10.5.1)

We say that the Poincaré inequality holds if there exists ω > 0 such that∫
H
|ϕ− ϕ|2dµ ≤ 1

2ω
a(ϕ,ϕ), ϕ ∈ C1b (H), (10.5.2)
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where
ϕ =

∫
H
ϕ(x)µ(dx).

Notice that, due to (10.2.5), we have that (10.5.2) is equivalent to∫
H
|ϕ− ϕ|2dµ ≤ 1

2ω

∫
H
|Q1/2Dϕ|2dµ, ϕ ∈ C1b (H). (10.5.3)

We say that the logarithmic Sobolev inequality holds if there exists ω > 0,
such that∫

H
ϕ2 log(ϕ2)dµ ≤ 1

ω
a(ϕ,ϕ) + ‖ϕ‖22 log(‖ϕ‖22), ϕ ∈ C1b (H), (10.5.4)

or, equivalently,∫
H
ϕ2 log(ϕ2)dµ ≤ 1

2ω

∫
H
|Q1/2Dϕ|2dµ+ ‖ϕ‖22 log(‖ϕ‖22), ϕ ∈ C1b (H).

(10.5.5)

We want now to show that when the Poincaré inequality (10.5.3) holds
the spectrum σ(L2) of L2 consists of 0 and a set included in the half-space
{λ ∈ C : Re λ ≤ −ω} (spectral gap). The spectral gap implies an exponen-
tial convergence of Rtϕ to the equilibrium∫

H
|Rtϕ− ϕ|2dµ ≤ e−ωt

∫
H
|ϕ|2dµ, ϕ ∈ L2(H,µ). (10.5.6)

We have in fact the result

Proposition 10.5.1 Assume that (10.1.1) and (10.5.3) hold. Then we have

σ(L2)\{0} ⊂ {λ ∈ C : Re λ ≤ −ω} , (10.5.7)

and (10.5.6) holds.

Proof. Let us consider the space

L20(H,µ) =
{
ϕ ∈ L2(H,µ) : ϕ = 0

}
.

Clearly L20(H,µ) is an invariant subspace of (Rt). Moreover, by (10.5.3)

〈L2ϕ,ϕ〉L2(H,µ) = −1
2

∫
H
|C1/2Dϕ|2dµ ≤ −ω‖ϕ‖2L2(H,µ), ϕ ∈ L20(H,µ).

(10.5.8)
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This yields (10.5.7) by the Hille-Yosida theorem. Finally, let us prove
(10.5.6). Note that by (10.5.8) it follows that∫

H
|Rtϕ|2dµ ≤ e−ωt

∫
H
|ϕ|2dµ, ϕ ∈ L20(H,µ).

Therefore for any ϕ ∈ L2(H,µ) we have∫
H
|Rtϕ− ϕ|2dµ =

∫
H
|Rt(ϕ− ϕ)|2dµ ≤ e−ωt

∫
H
|ϕ− ϕ|2dµ

= e−ωt
[∫

H
|ϕ|2dµ− (ϕ)2

]
≤ e−ωt

∫
H
|ϕ|2dµ.

The proof is complete.
Necessary and sufficient conditions in order that Poincaré and log-Sobolev

inequalities hold can be found in A. Chojnowska-Michalik and B. Goldys
[51]. We shall only consider two special situations in the following two
subsections.

10.5.1 The case when M = 1 and Q = I

We are going to prove, following J. D. Deuschel and D. Stroock [106], the
following results.

Proposition 10.5.2 Assume that (10.1.1) holds with M = 1 and Q = I.
Then, for all ϕ ∈W 1,2(H,µ) we have∫

H
|ϕ− ϕ|2dµ ≤ 1

2ω

∫
H
|Dϕ|2dµ. (10.5.9)

Proposition 10.5.3 Assume that (10.1.1) holds with M = 1 and Q = I.
Then, for all ϕ ∈W 1,2(H,µ) we have∫

H
ϕ2 log(ϕ2)dµ ≤ 1

ω

∫
H
|Dϕ|2dµ+ ‖ϕ‖22 log(‖ϕ‖22). (10.5.10)

As we shall see, the proofs of inequalities (10.5.9) and (10.5.10) are sim-
ilar. The main ingredients are the two following lemmas.

Lemma 10.5.4 We have

|(DRtϕ)(x)|2 ≤ e−2ωtRt(|Dϕ|2)(x), ϕ ∈W 1,2(H,µ), t > 0, x ∈ H,
(10.5.11)
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Proof. We recall the identity

〈DRtϕ(x), h〉 =
∫
H
〈Dϕ(etAx+ y), etAh〉NQt(dy), t > 0, x, h ∈ H.

(10.5.12)

By the Hölder inequality it follows that

|〈DRtϕ(x), h〉|2 ≤ |h|2e−2ωt
∫
H
|Dϕ(etAx+ y)|2NQt(dy)

= |h|2e−2ωtRt(|Dϕ|2)(x), t > 0, x, h ∈ H.

Now the conclusion follows from the arbitrariness of h.

Lemma 10.5.5 For any g ∈ C2(R) we have

L2(g(ϕ)) = g′(ϕ)L2ϕ+
1
2
g′′(ϕ)|Dϕ|2, ϕ ∈ EA(H), (10.5.13)

and ∫
H
(L2ϕ)g′(ϕ)dµ = −1

2

∫
H
g′′(ϕ)|Dϕ|2dµ. (10.5.14)

Proof. Let ϕ ∈ EA(H). Since

Dg(ϕ) = g′(ϕ)Dϕ, D2g(ϕ) = g′′(ϕ)Dϕ⊗Dϕ+ g′(ϕ)D2ϕ,

(10.5.13) follows. Finally integrating (10.5.13) yields (10.5.14) since∫
H
L2(g(ϕ))dµ = 0,

by the invariance of µ.

Proof of Proposition 10.5.2. Let ϕ ∈ W 1,2(H,µ), Then by (10.2.3) we
have

1
2
d

dt

∫
H
|Rtϕ|2dµ =

∫
H
L2Rtϕ Rtϕ dµ = −1

2

∫
H
|DRtϕ|2dµ.

It follows, taking into account (10.5.11), that

1
2
d

dt

∫
H
|Rtϕ|2dµ ≥ −

1
2
e−2tω

∫
H
Rt(|Dϕ|2)dµ = −1

2
e−2tω

∫
H
|Dϕ|2dµ,
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by the invariance of µ. Integrating over t gives∫
H
|Rtϕ|2dµ−

∫
H
ϕ2dµ ≥ − 1

2ω
(1− e−2tω)

∫
H
|Dϕ|2dµ.

Finally, letting t tend to +∞ and recalling (10.1.4) gives

(ϕ)2 −
∫
H
ϕ2dµ ≥ − 1

2ω

∫
H
|Dϕ|2dµ

and the conclusion follows, since∫
H
|ϕ− ϕ|2dµ =

∫
H
ϕ2dµ− (ϕ)2.

Proof of Proposition 10.5.3. It is enough to prove the result when ϕ ∈
W 1,2(H,µ) is such that ϕ(x) ≥ ε > 0, x ∈ H. In this case we have

d

dt

∫
H
(Rt(ϕ2)) log(Rt(ϕ2))dµ =

∫
H
L2Rt(ϕ2) log(Rt(ϕ2))dµ

+
∫
H
L2Rt(ϕ2)dµ.

Now the second term vanishes, due to the invariance of µ. For the first term
we use (10.5.14) with g′(ξ) = log ξ. Therefore we have

d

dt

∫
H
Rt(ϕ2) log(Rt(ϕ2))dµ = −1

2

∫
H

1
Rt(ϕ2)

|DRt(ϕ2)|2dµ. (10.5.15)

By (10.5.12) we have, for any h ∈ H,

〈DRt(ϕ2)(x), h〉 = 2
∫
H
ϕ(etAx+ y)〈Dϕ(etAx+ y), etAh〉NQt(dy).

It follows by the Hölder inequality that

|〈DRt(ϕ2)(x), h〉|2 ≤ 4e−2tω
∫
H
ϕ2(etAx+ y)NQt(dy)

×
∫
H
|Dϕ(etAx+ y)|2NQt(dy),

which yields
|DRt(ϕ2)|2 ≤ 4e−2tωRt(ϕ2) Rt(|Dϕ|2).
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Substituting in (10.5.15) yields

d

dt

∫
H
Rt(ϕ2) log(Rt(ϕ2))dµ ≥ −2e−2tω

∫
H
Rt(|Dϕ|2)dµ

= −2e−2tω
∫
H
|Dϕ|2dµ,

due to the invariance of µ. Integrating over t yields∫
H
Rt(ϕ2) log(Rt(ϕ2))dµ−

∫
H
ϕ2 log(ϕ2)dµ

≥ 1
2ω

(1− e−2tω)
∫
H
|Dϕ|2dµ.

Finally, letting t tend to +∞ and recalling (10.1.4) gives

‖ϕ‖22 log(‖ϕ‖22)−
∫
H
ϕ2 log(ϕ2)dµ ≥ − 1

ω

∫
H
|Dϕ|2dµ

and the conclusion follows.

10.5.2 A generalization

Here we assume, besides (10.1.1), that

There existM1, ω1 > 0, such that ‖Q1/2etAQ−1/2‖ ≤M1e
−ω1t, t ≥ 0.

(10.5.16)

This assumption is obviously fulfilled when Q−1 is bounded.

Proposition 10.5.6 Assume that (10.1.1) and (10.5.16) hold, and let µ =
NQ∞ . Then for all ϕ ∈W 1,2

Q (H,µ) we have∫
H
|ϕ− ϕ|2dµ ≤ M1

ω1

∫
H
|Q1/2Dϕ|2dµ. (10.5.17)

Proof. For any h ∈ H, t > 0, x ∈ H, we have

〈Q1/2DRtϕ(x), h〉 =
∫
H
〈Dϕ(etAx+ y), Q1/2etAQ−1/2h〉NQt(dy).

Consequently for t > 0 and x ∈ H we have

|(Q1/2DRtϕ)(x)|2 ≤ e−2ω1tRt(|Q1/2Dϕ|2)(x), ϕ ∈W 1,2
Q (H,µ). (10.5.18)

Now the conclusion follows arguing as in the proof of Proposition 10.5.2.
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10.6 Some additional regularity results when Q

and A commute

In this section we consider the case when A and Q commute and A is self-
adjoint.

We assume that

(i) A : D(A)⊂H → H is self-adjoint, and there exists ω > 0
such that 〈Ax, x〉 ≤ −ω|x|2, x ∈ H,

(ii) Q ∈ L+(H), Ker Q = {0}, Q commutes with A,
(iii) Q∞ := −1

2 QA
−1 is of trace class,

(iv) there exist an orthonormal basis (ek) on H and sequences of
positive numbers (αk), (qk), (λk), such that

Aek = −αkek, Qek = qkek, Q∞ek = λkek, k ∈ N.

(10.6.1)

Obviously λk = 1
2
qk
αk
, k ∈ N. We still denote by µ the Gaussian measure

NQ∞ .
When (Rt) is strong Feller, we have seen that Rtf belongs to W 1,p(H,µ)

for all t > 0 and f ∈ Lp(H,µ). We shall prove that in the present case
a smoothing property holds on the directions of Q. We have in fact the
following result.

Proposition 10.6.1 (i) Let f ∈ Lp(H,µ) and t > 0. Then we have Rtf ∈
W 1,2

Q (H,µ) and ∫
H
|Q1/2DRtf |pdµ ≤ (et)−p/2

∫
H
|f |pdµ.

(ii) Let f ∈ Lp(H,µ), and λ > 0. Then R(λ,L)f ∈W 1,p
Q (H,µ) and∫

H
|Q1/2DR(λ, L)f |pdµ ≤ (π/(eλ))−p/2

∫
H
|f |pdµ.

Proof. Let h ∈ H and f ∈ UCb(H). Then, by using the Cameron-Martin
formula, we can prove that there exists the derivative of Rtf in the direction
Q1/2h, and we have

〈DRtf(x), Q1/2h〉 =
∫
H
〈ΛtQ

1/2h,Q
−1/2
t y〉f(etAx+ y)NQt(dy)

=
√
2
∫
H
〈(−A)1/2etA(1− e2tA)−1/2h,Q−1/2

t y〉f(etAx+ y)NQt(dy).
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By the Hölder inequality we find moreover

|〈Q1/2DRtf(x), h〉|2

≤ 2
∫
H
|〈(−A)1/2etA(1− e2tA)−1/2h,Q−1/2

t y〉|2NQt(dy) Rt(f2)(x)

= 2|(−A)1/2etA(1− e2tA)−1/2h|2 Rt(f2)(x) ≤ (te)−1 |h|2Rt(f2)(x).

From the arbitrariness of h it follows that

|Q1/2DRtϕ(x)|2 ≤ (te)−1/2 Rt(f2)(x), (10.6.2)

which yields

‖Q1/2DRtϕ‖0 ≤ (te)−1/2 ‖f‖0. (10.6.3)

Moreover, integrating (10.6.2) with respect to µ and recalling that µ is
invariant for (Rt), (i) follows for p = 2, and, by interpolating with (10.6.3),
for any p ≥ 2. Finally (ii) follows using Laplace transform.
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Perturbations of
Ornstein-Uhlenbeck
semigroups

In this chapter we consider the following differential operator in the separable
Hilbert space H:

N0ϕ(x) =
1
2
Tr[D2ϕ(x)] + 〈x,ADϕ(x)〉+ 〈F (x), Dϕ〉, x ∈ H,

where A is a self-adjoint operator and F : H → H a nonlinear mapping.
Several results can be proved for a more general operator of the form

N0ϕ(x) =
1
2
Tr[CD2ϕ(x)] + 〈x,ADϕ(x)〉+ 〈F (x), Dϕ〉, x ∈ H,

where C ∈ L+(H), but we shall limit ourselves to operators of the first
form for the sake of simplicity. Thus we shall assume that assumptions
(10.1.8) hold. We shall denote by µ the Gaussian measure NQ (1) where
Q = −1

2 A
−1, and by (Rt) the Ornstein-Uhlenbeck semigroup in L2(H,µ):

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), x ∈ H, ϕ ∈ L2(H,µ).

L2 will represent its infinitesimal generator.

Here, §11.1 is devoted to the case when F is Borel and bounded whereas
§11.2 concerns the case when F is Lipschitz continuous and dissipative.

1Warning: Q plays here the rôle of Q∞ in Chapter 10.

238
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More general situations, concerning reaction-diffusion equations and
stochastic quantization , are studied in [79], [99] and [96], [97]. Also, some
Kolmogorov equations coming from Burgers and Navier-Stokes equations
are studied in [86], [113] and [87].

11.1 Bounded perturbations

Here we shall assume, besides (10.1.8), that F is bounded, that is
(i) A : D(A)⊂H → H is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A),
(ii) A−1 ∈ L1(H),
(iii) F ∈ Bb(H;H).

(11.1.1)

We are concerned with the differential operator

N2ϕ = L2ϕ+ 〈F (·), Dϕ〉, ϕ ∈ D(L2).

Proposition 11.1.1 N2 is the infinitesimal generator of a strongly contin-
uous semigroup (P 2t ) on L2(H,µ). Moreover

(i) the resolvent R(λ,N2) of N2 is given by

R(λ,N2) = R(λ,L2)(1− Tλ)−1, λ > λ0, (11.1.2)

where

Tλψ(x) = 〈F (x), DR(λ,L2)ψ(x)〉, ψ ∈ L2(H,µ), x ∈ H, (11.1.3)

and

λ0 = π‖F‖20 = π sup
x∈H

|F (x)|2, (11.1.4)

(ii) EA(H) is a core for N2,

(iii) if ϕ ∈ L2(H,µ) is nonnegative then R(λ,N)ϕ is nonnegative for all
λ > 0.

Proof. (i) Let λ > λ0, f ∈ L2(H,µ). Consider the equation

λϕ− L2ϕ− 〈F (·), Dϕ〉 = f. (11.1.5)
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Setting ψ = λϕ− L2ϕ, equation (11.1.5) becomes

ψ − Tλψ = f, (11.1.6)

where Tλ is defined by (11.1.3). Taking into account (10.3.3) and that we
have ‖Λt‖ ≤ t−1/2, t > 0, we find

‖Tλψ‖L2(H,µ) ≤
√
π

λ
‖F‖0 ‖ψ‖L2(H,µ).

Therefore if λ > λ0 equation (11.1.6) has a unique solution and (11.1.2)
follows.

(ii) Let ϕ ∈ D(N2) = D(L2). Since EA(H) is a core for L2, there exists
a sequence (ϕn) ⊂ EA(H) such that

ϕn → ϕ, L2ϕn → L2ϕ in L2(H,µ).

By Proposition 10.3.1 it follows that ϕ ∈W 1,2(H,µ) and

lim
n→∞

∫
H
|Dϕ−Dϕn|2dµ = 0.

Consequently
lim
n→∞N2ϕn = L2ϕ+ 〈F,Dϕ〉 = N2ϕ,

and the conclusion follows.
Finally, (iii) follows from Proposition 6.6.4 when F ∈ UCb(H;H) and,

then, when F ∈ Bb(H;H), by approximating F by a sequence of functions
(Fn) ⊂ UCb(H;H), such that ‖Fn‖0 ≤ ‖F‖0, and Fn(x) → F (x) as n →
∞ µ-a.e.

We now consider the adjoint semigroup (P 2t )
∗ of (P 2t ); we denote by N∗

2

its infinitesimal generator and by Σ∗ the set of all its stationary points:

Σ∗ =
{
ϕ ∈ L2(H,µ) : (P 2t )

∗ϕ = ϕ, t ≥ 0
}
.

Lemma 11.1.2 (P 2t )
∗ has the following properties.

(i) For all ϕ ≥ 0, µ-a.e, one has (P 2t )
∗ϕ ≥ 0 µ-a.e.

(ii) Σ∗ is a lattice, that is if ϕ ∈ Σ∗ then |ϕ| ∈ Σ∗.

Proof. Let ϕ ≥ 0, µ-a.e. Then for all ψ ≥ 0, µ-a.e, and all t > 0 we have∫
H
ψ (P 2t )

∗ϕ dµ =
∫
H
Ptψ ϕ dµ ≥ 0,
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by Proposition 11.1.1(iii). By the arbitrariness of ψ this implies that (P 2t )
∗ϕ ≥

0 µ-a.e, and (i) is proved.
Let us prove (ii). Assume that ϕ ∈ Σ∗ so that ϕ(x) = (P 2t )

∗ϕ(x). Then
we have

|ϕ(x)| = |(P 2t )∗ϕ(x)| ≤ (P 2t )
∗(|ϕ|)(x). (11.1.7)

We claim that
|ϕ(x)| = (P 2t )

∗(|ϕ|)(x), µ-a.s.

Assume in contradiction that there is a Borel subset I ⊂ H such that µ(I) >
0 and

|ϕ(x)| < (P 2t )
∗(|ϕ|)(x), x ∈ I.

Then we have ∫
H
|ϕ(x)|µ(dx) <

∫
H
(P 2t )

∗(|ϕ|)(x)µ(dx). (11.1.8)

On the other hand∫
H
(P 2t )

∗(|ϕ|)dµ = 〈(P 2t )∗(|ϕ|), 1〉L2(H,µ) = 〈|ϕ|, 1〉L2(H,µ) =
∫
H
|ϕ|dµ,

which is in contradiction with (11.1.8).
We prove now a regularity result for the domain D(N∗

2 ) of the infinites-
imal generator of the adjoint semigroup (P 2t )

∗.

Proposition 11.1.3 We have D(N∗
2 ) ⊂W 1,2(H,µ).

Proof. Let λ > π‖F‖0 and f ∈ L2(H,µ). Let us consider the bilinear form
b :W 1,2(H,µ)×W 1,2(H,µ)→ R defined as

b(ψ, v) = λ

∫
H
ψvdµ−

∫
H
〈AQDψ,Dv〉dµ−

∫
H
〈F,Dv〉ψdµ.

Clearly b is continuous since AQ ∈ L(H), see [72], and

|b(ψ, v)| ≤ λ‖ψ‖L2(H,µ)‖v‖L2(H,µ) + ‖AQ‖‖Dψ‖L2(H,µ)‖Dv‖L2(H,µ)

+‖F‖0‖Dv‖L2(H,µ)‖ψ‖L2(H,µ).

Moreover b is coercive since, recalling the Lyapunov equation (10.1.5), we
have

b(ψ,ψ) = λ

∫
H
ψ2dµ+

1
2

∫
H
|Dψ|2dµ−

∫
H
〈F,Dv〉ψdµ.
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By the Lax-Milgram theorem there exists ψ ∈W 1,2(H,µ) such that

b(ψ, v) =
∫
H
fvdµ, v ∈W 1,2(H,µ).

Choosing v ∈ D(L2) we have, due to (10.2.2)

λ

∫
H
ψvdµ−

∫
H
(N2v)ψdµ =

∫
H
fvdµ.

Consequently ψ ∈ D(N∗
2 ) and λψ −N∗

2ψ = f. The conclusion follows from
the arbitrariness of f.

The following result is proved in G. Da Prato and J. Zabczyk [102].

Proposition 11.1.4 There exists an invariant measure ν for (P 2t ) abso-
lutely continuous with respect to µ. If ν1 is another invariant measure for
(P 2t ) absolutely continuous with respect to µ, then ν1 = ν.

Proof. Let λ > 0 be fixed and let ϕ0 be the function identically equal to
1. Clearly ϕ0 ∈ D(N2) and N2ϕ0 = 0. Consequently 1/λ is an eigenvalue of
R(λ,N2) since

R(λ,N2)ϕ0 =
1
λ
ϕ0.

Moreover 1/λ is a simple eigenvalue because µ is ergodic. Since the em-
bedding W 1,2(H,µ) ⊂ L2(H,µ) is compact and D(L2) ⊂ W 1,2(H,µ) by
Proposition 10.3.1, it follows that R(λ,N2) is compact as well for any λ > 0.
Therefore R(λ,N∗

2 ) is compact and 1/λ is a simple eigenvalue for R(λ,N∗
2 ).

Consequently there exists ρ ∈ L2(H,µ) such that

R(λ,N∗
2 )ρ =

1
λ
ρ. (11.1.9)

It follows that ρ ∈ D(N∗
2 ) and N∗

2ρ = 0. Since Σ∗ is a lattice, ρ can be
chosen to be nonnegative and such that

∫
H ρdµ = 1.

Now set
ν(dx) = ρ(x)µ(dx), x ∈ H.

We claim that ν is an invariant measure for (P 2t ). In fact taking the inverse
Laplace transform in (11.1.9) we find

(P 2t )
∗ρ = ρ, t ≥ 0,

which implies for any ϕ ∈ L2(H,µ)∫
H
P 2t ϕdν =

∫
H
P 2t ϕ ρdµ =

∫
H
ϕ(P 2t )

∗ρdµ =
∫
H
ϕdν.
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It remains to show uniqueness. Let ν1 be another invariant measure of
P 2t , and assume that ν1 << µ and ρ1 = dν1

dµ . Then we have P 2t ρ1 = ρ1, t ≥ 0,
and consequently R(λ,N2)ρ1 = 1

λ ρ1. Therefore ρ = ρ1 since 1/λ is a simple
eigenvalue of R(λ,N∗

2 ).

Remark 11.1.5 If (P 2t )
∗1 = 1 then ν = µ.

Remark 11.1.6 One can show that Pt is irreducible and strong Feller, so
that the invariant measure ν is unique, see S. Peszat and J. Zabczyk [184].

We now study the regularity of the density ρ. First notice that, since
ρ ∈ D(N∗

2 ), by Proposition 11.1.3 we have that ρ ∈W 1,2(H,µ).
The following result was proved in V. Bogachev, G. Da Prato and M.

Röckner [19].

Proposition 11.1.7 We have

1
2

∫
H
|Dρ|2dµ =

∫
H
〈F,Dρ〉ρ dµ. (11.1.10)

Moreover
√
ρ ∈W 1,2(H,µ) and we have

2
∫
H
|D√ρ|2 dµ ≤

∫
H
|〈F,Dρ〉|dµ. (11.1.11)

Proof. Since ν is an invariant measure for (P 2t ) we have

0 =
∫
H
N2ϕ ρ dµ =

∫
H
L2ϕ ρ dµ+

∫
H
〈F,Dϕ〉ρ dµ, ϕ ∈ D(L).

Thus, since ρ ∈W 1,2(H,µ) we have by Proposition 10.2.3

1
2

∫
H
〈Dρ,Dϕ〉dµ =

∫
H
〈F,Dϕ〉ρdµ, (11.1.12)

for all ϕ ∈ D(L2). Since D(L2) is dense in W 1,2(H,µ) we can conclude that
(11.1.12) holds for all ϕ ∈ W 1,2(H,µ). Finally, setting ϕ = ρ we obtain
(11.1.10).

Moreover, setting in (11.1.12) ϕ = log(ρ + ε), with ε > 0, and again
using the Lyapunov equation , we find

2
∫
H
|D
√
ρ+ ε|2dµ =

∫
H
〈F,Dρ〉 ρ

ρ+ ε
dµ ≤

∫
H
|〈F,Dρ〉|dµ.

Now (11.1.11) follows letting ε tend to zero.
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Corollary 11.1.8 We have∫
H
|D√ρ|2 dµ ≤

∫
H
|F |2ρdµ. (11.1.13)

Proof. Since Dρ = 2
√
ρ D(

√
ρ), we have∫

H
|〈F,Dρ〉|dµ = 2

∫
H
|〈F,D(

√
ρ)〉|D(

√
ρ)dµ.

Consequently, by the Hölder inequality we have(∫
H
|〈F,Dρ〉|dµ

)2
≤ 4

∫
H
|F |2ρdµ

∫
H
|D(

√
ρ)|2dµ.

Now the conclusion follows from (11.1.11).
When F is sufficiently regular we can give an explicit expression for N∗

2 .
Let F ∈ Cb(H;H). We say that F has finite divergence if for any x ∈ H the
series

div F (x) :=
∞∑
k=1

DkFk(x), x ∈ H,

where Fk(x) = 〈F (x), ek〉, is convergent and moreover div F ∈ Cb(H). If in
addition the function

Q(X)→ H, x→ 〈Q−1x, F (x)〉,

is extendible to a uniformly continuous and bounded function, we say that
F has finite divergence with respect to µ, and we set

divµF (x) = div F (x)− 〈Q−1x, F (x)〉, x ∈ H.

The following result is an easy consequence of the integration by parts for-
mula (9.2.1)

Lemma 11.1.9 Assume that F ∈ C1b (H;H) has finite divergence with re-
spect to µ. Then for any ϕ,ψ ∈W 1,2(H,µ) we have∫

H
〈F,Dϕ〉ψdµ = −

∫
H
ϕ〈F,Dψ〉dµ−

∫
H

divµF (x)ϕψdµ. (11.1.14)
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Proof. It is enough to consider ϕ,ψ ∈ EA(H). In this case taking into
account (9.2.1) we find∫

H
〈F,Dϕ〉ψdµ =

∞∑
k=1

∫
H
FkDkϕ ψdµ

= −
∞∑
k=1

∫
H
ϕ (DkFkψ + FkDkψ) dµ+

∞∑
k=1

1
λk

∫
H
xkFkϕψdµ

= −
∫
H
ϕψ div F dµ+

∫
H
〈F,Dψ〉ϕdµ−

∫
H
〈Q−1x, F 〉ϕψdµ,

and the conclusion follows.

Proposition 11.1.10 Assume that F ∈ C1b (H;H) has finite divergence
with respect to µ. Then D(N∗

2 ) = D(L2) and, for any ψ ∈ D(N∗
2 ) = D(L2),

we have

N∗
2ψ = L2ψ − 〈F (·), Dψ〉 − divµF (·) ψ. (11.1.15)

Proof. Let ϕ,ψ ∈ D(L2). Then, taking into account (11.1.14), we find∫
H
N2ϕ ψdµ =

∫
H
L2ϕ ψdµ+

∫
H
〈F,Dϕ〉ψdµ

=
∫
H
ϕ L2ψdµ−

∫
H
ϕ〈F,Dψ〉dµ−

∫
H

divµFϕψdµ.

Now, recalling the characterization of the domain of L2 given in §10.2.1, we
obtain the result

Corollary 11.1.11 Under the assumptions of Proposition 11.1.10 we have
ρ ∈ D(L2). Moreover ρ ∈W 2,2(H,µ) and |(−A)1/2Dρ| ∈ L2(H,µ).

11.2 Lipschitz perturbations

We assume here that
(i) A : D(A)⊂H → H is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A),
(ii) A−1 ∈ L1(H),
(iii) F is Lipschitz continuous and dissipative

〈F (x)− F (y), x− y〉 ≤ 0, x, y ∈ H.

(11.2.1)
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Let us consider the differential operator

N0ϕ(x) =
1
2
Tr[D2ϕ(x)] + 〈x,ADϕ(x)〉+ 〈F (x), Dϕ(x)〉, x ∈ H,ϕ ∈ EA(H),

and let us introduce a transition semigroup (Pt) that will be naturally related
to N0. Specifically we set

Ptϕ(x) = E[ϕ(X(t, x))], ϕ ∈ UCb(H), (11.2.2)

where X(t, x) is the solution of the differential stochastic equation

X(t) = etAx+
∫ t

0
e(t−s)AF (X(s))ds+

∫ t

0
e(t−s)AdW (s), (11.2.3)

studied in Chapter 7. It is well known that equation (11.2.3) can be reduced
to a family of deterministic equations by the change of variable Y (t) =
X(t, x)−WA(t), where

WA(t) =
∫ t

0
e(t−s)AdW (s), t ≥ 0.

In this way we obtain

Y ′(t) = AY (t) + F (Y (t) +WA(t)), Y (0) = x. (11.2.4)

Lemma 11.2.1 For any m ∈ N there is Cm > 0, depending only on A and
‖F‖1, such that

E|X(t, x)|2m ≤ Cm(1 + e−mωt|x|2m), x ∈ H, t ≥ 0. (11.2.5)

Proof. Multiplying (11.2.4) by |Y (t)|2m−2Y (t) and taking into account
assumptions (11.2.1) gives, for a suitable constant C1m,

1
2m

d

dt
|Y (t)|2m ≤ −ω|Y (t)|2m + 〈F (WA), Y (t)〉|Y (t)|2m−2

+〈F (Y (t) +WA(t))− F (WA(t)), Y (t)〉|Y (t)|2m−2

≤ −ω|Y (t)|2m + 〈F (WA), Y (t)〉|Y (t)|2m−2

≤ −ω
2
|Y (t)|2m + C1m|F (WA)|2m.
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By the Gronwall lemma it follows that

|Y (t)|2m ≤ e−mωt|x|2m + 2mC1m

∫ t

0
e−mω(t−s)|F (WA(s))|2mds,

and finally, for some constant C2m

|X(t, x)|2m ≤ C2me
−mωt|x|2m

+C3m

(∫ t

0
e−mω(t−s)|F (WA(s))|2mds+ |WA(t)|2m

)
.

(11.2.6)

Now the conclusion follows taking expectation and recalling that F is sub-
linear and

sup
t≥0

E|WA(t)|2m < +∞.

We now show, following G. Da Prato and J. Zabczyk [102], the existence
of an invariant measure ν for the semigroup (Pt). Then we study properties
of (Pt) on L2(H, ν).

To prove the existence of an invariant measure it is convenient to intro-
duce the solution X(t, s, x), t ≥ s, x ∈ H, of the equation

X(t, s, x) = e(t−s)Ax+
∫ t

s
e(t−u)AF (X(u, s, x))du+WA,s(t), (11.2.7)

where

WA,s(t) =
∫ t

s
e(t−u)AdW (u). (11.2.8)

As in [102] we will show that there exists the limit in L2(Ω,F ,P;H)

ζ = lim
s→+∞X(0,−s, x),

and that the law of ζ is the required invariant measure.

Lemma 11.2.2 There exists ζ ∈ L2(Ω,F ,P;H) such that

lim
s→+∞X(0,−s, x) = η in L2(Ω,F ,P;H). (11.2.9)
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Proof. Let x ∈ H be fixed, and set Xs(t) = X(t,−s, x), t ≥ −s, and
Ys(t) = Xs(t)−WA,−s(t). Then we find

Ys(t) = e(t+s)Ax+
∫ t

−s
e(t−σ)AF (Ys(σ)) +WA,−s(σ)) dσ.

Therefore Ys(t) is the mild solution of the following initial value problem:{
DtYs(t) = AYs(t) + F (Ys(t) +WA,−s(t)),
Y (−s) = x.

(11.2.10)

In the following we assume that Ys(t) is a strict solution to (11.2.10);
otherwise we use an approximation of Ys(t) by strict solutions. We divide
the remainder of the proof into three steps.

Step 1. There exists C1 > 0 such that E
(
|Ys(t)|2

)
≤ C1 for any t > −s.

We have in fact

1
2
d

dt
|Ys(t)|2 = 〈AYs(t), Ys(t)〉+ 〈F (Ys(t) +WA,−s(t)), Ys(t)〉

= 〈AYs(t), Ys(t)〉+ 〈F (Ys(t) +WA,−s(t))

−F (WA,−s(t)), Ys(t)〉+ 〈F (WA,−s(t)), Ys(t)〉

≤ −ω|Ys(t)|2 + |F (WA,−s(t))| |Ys(t)|

≤ −ω|Ys(t)|2 +
|ω|
2
|Ys(t)|2 +

2
|ω| |F (WA,−s(t))|2

≤ −ω
2
|Ys(t)|2 +

2
|ω| (a+ b|WA,−s(t)|2),

where a, b have been chosen such that |F (x)|2 ≤ a+ b|x|2, x ∈ H. It follows
that

|Ys(t)|2 ≤ e−ω(s+t)|x|2 + 4
|ω|

∫ t

−s
e−ω(t−σ)(a+ b|WA,−s(σ)|2)dσ.

Now the claim follows from the estimate

E|WA,−s(t)|2 =
∫ t

−s
Tr[e2σA]dσ ≤ Tr Q.
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Step 2. There exists ηx ∈ L2(Ω;H) such that lim
s→+∞X(0,−s, x) = ηx in

L2(Ω;H).

Let s > s1, then we have{
Dt(Xs −Xs1) = A(Xs −Xs1) + F (Xs)− F (Xs1),
(Xs −Xs1)(−s1) = Xs(−s1)− x.

It follows that
1
2
d

dt
|Xs −Xs1 |2 ≤ −ω|Xs −Xs1 |2,

and so
|Xs(0)−Xs1(0)|2 ≤ e−2ωs|Xs(−s1)− x|2.

Recalling Step 1, we see that there exists a constant C2 > 0 such that

E
(
|Xs(0)−Xs1(0)|2

)
≤ C2e

−2ωs.

Consequently (Xs(0)) is a Cauchy sequence and Step 2 is proved.

Step 3. We have that ηx is independent of x.

Let x, y ∈ H, and set

ρs(t) = Xs(0,−s, x)−Xs(0,−s, y).

Then we have{
Dtρs(t) = Aρs(t) + F (X(0,−s, x))− F (X(0,−s, y)),
ρs(−s) = x− y.

It follows that
1
2
d

dt
|ρs(t)|2 ≤ −ω|ρs(t)|2,

which yields
|ρs(t)| ≤ |x− y|e−ω(t+s).

As s→ +∞ we obtain ηx = ηy as required.
We can now prove the following result.

Theorem 11.2.3 There exists a unique invariant measure ν for (Pt) and
for any ϕ ∈ Cb(H) and x ∈ H there exists the limit

lim
t→+∞Ptϕ(x) =

∫
H
ϕ(y)µ(dy). (11.2.11)

Thus ν is ergodic and strongly mixing.
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Proof. Denote by ν the law of ζ. Given ϕ ∈ Cb(H) we have

Ptϕ(x) = E[ϕ(X(t, 0, x))] = E[ϕ(X(0,−t, x))].

Consequently, by the dominated convergence theorem, it follows that

lim
t→+∞Ptϕ(x) = E[ϕ(ζ)] =

∫
H
ϕ(y)ν(dy). (11.2.12)

If s > 0 and x0 ∈ H it follows that∫
H
Psϕ(y)µ(dy) = lim

t→+∞Pt+sϕ(x0) =
∫
H
ϕ(y)µ(dy),

so that µ is invariant. The last statement is left to the reader.
By Theorem 11.2.3 and Lemma 11.2.1 we have the following result.

Proposition 11.2.4 Assume that assumptions (11.2.1) hold. Then for any
m ∈ N there exists cm > 0, depending only on A and ‖F‖1, such that∫

H
|x|2mν(dx) ≤ cm. (11.2.13)

Proof. Denote by νt,x the law of X(t, x). Then by Lemma 11.2.1 it follows
that for any β > 0,∫

H

|y|2m
1 + β|y|2m νt,x(dy) ≤

∫
H
|y|2m νt,x(dy) ≤ Cm(1 + e−mωt|x|2m), x ∈ H.

Consequently, letting t tend to ∞ we find, taking into account (11.2.11),

∫
H

|y|2m
1 + β|y|2m ν(dy) ≤ Cm,

which yields (11.2.13).
With the same proof as for Theorem 10.1.5 we see that the semigroup

(Pt) can be uniquely extended to a strongly continuous semigroup of con-
tractions in Lp(H, ν), p ≥ 1. We shall still denote by (Pt) the extension and
by Np the corresponding infinitesimal generator.
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11.2.1 Some additional results on the Ornstein-Uhlenbeck
semigroup

In this subsection we prove, for further use, some properties of the Ornstein-
Uhlenbeck semigroup

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), t ≥ 0, x ∈ H,

where NQt is the Gaussian measure on H with mean 0 and covariance op-
erator Qt, and ϕ is a continuous function from H into R having polynomial
growth.

Let us introduce the space Cb,2(H) of all mappings ϕ : H → R such that
the function H → R, x→ ϕ(x)

1+|x|2 , belongs to Cb(H). Cb,2(H), endowed with
the norm

‖ϕ‖b,2 := sup
x∈H

|ϕ(x)|
1 + |x|2 ,

is a Banach space.
We define C1b,2(H) as the space of all continuously differentiable functions

of Cb,2(H) such that

‖Dϕ‖b,2 := sup
x∈H

|Dϕ(x)|
1 + |x|2 < +∞.

The following result has been proved by S. Cerrai; see [36].

Proposition 11.2.5 Rt maps Cb,2(H) into itself for all t ≥ 0 and

‖Rtϕ‖b,2 ≤ (1 + Tr Q∞) ‖ϕ‖b,2. (11.2.14)

Moreover for all ϕ ∈ Cb,2(H) and any t > 0 we have Rtϕ ∈ C1b,2(H) and

‖DRtϕ‖b,2 ≤ 8t−1/2
(
1 + 2 Tr Q2∞ + [Tr Q∞]2

)1/2 ‖ϕ‖b,2. (11.2.15)
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Proof. For any x ∈ H we have

|Rtϕ(x)|
1 + |x|2 ≤ ‖ϕ‖b,2

∫
H

1 + |etAx+ y|2
1 + |x|2 NQt(dy)

= ‖ϕ‖b,2
∫
H

1 + |etAx|2 + |y|2
1 + |x|2 NQt(dy)

≤ ‖ϕ‖b,2
∫
H

1 + |x|2 + |y|2
1 + |x|2 NQt(dy)

≤ ‖ϕ‖b,2
(
1 +

∫
H
|y|2 NQt(dy)

)
,

≤ ‖ϕ‖b,2 (1 + Tr Qt) ,

and (11.2.14) follows. To prove (11.2.15) we notice that, from the Cameron-
Martin formula, we have

〈DRtϕ(x), h〉 =
∫
H
〈Λth,Q

−1/2
t y〉ϕ(etAx+ y)NQt(dy), h ∈ H,

where Λt = etAQ
−1/2
t fulfills ‖Λt‖ ≤ t−1/2, t > 0. By the Hölder inequality

it follows that

|〈DRtϕ(x), h〉|2 ≤
∫
H
|〈Λth,Q

−1/2
t y〉|2NQt(dy)

×
∫
H
|ϕ(etAx+ y)|2NQt(dy)

= |Λth|2
∫
H
|ϕ(etAx+ y)|2NQt(dy).

Consequently

|DRtϕ(x)|2 ≤ ‖Λt‖2
∫
H
|ϕ(etAx+ y)|2NQt(dy), x ∈ H.
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It follows that

|DRtϕ(x)|2
(1 + |x|2)2 ≤ ‖Λt‖2‖ϕ‖2b,2

∫
H

(1 + |etAx+ y|2)2
(1 + |x|2)2 NQt(dy)

≤ 8‖Λt‖2‖ϕ‖2b,2
∫
H

(1 + |x|2)2 + |y|4
(1 + |x|2)2 NQt(dy)

≤ 8‖Λt‖2‖ϕ‖2b,2
∫
H
(1 + |y|4)NQt(dy),

and the conclusion follows.
Rt is not a strongly continuous semigroup on Cb,2(H). Its infinitesimal

generator can be defined through its Laplace transform as in S. Cerrai [35]:

F (λ)f(x) =
∫ +∞

0
e−λtRtf(x)dt, f ∈ Cb,2(H), λ > 0.

It is easy to check that F (λ) maps Cb,2(H) into itself for all λ > 0 and
that F (λ) is a pseudo-resolvent. Consequently there exists a unique closed
operator Lb,2 in Cb,2(H) such that

R(λ,Lb,2) = (λ− Lb,2)−1 = F (λ), λ > 0.

Lb,2 is called the infinitesimal generator of Rt on Cb,2(H).

Remark 11.2.6 By E. Priola [188] it follows that ϕ ∈ D(Lb,2) and Lb,2ϕ =
ψ if and only if ψ ∈ Cb,2(H) and

(i) we have

lim
h→0

1
h
(Rhϕ(x)− ϕ(x)) = ψ(x), x ∈ H,

(ii) sup
h>0

1
h
‖Rhϕ− ϕ‖Cb,2(H) < +∞.

The following result is an immediate consequence of (11.2.15).

Proposition 11.2.7 We have

D(Lb,2) ⊂ C1b,2(H), (11.2.16)

with continuous embedding. Moreover if f ∈ Cb,2(H), λ > 0 and ϕ =
R(λ,Lb,2)f, we have

‖Dϕ‖b,2 ≤
√
π

λ

(
1 + 2 Tr Q2∞ + [Tr Q∞]2

)1/2 ‖f‖b,2. (11.2.17)
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By an explicit verification one can check that EA(H) ⊂ D(Lb,2) and

Lb,2ϕ =
1
2
Tr[D2ϕ] + 〈x,A∗Dϕ〉, ϕ ∈ EA(H). (11.2.18)

Remark 11.2.8 It is easy to check that, for any ϕ ∈ EA(H), we have

lim
t→0

Rtϕ = ϕ in Cb,2(H), lim
t→0

RtLb,2ϕ = Lb,2ϕ in Cb,2(H). (11.2.19)

This fact will be used in the proof of Proposition 11.2.10 below. This is the
reason for working in the space Cb,2(H).

We need some results on approximation by functions in EA(H), collected in
Lemma 11.2.9 and Proposition 11.2.10, see G. Da Prato and L. Tubaro [99].

Lemma 11.2.9 For any ϕ ∈ Cb,2(H) there exists a multi-sequence (ϕn) =
(ϕn1,n2,n3) ⊂ EA(H) such that

lim
n→∞ϕn(x) := lim

n1→∞ lim
n2→∞ lim

n3→∞ϕn1,n2,n3(x) = ϕ(x), x ∈ H, (11.2.20)

and

‖ϕn‖b,2 ≤ ‖ϕ‖b,2. (11.2.21)

Proof. Let ϕ ∈ Cb,2(H) and let (Pn1)n1∈N be a sequence of finite dimen-
sional projection operators on H strongly convergent to the identity. Then,
for each n1 ∈ N there exists a sequence (ϕn1,n2)n2∈N ⊂ E(H) such that

lim
n2→∞ϕn1,n2(x) = ϕ(Pn1x), x ∈ H,

and
|ϕn1,n2(x)|
1 + |Pn1x|2

≤ |ϕ(Pn1x)|
1 + |Pn1x|2

≤ ‖ϕ‖b,2.

Hence we have
|ϕn1,n2(x)|
1 + |x|2 ≤ ‖ϕ‖b,2.

Set finally

ϕn1,n2,n3(x) = ϕn1,n2(n3(n3 −A∗)−1x), x ∈ H.

Then ϕn = ϕn1,n2,n3 ⊂ EA(H), limn→∞ ϕn(x) = ϕ(x), x ∈ H, and

|ϕn1,n2,n3(x)|
1 + |x|2 =

|ϕn1,n2(n3(n3 −A∗)−1x)|2
1 + |n3(n3 −A∗)−1x|2

1 + |n3(n3 −A∗)−1x|2
1 + |x|2

≤ ‖ϕn1,n2‖b,2 ≤ ‖ϕ‖b,2.
Therefore the multi-sequence (ϕn1,n2,n3) fulfills (11.2.20) and (11.2.21) as
required.
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Proposition 11.2.10 For any ϕ ∈ D(Lb,2) there exists a multi-sequence
(ϕn) = (ϕn1,n2,n3,n4) ⊂ EA(H) and Cϕ > 0 such that for all x ∈ H

lim
n→∞ϕn(x) = ϕ(x), lim

n→∞Lb,2ϕn(x) = Lb,2ϕ(x), lim
n→∞Dϕn(x) = Dϕ(x)

(11.2.22)

and

‖ϕn‖b,2 + ‖Lb,2ϕn‖b,2 + ‖Dϕn‖b,2 ≤ Cϕ. (11.2.23)

Proof. Set f = ϕ − Lϕ and let (fn) = (fn1,n2,n3) ⊂ EA(H) be a multi-
sequence fulfilling (11.2.20) and (11.2.21) (with ϕ replaced by f). Setting
ϕn = (1− Lb,2)−1fn, we have, taking into account Proposition 11.2.7,

lim
n→∞ϕn(x) = ϕ(x), x ∈ H,

lim
n→∞Lb,2ϕn(x) = Lb,2ϕ(x), x ∈ H,

lim
n→∞Dϕn(x) = Dϕ(x), x ∈ H,

and
‖ϕn‖b,2 ≤ ‖f‖b,2 ≤ (‖ϕ‖b,2 + ‖Lb,2ϕ‖b,2),

‖Lb,2ϕn‖b,2 ≤ (2‖ϕ‖b,2 + ‖Lb,2ϕ‖b,2).
Notice that ϕn does not belong to EA(H) in general. So we introduce now
a further approximation of ϕn. Set for any M,N ∈ N

ϕn,M,N (x) =
1
M

N∑
h=1

M∑
k=1

e−(h+
k
M
)Rh+ k

M
fn(x),

so that
|ϕn,M,N (x)| ≤ ‖f‖b,2

and

Lb,2ϕn,M,N (x) =
1
M

N∑
h=0

M∑
k=1

e−(h+
k
M
)Rh+ k

M
Lb,2fn(x).

Now, by Remark 11.2.8 it follows that RtLb,2fn is continuous on t in Cb,2(H).
Therefore for any n = (n1, n2, n3) we have

lim
M,N→∞

∥∥∥∥∥
∫ +∞

0
e−tRtLb,2fndt−

1
M

N∑
h=1

M∑
k=1

e−(h+
k
M
)Rh+ k

M
Lb,2fn

∥∥∥∥∥
b,2

= 0.
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Therefore for any ε ∈ (0, 1] there exist Mε, Nε such that

‖Lb,2ϕn − Lb,2ϕn,Mε,Nε‖b,2 ≤ ε.

Consequently
lim
ε→0

Lb,2ϕn,Mε,Nε(x) = Lb,2ϕn(x),

and
‖Lb,2ϕn,Mε,Nε‖ ≤ ‖Lb,2ϕn‖b,2 + ε.

Now the conclusion follows.

11.2.2 The semigroup (Pt) in Lp(H, ν)

We are here concerned with the contraction semigroup (Pt) defined by
(11.2.2) on Lp(H, ν), p ≥ 1. We denote by Np its infinitesimal generator.

We are going to show, following G. Da Prato [80], that Np is the closure
of the linear operator N0 defined by

N0ϕ = L0ϕ+ 〈F (·), Dϕ〉, ϕ ∈ EA(H). (11.2.24)

Notice that for ϕ(x) = ϕh(x) = ei〈h,x〉, x ∈ H, with h ∈ D(A∗), we have

N0ϕh(x) =
[
i〈x,A∗h〉+ i〈F (x), h〉 − 1

2
|h|2

]
ϕh, x ∈ H. (11.2.25)

First we show that Np is an extension of N0.

Proposition 11.2.11 Let ϕ ∈ EA(H). Then ϕ ∈ D(Np) and Npϕ = N0ϕ.

Proof. Let ϕ ∈ EA(H) and p ≥ 1. By the Itô formula (see Chapter 7) we
have

lim
h→0

1
h
(Phϕ(x)− ϕ(x)) = lim

h→0
1
h

∫ h

0
PsN0ϕ(x)ds = N0ϕ(x), x ∈ H.

Moreover, taking into account the invariance of ν, we have∫
H

1
hp

|Phϕ(x)− ϕ(x)|p ν(dx) =
∫
H

∣∣∣∣∫ h

0
PsN0ϕ(x)

ds

h

∣∣∣∣p ν(dx)
≤
∫ h

0

∫
H
|PsN0ϕ(x)|p

ds

h
ν(dx) =

∫
H
|N0ϕ(x)|pν(dx).
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Since N0ϕ has linear growth and (11.2.13) holds, it follows by the dominated
convergence theorem that

lim
h→0

1
h
(Phϕ− ϕ) = N0ϕ, in Lp(H, ν).

Obviously N0 is dissipative in Lp(H, ν) and consequently closable, let
us denote by Np its closure. The main result of this subsection is that
Np = Np. To prove this result we need a lemma.

Lemma 11.2.12 We have D(Lb,2) ⊂ D(Np) and for all ϕ ∈ D(Lb,2)

Npϕ(x) = Lb,2ϕ(x) + 〈F (x), Dϕ(x)〉, x ∈ H. (11.2.26)

Proof. Let us choose a multi-sequence (ϕn) ⊂ EA(H) such that (11.2.22)-
(11.2.23) hold. Then for any x ∈ H we have

N0ϕn(x) = Lb,2ϕn(x) + 〈F (x), Dϕn(x)〉 → L0ϕ(x) + 〈F (x), Dϕ(x)〉,

as n→∞. Taking into account (11.2.25), Proposition 11.2.10 and the Lip-
schitzianity of F, we see that there is a constant C1 > 0 such that

|N0ϕn(x)| ≤ C1(1 + |x|3), x ∈ H.

Now by (11.2.13) and the dominated convergence theorem it follows that
N0ϕn → L0ϕ+ 〈F (x), Dϕ〉 in Lp(H, ν).

We first consider the case when F ∈ C1G(H;H), the subspace of C1(H;H)
of all Gateaux differentiable functions having weakly continuous Gateaux
derivatives.

Proposition 11.2.13 Assume, besides (11.2.1), that F ∈ C1G(H;H). Then
Np is the closure of N0 in Lp(H, ν).

Proof. Let f ∈ C1b (H), λ > 0 and set

ϕ(x) =
∫ +∞

0
e−λtPtf(x)dt, x ∈ H.

Since F ∈ C1G(H;H), then there exists the Gateaux derivative Xx(t, x) of
X(t, x), see Chapter 7. Moreover, setting ηh(t, x) = Xx(t, x) · h, for any
h ∈ H, we have that ηh(t, x) fulfills the following equation:{

Dtη
h(t, x) = Aηh(t, x) +DF (X(t, x)) · ηh(t, x),

ηh(0, x) = h.
(11.2.27)
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Now, multiplying both sides of the first equation in (11.2.27) by ηh(t, x),
and taking into account the dissipativity of F, we find

d

dt
|ηh(t, x)|2 ≤ −2ω|ηh(t, x)|2.

It follows that ‖Xx(t, x)‖ ≤ e−ωt, t ≥ 0. Consequently ϕ is also differen-
tiable in the direction h and we have

〈Dϕ(x), h〉 =
∫ +∞

0
e−λtE[〈Df(X(t, x)), Xx(t, x) · h〉], h ∈ H,

and

‖Dϕ‖0 ≤
1
λ
‖Df‖0. (11.2.28)

Let us show now that ϕ ∈ D(Lb,2) so that, by Lemma 11.2.12, ϕ ∈ D(Np).
Set

Z(t, x) = etAx+WA(t), t ≥ 0, x ∈ H,

so that

X(t, x) = Z(t, x) +
∫ t

0
e(t−s)AF (X(s, x))ds.

For any h > 0 we have

1
h
(Rhϕ(x)− ϕ(x)) =

1
h

E[ϕ(Z(h, x))− ϕ(x)]

=
1
h

E

[
ϕ(X(h, x))−

∫ h

0
e(h−s)AF (X(s, x))ds− ϕ(x)

]

=
1
h

E(ϕ(X(h, x))− ϕ(x))

−1
h

E

[〈
Dϕ(X(h, x)),

∫ h

0
e(h−s)AF (X(s, x))ds

〉]
+ o(h),

where limh→0
o(h)
h = 0. By taking the limit h→ 0 we find, recalling Remark

11.2.6, that ϕ ∈ D(Lb,2) and

Lb,2ϕ = Npϕ− 〈Dϕ,F 〉.

Consequently

λϕ(x)− Lb,2ϕ(x)− 〈F (x), Dϕ(x)〉 = f(x), x ∈ H.
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Therefore we have proved that (λ−Np)−1(C1b (H)) ⊂ D(Np). Since C1b (H)
is dense in Lp(H, ν), this implies that Np = Np, by the Lumer-Phillips
theorem [161].

We now consider the general case.

Theorem 11.2.14 Assume that assumptions (11.2.1) hold. Then Np is the
closure of N0 in Lp(H, ν).

Proof. Let us first define a C1 approximation of F. For any β we set

Fβ(x) =
∫
H
eβA

∗
F (eβAx+ y)NQβ (dy), x ∈ H.

Then, by the Cameron-Martin theorem, the mapping 〈F (·), h〉 is differen-
tiable for any h ∈ H and for any k ∈ H we have

〈D〈F (·), h〉, k〉 =
∫
H
〈Λtk,Q

−1/2
t y〉〈F (eβAx+ y), eβAh〉NQβ (dy),

where Λt = Q
−1/2
t etA. Moreover Fβ is dissipative since

〈Fβ(x)− Fβ(x), x− x〉

=
∫
H
〈F (eβAx+ y)− F (eβAx+ y), eβA(x− x)〉NQβ (dy) ≤ 0,

for all x, x ∈ H.

Let f ∈ C1b (H), λ > 0. Arguing as in the proof of Proposition 11.2.11
we can consider the solution ϕβ ∈ D(Lb,2) of the equation

λϕβ − Lb,2ϕβ − 〈Fβ(x), Dϕβ〉 = f.

By Lemma 11.2.12 we have that ϕβ ∈ D(Np) and

λϕβ −Npϕβ = f + 〈Fβ(x)− F (x), Dϕβ〉.

Now we have, recalling (11.2.28), and using the dominated convergence the-
orem,

lim
β→0

〈Fβ(x)− F (x), Dϕβ〉 = 0, in Lp(H, ν).

Therefore λ − Np has dense image in Lp(H, ν). This concludes the proof
again by the Lumer-Phillips theorem [161].
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11.2.3 The integration by parts formula

Proposition 11.2.15 For any ϕ ∈ EA(H) we have∫
H
N0ϕ ϕdν = −1

2

∫
H
|Dϕ|2dν. (11.2.29)

Proof. In fact, by a simple computation, we have

N0(ϕ2) = 2N0ϕ ϕ+ |Dϕ|2, ϕ ∈ EA(H).

Since the measure ν is invariant for N0 we have N0(ϕ2) = 0 and the conclu-
sion follows integrating the identity above with respect to ν.

Since EA(H) is a core for N2, by (11.2.29) it follows that the linear
operator

D : EA(H)⊂D(N2)→ L2(H, ν;H), ϕ→ Dϕ

is continuous and consequently it can be extended to all D(N2) (endowed
with the graph norm). We shall still denote by D its extension. By Propo-
sition 11.2.15 we get

Proposition 11.2.16 For any ϕ ∈ D(N2) we have∫
H
N2ϕ ϕdν = −1

2

∫
H
|Dϕ|2dν. (11.2.30)

A first important consequence of the integration by parts formula is the
Poincaré inequality. For all ϕ ∈ L2(H, ν) we set

ϕ =
∫
H
ϕ(x)ν(dx).

Proposition 11.2.17 Assume that (11.2.1) holds. Then for any ϕ ∈ D(N2),
we have ∫

H
|ϕ− ϕ|2dν ≤ 1

2ω

∫
H
|Dϕ|2dν. (11.2.31)

Proof. The proof is very similar to that of Proposition 10.5.2. Let ϕ ∈
D(N2). Then Ptϕ ∈ D(N2) and DPtϕ = N2Ptϕ. Multiplying both sides of
this identity by Ptϕ and integrating with respect to ν we find, thanks to
(11.2.30),

1
2
d

dt

∫
H
|Ptϕ|2dν =

∫
H
(N2Ptϕ)Ptϕdν = −1

2

∫
H
|DPtϕ|2dν. (11.2.32)
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Next, we prove that

|DPtϕ(x)|2 ≤ e−2ωtPt|Dϕ(x)|2, x ∈ H. (11.2.33)

For this we need to introduce a weakly differentiable approximation Fβ of
F as in the proof of Theorem 11.2.14.

We have

〈DP β
t ϕ(x), h〉 = E〈Dϕ(Xβ(t, x)), Xβ

x (t, x)h〉, x, h ∈ H,

where Xβ and P β
t are defined as X and Pt with F replaced by Fβ. It follows

that

|DP β
t ϕ(x)|2 ≤ e−2ωtP β

t |Dϕ(x)|2, x ∈ H. (11.2.34)

Now it is easy to see that P β
t ϕ(x)→ Ptϕ(x) as β → 0. Therefore, letting β

tend to 0 in (11.2.34) gives (11.2.33).
Consequently by (11.2.32) it follows that

1
2
d

dt

∫
H
|Ptϕ|2dν ≥ −

1
2
e−2tω

∫
H
Pt(|Dϕ|2)dν = −1

2
e−2tω

∫
H
|Dϕ|2dν,

taking into account the invariance of ν. Integrating over t gives∫
H
|Ptϕ|2dν −

∫
H
ϕ2dν ≥ − 1

2ω
(1− e−2tω)

∫
H
|Dϕ|2dν.

Finally, letting t tend to +∞, and recalling (11.2.11), gives

(ϕ)2 −
∫
H
ϕ2dν ≥ − 1

2ω

∫
H
|Dϕ|2dν

and (11.2.31) follows, since∫
H
|ϕ− ϕ|2dν =

∫
H
ϕ2dν − (ϕ)2.

We have already seen in §10.5 that the Poincaré inequality yields the
spectral gap property for N2.

Proposition 11.2.18 Let σ(N2) be the spectrum of N2. Then we have

σ(N2)\{0} ⊂ {λ ∈ C : Re λ ≤ −ω} . (11.2.35)
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Let us prove now the logarithmic Sobolev inequality. The proof is similar
to that of Proposition 10.5.3. We use the following notation:

‖ϕ‖22 =
∫
H
|ϕ(x)|2ν(dx), ϕ ∈ L2(H, ν).

Proposition 11.2.19 For any ϕ ∈ D(N2) we have∫
H
ϕ2 log(ϕ2)dν ≤ 1

ω

∫
H
|Dϕ|2dν + ‖ϕ‖22 log(‖ϕ‖22). (11.2.36)

Proof. It is enough to prove the result when ϕ ∈ EA(H) is such that
ϕ(x) ≥ ε > 0, x ∈ H. In this case we have

d

dt

∫
H
(Pt(ϕ2)) log(Pt(ϕ2))dν =

∫
H
NPt(ϕ2) log(Pt(ϕ2))dν+

∫
H
NPt(ϕ2)dν.

Now the second term in the right hand side vanishes, due to the invariance
of ν. For the first term we use the identity∫

H
Nϕ g′(ϕ)dν = −1

2

∫
H
g′′(ϕ)|Dϕ|2dν, (11.2.37)

with g′(ξ) = log ξ. Therefore we have

d

dt

∫
H
Pt(ϕ2) log(Pt(ϕ2))dν = −1

2

∫
H

1
Pt(ϕ2)

|DPt(ϕ2)|2dν. (11.2.38)

As before, we first consider the C1 approximation Fβ of F. We have for any
h ∈ H,

〈DP β
t (ϕ

2)(x), h〉 = 2E[ϕ(Xβ(t, x))〈Dϕ(Xβ(t, x)), Xβ
x (t, x)h〉]

It follows by the Hölder inequality that

|〈DP β
t (ϕ

2)(x), h〉|2 ≤ 4e−2tωE[ϕ2(Xβ(t, x))]E[|Dϕ|2(Xβ(t, x))],

which yields
|DP β

t (ϕ
2)|2 ≤ 4e−2tωP β

t (ϕ
2) P β

t (|Dϕ|2),

and, as β → 0,

|DPt(ϕ2)|2 ≤ 4e−2tωPt(ϕ2) Pt(|Dϕ|2).



Perturbations of Ornstein-Uhlenbeck semigroups 263

Substituting in (11.2.38) gives

d

dt

∫
H
Pt(ϕ2) log(Pt(ϕ2))dν ≥ −2e−2tω

∫
H
Pt(|Dϕ|2)dν

= −2e−2tω
∫
H
|Dϕ|2dν,

due to the invariance of ν. Integrating over t gives∫
H
Pt(ϕ2) log(Pt(ϕ2))dν ≥

1
ω
(1− e−2tω)

∫
H
|Dϕ|2dν.

Finally, letting t tend to +∞, and recalling (11.2.11), gives

‖ϕ‖22 log(‖ϕ‖22)−
∫
H
ϕ2 log(ϕ2)dν ≥ − 1

ω

∫
H
|Dϕ|2dν

and the conclusion follows.

Remark 11.2.20 In a similar way we can prove that for any p > 1 and
ϕ ∈ D(Np) we have∫

H
ϕp log(ϕp)dν ≤ 1

2ω

∫
H
|Dϕ|pdν + ‖ϕ‖pp log(‖ϕ‖pp). (11.2.39)

Moreover (Pt) is hypercontractive.

11.2.4 Existence of a density

Here we want to prove that the invariant measure ν of (Pt) is absolutely
continuous with respect to the Gaussian measure µ = NQ where Qx =∫ +∞
0 etAetA

∗
xdt, x ∈ H.

Here we assume, besides (11.2.1), that

There exists δ ∈ (0, 1/2) such that A−1+δ ∈ L1(H). (11.2.40)

Moreover it is convenient to consider the approximating problem

dXn(t) = (AXn(t) + Fn(Xn(t)))dt+ dWt, Xn(0) = x ∈ H, (11.2.41)

where Fn are defined by

Fn(x) =
nF (x)
n+ |x| , x ∈ H, n ∈ N.
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We denote by Xn(·, x), be the mild solution of (11.2.41) :

Xn(t, x) = etAx+
∫ t

0
e(t−s)AFn(Xn(s, x))dt+

∫ t

0
e(t−s)AdWs, x ∈ H,

(11.2.42)

and by Pn
t be the corresponding transition semigroup

Pn
t ϕ(x) = E[ϕ(Xn(t, x))], ϕ ∈ Cb(H).

By Propositions 11.1.3 and 11.1.4 there exists a unique invariant measure νn
for problem (11.2.42) which is absolutely continuous with respect to µ = NQ

with Q = −1
2 A

−1.
We denote by Nn

p the infinitesimal generator of Pn
t in Lp(H, νn). Arguing

as before we see that Nn
p is the closure of the linear operator Nn

0,p defined
by

Nn
0,pϕ = L0ϕ+ 〈Fn(x), Dϕ〉, ϕ ∈ EA(H),

where
L0ϕ =

1
2
Tr[D2ϕ] + 〈x,A∗Dϕ〉, ϕ ∈ EA(H).

Therefore the following identity holds:∫
H
Nn
2 ϕ ϕdνn = −1

2

∫
H
|Dϕ|2dνn. (11.2.43)

Moreover from (11.1.13) the following estimate holds:∫
H
|D(

√
ρn)|2dµ ≤

∫
H
|F (x)|2dνn. (11.2.44)

Theorem 11.2.21 Assume that (11.2.1) and (11.2.40) hold and that the
embedding D(A) ⊂ H is compact. Then ν << µ and the density ρ = dν

dµ is
such that

√
ρ ∈W 1,2(H,µ) or, equivalently, D log ρ ∈W 1,2(H, ν).

Proof.
Step 1. We have that (νn) is tight.

Since the embedding of D(A) into H is compact, it is enough to show that
for any β ∈ (0, δ) there exists cβ > 0 such that we have∫

H
|(−A)βx|2νn(dx) ≤ cβ . (11.2.45)



Perturbations of Ornstein-Uhlenbeck semigroups 265

Let κβ > 0 be such that

|(−A)βetAx| ≤ κβt
−β|x|, x ∈ H, t > 0.

Now by (11.2.42) it follows that

|(−A)βXn(t, x)| ≤ κβt
−β|x|+ κβ

∫ t

0
(t− s)−β |Fn(Xn(s, x))|ds

+
∣∣∣∣∫ t

0
(−A)βe(t−s)AdW (s)

∣∣∣∣ .
Consequently

E|(−A)βXn(t, x)|2 ≤ 3κ2βt
−2β|x|2

+3κ2β
t1−2β

1− 2β

∫ t

0
E|Fn(Xn(s, x))|2ds

+3κ2β

∫ t

0
s−2β Tr[esAesA

∗
]ds.

Setting t = 1 and integrating with respect to νn gives∫
H
|(−A)βx|2dνn ≤ 3κ2β|x|2 + 3κ2β

1
1− 2β

∫
H
|Fn(x)|2dνn

+3κ2β

∫ t

0
s−2β Tr[esAesA

∗
]ds.

Now (11.2.45) follows, taking into account Proposition 11.2.4, since |Fn(x)| ≤
|F (x)|, x ∈ H, n ∈ N.

Step 2. Conclusion.

Let ρn = dνn
dµ ; then by (11.2.44) the sequence (

√
ρn) lies in a bounded subset

of W 1,2(H, ν). Since the embedding

W 1,2(H,µ) ⊂ L2(H,µ)

is compact, see Chapter 8, there exists a subsequence (ρnk) convergent to
some ρ in L1(H,µ). Since the sequence (νn) is tight we have, as n→∞,∫

H
ϕdν = lim

k→∞

∫
H
ϕdνnk = lim

k→∞

∫
H
ϕρnkdµ =

∫
H
ϕρdµ, ϕ ∈ Cb(H),

so that ν << µ.
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Corollary 11.2.22 The embedding

W 1,2(H, ν) ⊂ L2(H, ν)

is compact. Thus Pt is a compact operator on L2(H, ν) for any t > 0.

Proof. This follows from G. Da Prato, A. Debussche and B. Goldys [88].



Chapter 12

Gradient systems

We are given on a separable Hilbert space H a self-adjoint operator A :
D(A)⊂H → H strictly negative and such that A−1 is of trace class and a
mapping U : H → (−∞,+∞].

We are concerned with the differential operator

N0ϕ(x) =
1
2
Tr[D2ϕ(x)] + 〈x,A∗Dϕ(x)〉 − 〈DU(x), Dϕ(x)〉

:= Lϕ(x)− 〈DU(x), Dϕ(x)〉, ϕ ∈ EA(H), x ∈ H,

where L is the Ornstein-Uhlenbeck generator introduced in Chapter 6 and
EA(H) is, as before, the set of real parts of all exponential functions of the
form ei〈h,x〉 where h ∈ D(A∗).

Let us introduce a measure ν in H by setting

ν(dx) = ρ(x)NQ(dx), x ∈ H,

where Q = −1
2 A

−1, ρ(x) = Z−1e−2U(x), x ∈ H, and Z =
∫
H e−2U(x)µ(dx).

Our goal is to show that N0 is dissipative in Lp(H, ν), p ≥ 1, and its
closure Np is m-dissipative. For p = 2 this amounts to saying that N0 is
essentially self-adjoint.

Several papers have been devoted to this problem, we quote in particular

• the Dirichlet forms approach, see S. Albeverio and M. Röckner [5], V.
Liskevich and M. Röckner [159], etc.,

• the papers by J. Zabczyk [216], G. Da Prato [77], [78], [81], G. Da
Prato and L. Tubaro [97], [99].

267
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We notice that similar results can be proved for more general operators
of the form

N0ϕ(x) =
1
2
Tr[QD2ϕ(x)] + 〈x,A∗Dϕ(x)〉 − 〈QDU(x), Dϕ(x)〉, x ∈ H,

where Q ∈ L+(H) commutes with A and µ = NQ∞ with Q∞ = −1
2QA

−1,
see [159] and [97] for application to stochastic quantization . But we will
restrict to the first case for the sake of brevity.

Here, §12.2 is devoted to general results, §12.3 to the case when U is a
convex lower semicontinuous function.

12.1 General results

12.1.1 Assumptions and setting of the problem

Concerning A we shall assume
A is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A),
moreover A−1 is of trace class.

(12.1.1)

We shall denote by µ the Gaussian measure NQ of mean 0 and covariance
operator Q = −1

2A
−1. Since Q is of trace class, there exist a complete

orthonormal system (ek) in H and a sequence of positive numbers (λk) such
that Qek = λkek, k ∈ N. For any x ∈ H we set xh = 〈x, eh〉, h ∈ N.

Concerning U we shall assume that

U : H → (−∞,+∞] is Borel and Z :=
∫
H
e−2U(x)µ(dx) ∈ (0,+∞).

(12.1.2)

Then we set ρ(x) = Z−1e−2U(x), x ∈ H, and assume that

ρ,
√
ρ ∈W 1,2(H,µ). (12.1.3)

Now we consider the differential operator

N0ϕ = Lϕ+ 〈DU,Dϕ〉, ϕ ∈ EA(H),

where DU = −1
2 D log ρ. We notice that

D log ρ ∈ L2(H, ν;H), (12.1.4)
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since ∫
H
|D log ρ|2dν =

∫
H

|Dρ|2
ρ

dµ = 4
∫
H
|D√ρ |2dµ < +∞,

by (12.1.3).

Lemma 12.1.1 For any n ∈ N we have∫
H
|x|ndν < +∞. (12.1.5)

Proof. We have in fact by the Hölder inequality,(∫
H
|x|ndν

)2
≤
∫
H
|x|2ndµ

∫
H
ρ2dµ.

Obviously the measure ν is concentrated on the set {U < +∞} which has
positive µ-measure in view of (12.1.2) We notice that there are important
cases when µ({U < +∞}) = 0, see L. Zambotti [224].

We end this subsection by giving two examples.

Example 12.1.2 Let H = L2(0, 1),

Ax = D2
ξx, x ∈ D(A) = H2(0, 1) ∩H1

0 (0, 1),

and

U(x) =


1
4

∫ 1

0
x4(ξ)dξ if x ∈ L4(0, 1),

+∞ if x /∈ L4(0, 1).

Then {U < +∞} = L4(0, 1) and µ(L4(0, 1)) = 1.
Moreover U is differentiable in the directions of L6(0, 1) and

DU(x) = −x3, x ∈ L6(0, 1).

Finally we claim that∫
H
|DU(x)|2µ(dx) =

∫ 1

0
dξ

∫
H
x6(ξ)µ(dx) < +∞, (12.1.6)

so that assumptions (12.1.1)-(12.1.3) are fulfilled.
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To prove (12.1.6) notice that, since formally for any ξ ∈ [0, 1],

x(ξ) =
∞∑
k=1

〈x, ek〉ek(ξ) =
〈
x,

∞∑
k=1

ek(ξ)ek

〉

=
1
π

〈
Q−1/2x,

∞∑
k=1

ek(ξ)
k

ek

〉
,

we can write x(ξ) =Wηξ(x), where ηξ, defined as

ηξ =
1
π

∞∑
k=1

ek(ξ)
k

ek,

belongs to L2(0, 1).
Now the integral in 12.1.6 is equal to

∫
H |Wηξ(x)|6µ(dx), and, by an

explicit straightforward computation, one can easily see that it is finite.

Example 12.1.3 Let U be the convex lower continuous function H → R

defined by

U(x) =


− log(1− |x|2) if |x| < 1,

+∞ if |x| ≥ 1.

We have

ρ(x) =


(1− |x|2)2∫

|x|<1(1− |y|2)2µ(dy)
if |x| < 1,

0 if |x| ≥ 1,

Moreover U is differentiable on B(0, 1) = {x ∈ H : |x| < 1} and

DU(x) =
2x

1− |x|2 , |x| < 1.

Finally, ∫
B(0,1)

|DU(x)|2ν(dx) = 4Z−1
∫
B(0,1)

|x|2µ(dx).

So assumptions (12.1.1)-(12.1.3) are fulfilled.
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12.1.2 The Sobolev space W 1,2(H, ν)

We proceed here as we did in §10.2 for the definition of the Sobolev space
W 1,2(H,µ). So we first prove an integration by parts formula.

Lemma 12.1.4 Let ϕ,ψ ∈ EA(H) and k ∈ N. Then we have∫
H
Dkϕ ψdν = −

∫
H
ϕ Dkψdν +

∫
H

[
xk
λk
−Dk log ρ

]
ϕψdν. (12.1.7)

Proof. Let us start from the identity∫
H
Dkϕ ψdν =

∫
H
Dkϕ ψρ dµ.

Since ψρ ∈W 1,2(H,µ), we can apply the integration by parts formula (9.2.1)
and we find∫

H
Dkϕ ψdν = −

∫
H
ϕDk(ψρ)dµ+

1
λk

∫
H
xkϕψdν

= −
∫
H
ϕDkψ dν −

∫
H
ϕψDk log ρ dν +

1
λk

∫
H
xkϕψdν.

Proposition 12.1.5 For any k ∈ N the operator Dk is closable on L2(H, ν).

Proof. Let (ϕn) be a sequence in EA(H) and g ∈ L2(H, ν) such that

ϕn → 0, Dkϕn → g, in L2(H, ν).

We have to show that g = 0. Let ψ ∈ EA(H). Then by Lemma 12.1.4 we
have∫

H
Dkϕn ψdν = −

∫
H
ϕn Dkψ dν +

∫
H

xk
λk

ϕnψdν −
∫
H
Dk log ρ ϕnψ dν.

(12.1.8)

Clearly the first and the third term on the right hand side tend to 0 as
n→∞. Concerning the second we have

lim
n→∞

∫
H
xkϕnψdν = 0. (12.1.9)
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In fact∣∣∣∣∫
H
xkϕnψdν

∣∣∣∣2 ≤
∫
H
ϕ2ndν

∫
H
x2kψ

2ρdµ

≤
∫
H
ϕ2ndν

(∫
H
ρ2dµ

)1/2(∫
H
x4kψ

4dµ

)1/2
→ 0.

Now, letting n→∞ in (12.1.8) yields∫
H
gψdν = 0,

so that the conclusion follows from the arbitrariness of g.
If ϕ belongs to the domain of the closure of Dk in L2(H, ν) (which we

shall still denote by Dk) we shall write Dkϕ ∈ L2(H, ν).
Now we consider the derivative operator

D : EA(H)⊂L2(H, ν)→ L2(H, ν;H).

The proof of the following result is similar to that of Proposition 9.2.4 and
it is left to the reader.

Proposition 12.1.6 The operator D is closable.

If ϕ belongs to the domain of the closure of D (which we shall still denote
by D) in L2(H, ν) we shall write Dϕ ∈ L2(H, ν;H).

Now we defineW 1,2(H, ν) as the space of all functions ϕ ∈ L2(H, ν) such
that Dϕ ∈ L2(H, ν;H). Endowed with the inner product

〈ϕ,ψ〉W 1,2(H,ν) =
∫
H
ϕψdν +

∫
H
〈Dϕ,Dψ〉dν

W 1,2(H, ν) is a Hilbert space. In an analogous way we can defineW k,2(H, ν),
k ≥ 2.

12.1.3 Symmetry of the operator N0

Let us consider the linear operator

N0ϕ = Lϕ− 〈DU,Dϕ〉, ϕ ∈ EA(H), (12.1.10)

where L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup
(Rt) introduced in Chapter 6.

We shall prove first that N0 is well defined in L2(H, ν), secondly that it
is symmetric.
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Lemma 12.1.7 For all ϕ ∈ EA(H) we have N0ϕ ∈ L2(H, ν).

Proof. We have in fact∫
H
|N0ϕ|2dν =

∫
H
|Lϕ|2dν +

∫
H
|〈DU,Dϕ〉|2dν

−2
∫
H
Lϕ〈DU,Dϕ〉dν.

Since ϕ ∈ EA(H) there exist a, b > 0 such that

|Lϕ(x)| ≤ a+ b|x|, x ∈ H.

Then we have∫
H
|Lϕ|2dν ≤ 2a2 + 2b2

∫
H
|x|2ρdµ

≤ 2a2 + 2b2
(∫

H
ρ2dµ

)1/2(∫
H
|x|4dµ

)1/2
< +∞.

Moreover, recalling (12.1.4), as DU = −1
2 D log ρ, we find∫

H
|〈DU,Dϕ〉|2dν ≤ ‖ϕ‖21

∫
H
|DU |2dν

=
1
4
‖ϕ‖21

∫
H
|D log ρ|2dν < +∞.

Finally,∣∣∣∣∫
H
Lϕ〈DU,Dϕ〉dν

∣∣∣∣ ≤ ‖ϕ‖1(∫
H
|Lϕ|2dν

)1/2(∫
H
|DU |dν

)1/2
.

and the conclusion follows.

Proposition 12.1.8 For all ϕ,ψ ∈ EA(H) we have∫
H
N0ϕψdν = −1

2

∫
H
〈Dϕ,Dψ〉dν. (12.1.11)

Therefore N0 is symmetric in L2(H, ν).
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Proof. Let ϕ,ψ ∈ EA(H). Then we have∫
H
N0ϕψdν =

∫
H
Lϕψρdµ−

∫
H
〈DU,Dϕ〉ψdν.

Since ρ ∈W 1,2(H,µ) we have ψρ ∈W 1,2(H,µ) and∫
H
Lϕ ψρdµ = −1

2

∫
H
〈Dϕ,D(ψρ)〉dµ

= −1
2

∫
H
〈Dϕ,Dψ〉dν − 1

2

∫
H
〈Dϕ,D log ρ〉ψdν

= −1
2

∫
H
〈Dϕ,Dψ〉dν +

∫
H
〈Dϕ,DU〉ψdν,

and the conclusion follows.

Remark 12.1.9 Arguing as in Eberle [109], we see that N0 is dissipative
in Lp(H, ν) for all p ≥ 1. In what follows we shall denote by Np the closure
of N0 in Lp(H, ν).

12.1.4 The m-dissipativity of N1 on L1(H, ν).

Here we follow G. Da Prato and L. Tubaro [99].
We first introduce an approximating problem. Let (Fn) ⊂ C∞

b (H;H) be
such that

lim
n→∞Fn = DU in L2(H, ν;H).

Since EA(H) is dense in L2(H, ν), such a sequence can be easily constructed.
Then consider the approximating equation

λϕn − Lϕn + 〈Fn(·), Dϕn〉 = f. (12.1.12)

Lemma 12.1.10 Let f ∈ Cb(H) and λ > 0. Then equation (12.1.12) has a
unique solution ϕn ∈ D(L) ∩ C1b (H) and

‖ϕn‖0 ≤
1
λ
‖f‖0. (12.1.13)

If in addition f ∈ Ck
b (H), k ∈ N, we have ϕn ∈ Ck+1

b (H).



Gradient systems 275

Proof. Let us recall that, in view of Proposition 6.6.4, the linear operator

Nnϕ = Lϕ+ 〈Fn, Dϕ〉, ϕ ∈ D(L),

is m-dissipative on Cb(H). Consequently for any λ > 0 and any ϕ ∈ Cb(H)
there exists a unique solution ϕ ∈ D(L) of equation (12.1.12) and (12.1.13)
holds. Moreover, by Corollary 6.4.3 we have ϕ ∈ C1b (H). The last statement
follows easily arguing as in Proposition 6.6.5.

Lemma 12.1.11 Let ϕ ∈ D(L). Then ϕ ∈ D(N1) and

N1ϕ = Lϕ− 〈DU,Dϕ〉. (12.1.14)

Proof. By Proposition 11.2.10 there exist a multi-sequence (ϕk) =
(ϕk1k2k3k4) ⊂ EA(H) and M > 0 such that

ϕk(x)→ ϕ(x), Dϕk(x)→ Dϕ(x), Lϕk(x)→ Lϕ(x), x ∈ H,

and
|ϕk(x)|+ |Dϕk(x)|+ |Lϕk(x)| ≤M(1 + |x|2), x ∈ H.

It follows that

N1ϕn(x)→ Lϕ(x)− 〈DU(·), Dϕ(x)〉, x ∈ H,

and that
|N1ϕn(x)| ≤M(1 + |x|2) +M |DU(x)|, x ∈ H.

Now the conclusion follows from (12.1.5) and the dominated convergence
theorem.

Lemma 12.1.12 Let f ∈ C1b (H) and λ > 0. Then the solution ϕn to
(12.1.12) belongs to D(N1) and we have

N1ϕn = Lϕn − 〈Fn(·), Dϕn〉. (12.1.15)

Proof. By Lemma 12.1.10 we have ϕn ∈ D(L) and by Lemma 12.1.11 we
know that ϕn ∈ D(N1). Thus the conclusion follows.

Theorem 12.1.13 Under the assumptions (12.1.1), (12.1.2) and (12.1.3),
N1 is m-dissipative on L1(H, ν).
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Proof. Let f ∈ Cb(H) and let ϕn be the solution to (12.1.12):

λϕn − Lϕn + 〈Fn(·), Dϕn〉 = f.

Then by Lemma 12.1.11 ϕn ∈ D(N1) ∩ C1b (H) and

N1ϕn = Lϕn − 〈DU(·), Dϕn〉.

Therefore

λϕn −N1ϕn = f − 〈Fn(·)−DU(·), Dϕn〉. (12.1.16)

It follows, taking into account (12.1.11), that

λ

∫
H
ϕ2ndν +

1
2

∫
H
|Dϕn|2dν =

∫
H
fϕndν −

∫
H
ϕn〈Fn −DU,Dϕn〉dν.

Moreover, in view of Lemma 12.1.10, ‖ϕn‖0 ≤ 1
λ ‖f‖0, and consequently

λ

∫
H
ϕ2ndν +

1
2

∫
H
|Dϕn|2dν

≤ 1
λ
‖f‖20 +

1
λ
‖f‖0

∫
H
|Fn −DU | |Dϕn|dν

≤ 1
λ
‖f‖20 +

1
4

∫
H
|Dϕn|2dν +

4
λ2
‖f‖20

∫
H
|Fn −DU |2dν.

Therefore there exists a constant M1, independent of n, such that∫
H
|Dϕn|2dν ≤M1. (12.1.17)

It follows that

lim
n→∞〈Fn(x)−DU(x), Dϕn〉 = 0 in L1(H, ν), (12.1.18)

and so
lim
n→∞(λϕn −N1ϕn) = f in L1(H, ν).

Therefore the closure of the range of λ − N1 contains Cb(H) and so it is
dense in L1(H, ν). Now the conclusion follows from a classical result due to
Lumer and Phillips [161] .
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12.2 The m-dissipativity of N2 on L2(H, ν)

In this section we are going to prove, following G. Da Prato and L. Tubaro
[97], the following result.

Theorem 12.2.1 Assume that, besides the assumptions (12.1.1),(12.1.2)
and (12.1.3), we have |DU | ∈ L4(H, ν). Then N2 is self-adjoint on L2(H, ν).

Proof. The proof is similar to that of Theorem 12.1.13. However, we need
to show, instead of (12.1.18), that

lim
n→∞〈Fn(·)−DU(·), Dϕn〉 = 0 in L2(H, ν). (12.2.1)

To this purpose we need an estimate∫
H
|Dϕn|4dν ≤M2, (12.2.2)

for the solution ϕn of the approximating equation (12.1.12) where λ > 0
and f ∈ C2b (H).

To find (12.2.2) we first estimate Dhϕn, h ∈ N. Differentiating (12.1.12)
with respect to xh gives

λDhϕn −N0Dhϕn + 〈Fn −DU,DDhϕn〉

+ahDhϕn + 〈DhFn, Dϕn〉 = Dhf, (12.2.3)

where ah = 1
2λh

. Multiplying both sides of (12.2.3) by Dhϕn, integrating
with respect to ν and taking into account (12.1.11), yields

λ

∫
H
|Dhϕn|2dν +

1
2

∫
H
|DDhϕn|2dν +

∫
H
ah|Dhϕn|2dν

+
1
2

∫
H
〈Fn −DU,D(Dhϕn)2〉dν +

∫
H
〈DhFn, Dϕn〉Dhϕndν

=
∫
H
Dhf Dhϕndν.

Summing up over h gives

λ

∫
H
|Dϕn|2dν +

1
2

∫
H
Tr[(D2ϕn)2]dν +

∫
H
|(−A)1/2Dϕn|2dν

+
∫
H
〈D2ϕn Dϕn, Fn −DU〉dν + I = −2

∫
H
N0ϕn f dν, (12.2.4)
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where

I =
∞∑

h,k=1

∫
H
DhFn,k Dkϕn Dhϕn dν,

and Fn,k = 〈Fn, ek〉. Notice that for the factor DhFn,k appearing in I there
is no chance to have an estimate independent of n (in fact only a uniform
estimate of Fn on L4(H, ν) is available). For this reason we transform I by
an integration by parts. Using (12.1.7) we obtain

I = −
∞∑

h,k=1

∫
H
Fn,k DhDkϕn Dhϕn dν

−
∞∑

h,k=1

∫
H
Fn,k Dkϕn D

2
hϕn dν

+
∞∑

h,k=1

1
λh

∫
H
xhFn,k Dkϕn Dhϕn dν

+2
∞∑

h,k=1

∫
H
DhU Fn,k Dkϕn Dhϕn dν.

Consequently

I = −
∫
H
〈D2ϕn Dϕn, Fn〉dν − 2

∫
H
N0ϕn〈Fn, Dϕn〉dν.

Substituting in (12.2.4) gives

λ

∫
H
|Dϕn|2dν +

1
2

∫
H
Tr[(D2ϕn)2]dν +

∫
H
|(−A)1/2Dϕn|2dν

=
∫
H
〈D2ϕn Dϕn, DU〉dν + 2

∫
H
N0ϕn〈Fn, Dϕn〉dν − 2

∫
H
N0ϕn f dν.

(12.2.5)

Let us estimate the first two terms on the left hand side of (12.2.5). Recalling
the elementary inequality

|〈Gx, y〉|2 ≤ Tr[G2]|x|2|y|2, x, y ∈ H, G ∈ L+(H),
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we obtain for the first term,

∣∣∣∣∫
H
〈D2ϕn Dϕn, DU〉dν

∣∣∣∣2 ≤ ∫
H
Tr[(D2ϕn)2]dν

∫
H
|Dϕn|2|DU |2dν

≤
∫
H
Tr[(D2ϕn)2]dν

(∫
H
|Dϕn|4dν

)1/2 (∫
H
|DU |4dν

)1/2
.

(12.2.6)

Concerning the second we have

∣∣∣∣∫
H
N0ϕn〈Fn, Dϕn〉dν

∣∣∣∣2
≤
∫
H
|N0ϕn|2dν

(∫
H
|Dϕn|4dν

)1/2(∫
H
|Fn|4dν

)1/2
. (12.2.7)

Now, substituting (12.2.6) and (12.2.7) in (12.2.5) yields

λ

∫
H
|Dϕn|2dν +

1
2

∫
H
Tr[(D2ϕn)2]dν +

∫
H
|(−A)1/2Dϕn|2dν

≤
(∫

H
Tr[(D2ϕn)2]dν

)1/2 (∫
H
|Dϕn|4dν

)1/4 (∫
H
|DU |4dν

)1/4

+2
(∫

H
|N0ϕn|2dν

)1/2(∫
H
|Dϕn|4dν

)1/2(∫
H
|Fn|4dν

)1/2

−2
∫
H
N0ϕn f dν. (12.2.8)
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To conclude, we need another independent estimate for
∫
H |Dϕn|

4. We have∫
H
|Dϕn|4dν =

∞∑
h,k=1

∫
H
(Dhϕn)2(Dkϕn)2dν

=
∞∑

h,k=1

∫
H
Dhϕn

(
Dhϕn (Dkϕn)2

)
dν

= −
∞∑

h,k=1

∫
H
ϕnD

2
hϕn (Dkϕn)2dν

−2
∞∑

h,k=1

∫
H
ϕn Dhϕn Dkϕn DhDkϕn dν

+2
∞∑

h,k=1

∫
H
ϕn DhU Dhϕn (Dkϕn)2dν

+
∞∑

h,k=1

1
λh

∫
H
xhϕn Dhϕn (Dkϕn)2dν.

Therefore ∫
H
|Dϕn|4dν = −

∫
H
ϕn Tr[D2ϕn] |Dϕn|2dν

−2
∫
H
ϕn〈D2ϕn Dϕn, Dϕn〉dν

+2
∫
H
ϕn〈DU,Dϕn〉|Dϕn|2dν

−2
∫
H
ϕn〈Ax,Dϕn〉|Dϕn|2dν,

and hence ∫
H
|Dϕn|4dν = −2

∫
H
ϕn N0ϕn|Dϕn|2dν

−2
∫
H
ϕn〈D2ϕn Dϕn, Dϕn〉dν.
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This yields∫
H
|Dϕn|4dν ≤ 2

‖f‖0
λ

(∫
H
|N0ϕn|2dν

)1/2(∫
H
|Dϕn|4dν

)1/2

+2
‖f‖0
λ

∫
H

(
Tr[(D2ϕn)2]dν

)1/2(∫
H
|Dϕn|4dν

)1/2
.

(12.2.9)

Now, comparing (12.2.8) with (12.2.9), we see that there exists M > 0 such
that

1
2

∫
H
Tr[(D2ϕn)2]dν +

∫
H
|(−A)1/2Dϕn|2dν +

∫
H
|Dϕn|4dν ≤M,

(12.2.10)

and the conclusion follows.

12.3 The case when U is convex

Here we assume, besides (12.1.1)-(12.1.3), that{
(i) U is convex, nonnegative and lower semicontinuous,
(ii) ∃ε > 0 such that

∫
H |DU |

2+εdν < +∞.
(12.3.1)

Our goal is to show that N2 is self-adjoint and that Pt = etN2 is strong
Feller. We follow here [78] and [81], see also [96].

It is convenient to introduce some approximations of U that are convex
and regular, namely the Yosida approximations Uα of U :

Uα(x) = inf
{
U(y) +

|x− y|2
2α

: y ∈ H

}
, x ∈ H, α > 0.

The following properties are well known, see e.g. [64]:

lim
α→0

Uα(x) = U(x), x ∈ H, α > 0. (12.3.2)

lim
α→0

DUα(x) = DU(x), x ∈ H µ-a.e., α > 0. (12.3.3)

|DUα(x)| ≤ |DU(x)|, x ∈ H µ-a.e., α > 0. (12.3.4)

Moreover Uα ∈ C1(H) and DUα is Lipschitz continuous.
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Let us introduce as before an approximating equation,

λϕα − Lpϕα + 〈DUα, Dϕα〉 = f, λ > 0, (12.3.5)

with p ≥ 1. Here by Lp we mean the infinitesimal generator of the Ornstein-
Uhlenbeck semigroup (Rt) in Lp(H,µ).

By a solution of (12.3.5) we mean a function ϕα ∈ C0,1b (H)∩D(Lp), p ≥ 1
which fulfills (12.3.5). (1)

Notice that this definition is meaningful. In fact if ϕα ∈ C0,1b ∩D(Lp), we
have, in view of (12.3.5), Dϕα ∈ Lp(H,µ)∩L∞(H,µ); therefore 〈DUα, Dϕα〉
∈ Lp(H,µ) since DUα is Lipschitz continuous.

Lemma 12.3.1 Let f ∈ C1b (H), λ, α > 0. Then equation (12.3.5) has a
unique solution ϕα ∈ C0,1b ∩D(Lp), p ≥ 1. Moreover the following estimate
holds:

‖ϕα‖1 ≤
1
λ
‖Df‖0, λ, α > 0. (12.3.6)

Proof. Since DUα is Lipschitz continuous, we know by Chapter 7 that the
stochastic differential equation

dX = (AX −DUα(X))dt+ dWt, X(0) = x, (12.3.7)

has a unique solution Xα(·, x). Set

ϕα(x) =
∫ +∞

0
e−λtE [f(Xα(t, x))] dt, x ∈ H.

We claim that ϕα belongs to D(Lp) ∩ C0,1b (H) and is a solution of (12.3.5).
In fact ϕα ∈ C0,1b (H) since f ∈ C1b (H) and for all x, y ∈ H,

|E [f(Xα(t, x))]− E [f(Xα(t, y))] | ≤ ‖f‖1E|Xα(t, x)−Xα(t, y)|

≤ e−ωt‖f‖1|x− y|.

Moreover, since f−〈DUα, Dϕα〉 is Lipschitz continuous, it is not difficult
to show that ϕα ∈ D(Lp) and (12.3.5) holds.

Now we are ready to prove the following result.

1We recall that C0,1
b (H) is the subspace of Cb(H) of all Lipschitz continuous mappings.
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Theorem 12.3.2 Assume, besides (12.1.1)-(12.1.3), that (12.3.1) holds.
Then N0 is essentially self-adjoint in L2(H, ν). Moreover the following iden-
tity holds for the closure N2 of N0:∫

H
N2ϕ ψdν = −1

2

∫
H
〈Dϕ,Dψ〉dν, ϕ, ψ ∈ D(N2). (12.3.8)

Proof. We are going to prove that for λ > 0, the closure of (λ−N0)(EA(H))
contains C1b (H). Since C1b (H) is dense in L2(H, ν), this will prove the result
by the Lumer-Phillips theorem [161] .

Let in fact f ∈ C1b (H), λ, α > 0 and let ϕα be the solution to (12.3.5),
with p ≥ 4. Since EA(H) is a core for Lp (Proposition 10.2.1), there exists
a sequence (ϕ(n)α ) ⊂ EA(H) such that

ϕ(n)α → ϕα, Lpϕ
(n)
α → Lpϕα, in Lp(H,µ), (12.3.9)

as n tends to ∞. Since, by Proposition 10.6.1, D(L) ⊂ W 1,p(H,µ) with
continuous inclusion, we have

Dϕ(n)α → Dϕα, in Lp(H,µ;H), (12.3.10)

as n tends to ∞. We claim that

lim
n→∞〈DUα, Dϕ

(n)
α 〉 = 〈DUα, Dϕα〉 in L2(H, ν). (12.3.11)

In fact, since DUα is Lipschitz continuous, there exists a constant Cα > 0
such that |DUα(x)| ≤ Cα(1 + |x|), x ∈ H. It follows that∫

H
|〈DUα, Dϕ

(n)
α −Dϕα〉|2dν

≤ Z−1C2α

∫
H
(1 + |x|)2|Dϕ(n)α −Dϕα|2e−2Udµ

≤ Z−1C2α

(∫
H
(1 + |x|)4e−4Udµ

)1/2(∫
H
|Dϕ(n)α −Dϕα|4dµ

)1/2
,

and so (12.3.11) follows.
Set now

f (n)α = λϕ(n)α − Lpϕ
(n)
α + 〈DUα, Dϕ

(n)
α 〉.

Then, since L4(H,µ) ⊂ L2(H, ν), with continuous embedding, we have,
taking into account (12.3.11), that f (n)α → f in L2(H, ν) as n→∞. But we
have

λϕ(n)α −N0ϕ
(n)
α = f (n)α + 〈(DU −DUα), Dϕ(n)α 〉.
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Then by (12.3.1) it follows that

lim
n→∞〈(DU −DUα), Dϕ(n)α 〉 = 〈(DU −DUα), Dϕα〉 in L2(H, ν).

Consequently

lim
n→∞(λ−N0)(ϕ(n)α ) = f + 〈DU −DUα, Dϕα〉,

in L2(H, ν). This implies

f + 〈DU −DUα, Dϕα〉 ∈ (λ−N0)(EA(H)). (12.3.12)

We claim that

lim
α→0

〈DU −DUα, Dϕα〉 = 0 in L2(H, ν). (12.3.13)

We have in fact by (12.3.6),∫
H
|〈DU −DUα, Dϕα〉|2dν ≤

‖f‖1
λ2

∫
H
|DU −DUα|2dν.

Now (12.3.13) follows from (12.3.3). Therefore, letting α tend to 0 in
(12.3.12), we have f ∈ (λ−N0)(EA(H)). This means that (λ−N0)(EA(H))
contains C1b (H) and, consequently, coincides with L2(H, ν).

Finally the identity (12.3.8) follows from (12.1.11).

Remark 12.3.3 From identity (12.3.8) it follows that, setting ψ = 1, ν is
an invariant measure for the semigroup Pt = etN2 , t ≥ 0.Moreover it implies
that D((−N2)1/2) =W 1,2(H, ν).

Let us denote by (Pα
t ) the transition semigroup

Pα
t ϕ(x) = E [ϕ(Xα(t, x))] , ϕ ∈ Cb(H),

where Xα is the solution to (12.3.7). Clearly the probability measure να
defined by

να(dx) = Z−1
α e−2Uα(x)µ(dx), Zα =

∫
H
e−2Uα(y)µ(dy),

is invariant for (Pα
t ) and να is weakly convergent to ν as α → 0. The

unique extension of (Pα
t ) to L

2(H, να) will be denoted by the same symbol.
Moreover we shall denote by Nα the infinitesimal generator of (Pα

t ).
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Proposition 12.3.4 Let f ∈ C1b (H) and λ > 0. Then the following state-
ments hold.

(i) We have R(λ,N2)f ∈ C0,1b (H) and

‖R(λ,N2)f‖1 ≤
1
λ
‖f‖1. (12.3.14)

(ii) For any α > 0 we have

‖R(λ,N2)f −R(λ,Nα)f‖L2(H,ν) ≤
1
λ2
‖f‖1‖DU −DUα‖L2(H,ν).

(12.3.15)

(iii) We have
lim
α→0

R(λ,Nα)f = R(λ,N2)f in L2(H, ν).

Proof. We first prove that ϕα = R(λ,Nα)f belongs to the domain of N2.
Thanks to Proposition 11.2.10 there exists a sequence (ϕ(n)α ) ⊂ EA(H) such
that for p ≥ 4,

ϕ
(n)
α → ϕα, Lpϕ

(n)
α → Lpϕα in Lp(H,µ)

Dϕ
(n)
α → Dϕα in Lp(H,µ;H),

as n tends to ∞. Then the sequence (N0ϕ
(n)
α ) is convergent in L2(H, ν), so

that ϕα ∈ D(N).
Now from the identity

λϕα −N2ϕα = f + 〈DUα −DU,Dϕα〉,

and (12.3.6) it follows that

‖R(λ,N2)f −R(λ,Nα)f‖L2(H,ν) ≤ 1
λ
‖〈DU −DUα, Dϕα〉‖L2(H,ν)

≤ 1
λ2
‖f‖1‖DU −DUα‖L2(H,ν).

Thus (ii) and (iii) are proved. Finally (i) follows from the estimate

‖R(λ,Nα)f‖1 ≤
1
λ
‖f‖1.
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Theorem 12.3.5 For any f ∈ EA(H) we have

lim
α→0

Pα
t f = etN2f in L2(H, ν). (12.3.16)

Proof. We recall that, by the Hille-Yosida theorem, for any α > 0 we have

Pα
t f = lim

n→∞

(
1− t

n
Nα

)−n
f in L2(H, να),

and

Ptf = lim
n→∞

(
1− t

n
N2

)−n
f in L2(H, ν),

Moreover∣∣∣∣∣Pα
t f −

(
1− t

n
Nα

)−n
f

∣∣∣∣∣
L2(H,να)

≤ 1
n
‖Nαf‖L2(H,να), (12.3.17)

and ∣∣∣∣∣Ptf −
(
1− t

n
N2

)−n
f

∣∣∣∣∣
L2(H,ν)

≤ 1
n
‖N2f‖L2(H,ν). (12.3.18)

Taking into account the obvious inequality

‖ψ‖L2(H,ν) ≤ Z1/2α Z−1/2‖ψ‖L2(H,να), (12.3.19)

it follows that

|Ptf − Pα
t f |L2(H,ν) ≤

∣∣∣∣∣Ptf −
(
1− t

n
N2

)−n
f

∣∣∣∣∣
L2(H,ν)

+

∣∣∣∣∣
(
1− t

n
N

)−n
f −

(
1− t

n
Nα

)−n
f

∣∣∣∣∣
L2(H,ν)

+

∣∣∣∣∣Pα
t f −

(
1− t

n
Nα

)−n
f

∣∣∣∣∣
L2(H,ν)

≤ 1
n

(
‖N2f‖L2(H,ν) + Z1/2α Z−1/2‖Nαf‖L2(H,να)

)

+

∣∣∣∣∣
(
1− t

n
N2

)−n
f −

(
1− t

n
Nα

)−n
f

∣∣∣∣∣
L2(H,ν)

.
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Moreover the following identity holds.(
1− t

n
N2

)−n
f −

(
1− t

n
Nα

)−n
f

=
n−1∑
h=0

(
1− t

n
N2

)−h [(
1− t

n
N2

)−1
−
(
1− t

n
Nα

)−1]

×
(
1− t

n
Nα

)−n+1+h
f.

By Proposition 12.3.4 it follows that∣∣∣∣∣
(
1− t

n
N2

)−n
f −

(
1− t

n
Nα

)−n
f

∣∣∣∣∣
L2(H,ν)

≤ n‖f‖1‖DU −DUα‖L2(H,ν).

Finally, it follows that

|Ptf − Pα
t f |L2(H,ν) ≤ 1

n

(
‖N2f‖L2(H,ν) + Z1/2α Z−1/2‖Nαf‖L2(H,να)

)
+n‖f‖1‖DU −DUα‖L2(H,ν),

and the conclusion follows.
We end the introductory part of this section by proving the strong Feller

property of Pt.

Proposition 12.3.6 Assume (12.1.1)-(12.1.3) and (12.3.1). Then the semi-
group Pt = etN2 , t ≥ 0, is strong Feller .

Proof. By Theorem 7.7.1 we know that the semigroup (Pα
t ) is strong Feller

for any α > 0.Moreover, for any f Borel and bounded the following estimate
holds:

|Pα
t f(x)− Pα

t f(y)| ≤ t−1/2‖f‖0|x− y|, x, y ∈ H, t > 0. (12.3.20)

Now the conclusion follows, letting α tend to 0.
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12.3.1 Poincaré and log-Sobolev inequalities

We first prove the strongly mixing property for the measure ν.

Proposition 12.3.7 For any ϕ ∈ L2(H, ν) we have

lim
t→+∞ etN2ϕ =

∫
H
ϕdν = ϕ. (12.3.21)

Proof. It is enough to show (12.3.21) for ϕ ∈ E(H). In this case we have

|etN2ϕ(x)− ϕ| ≤ |etN2ϕ(x)− Pα
t ϕ(x)|+ |Pα

t ϕ(x)− ϕα|+ |ϕα − ϕ|,
(12.3.22)

where
ϕα =

∫
H
ϕdνα.

By Theorem 12.3.5 for any ε > 0 there exists αε > 0 such that for any
α < αε

|ϕα − ϕα| ≤ ε, ‖etN2ϕ− Pα
t ϕ‖L2(H,ν) ≤ ε.

Taking into account (12.3.19), we find from (12.3.22)

‖etN2ϕ(x)− ϕ‖L2(H,ν) ≤ 2ε+ ‖Pα
t ϕ− ϕα‖L2(H,ν)

≤ ε+ Z
1/2
α Z−1/2‖Pα

t ϕ− ϕα‖L2(H,να).

Recalling that Pα
t is strongly mixing, see G. Da Prato and J. Zabczyk [102],

the conclusion follows.

Theorem 12.3.8 For all ϕ ∈W 1,2(H, ν) we have∫
H
|ϕ− ϕ|2dν ≤ 1

2ω

∫
H
|Dϕ|2dν. (12.3.23)

Proof. The Poincaré inequality for the measure να follows from Proposition
11.2.17: ∫

H
|ϕ− ϕα|2dνα ≤

1
2ω

∫
H
|Dϕ|2dνα. (12.3.24)

Now it is enough to let α tend to 0.
In a similar way, see Proposition 11.2.19, we can prove the log-Sobolev

inequality.
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Theorem 12.3.9 For all ϕ ∈W 1,2(H, ν) we have∫
H
ϕ2 log(ϕ2)dν ≤ 1

2ω

∫
H
|Dϕ|2dν + ‖ϕ‖22 log(‖ϕ‖22), (12.3.25)

where
‖ϕ‖22 =

∫
H
|ϕ(x)|2ν(dx).





Part III

APPLICATIONS TO
CONTROL THEORY





Chapter 13

Second order
Hamilton-Jacobi equations

This chapter is devoted to the study of Hamilton-Jacobi equations in a sep-
arable Hilbert space H, and to their relationship with stochastic optimal
control problems . We shall be essentially concerned with the case of semi-
linear equations, which correspond to stochastic optimal control problems
driven by additive noise.

More precisely let us consider the following controlled system on H :{
dX(t) = (AX(t) +G(X(t)) + z(t))dt+Q1/2dW (t), t ∈ [0, T ],
X(0) = x ∈ H,

(13.0.1)

where A : D(A)⊂H → H is a linear operator, G : H → H is a continuous
mapping, Q is a symmetric nonnegative operator onH andW is a cylindrical
Wiener process on a probability space (Ω,F ,P), see Chapter 7. X represents
the state, z the control and T > 0 is fixed.

Under suitable assumptions, which we will make precise later, problem
(13.0.1) has a unique mild solution which we shall denote by X(t, x; z) or,
for short, by X(t, x).

Given g, ϕ ∈ UCb(H) and a convex lower semicontinuous function h :
H → [0,+∞), we want to minimize the cost functional

J(x, z) = E

(∫ T

0
[g(X(t, x; z)) + h(z(t))] dt+ ϕ(X(T, x; z))

)
, (13.0.2)

293
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over all z ∈ L2W (0, T ;L2(Ω, H)), the Hilbert space of all square integrable
processes adapted to W defined on [0, T ] and with values in H.

We denote by

J∗(x) = inf{J(x, z) : z ∈ L2W (0, T ;L2(Ω, H))}

the value function of the problem.
Using the dynamic programming approach, we look for a regular solution

of the Hamilton-Jacobi equation (1){
Dtu = 1

2Tr[QD
2u] + 〈Ax+G(x), Du〉 − F (Du) + g,

u(0) = ϕ,
(13.0.3)

where the Hamiltonian F is given by the Legendre transform of h:

F (x) = sup
y∈H

{〈x, y〉 − h(y)} , x ∈ H. (13.0.4)

Then we show that the optimal control z∗ is related to the optimal state X∗

by the feedback formula

z∗(t) = −DF (Du(T − t,X∗(t, x))), t ∈ [0, T ], (13.0.5)

where X∗ is the solution of the closed loop equation{
dX = (AX +G(X)−DF (Du(T − t,X)))dt+Q1/2dW (t), t ∈ [0, T ],
X(0) = x ∈ H.

(13.0.6)

Finally, the optimal cost is given by

J∗(x) = u(T, x), x ∈ H. (13.0.7)

Possible choices of h are the following.

(i) Let h(x) = 1
2 |x|2, x ∈ H. Then the Hamiltonian F is given by

F (x) = 1
2 |x|2, x ∈ H.

(ii) Let R > 0 and h(x) =
{

1
2 |x|2, if |x| ≤ R,
+∞, if |x| > R.

Then F (x) =
{ 1

2 |x|2, if |x| ≤ R,

R|x| − R2

2 , if |x| > R.

1We set in the following D = Dx, D2 = D2
x.
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Note that in case (a) F is locally Lipschitz continuous, whereas in case (b)
it is Lipschitz continuous.

We shall also consider the problem with infinite horizon that consists in
minimizing the cost functional

J∞(x, z) = E

(∫ +∞

0
e−λt [g(X(t, x; z)) + h(z(t))] dt

)
, (13.0.8)

over all z ∈ L2W (0,+∞;H), where λ > 0 is given. We denote by

J∗
∞(x) = inf{J(x, z) : z ∈ L2W (0,+∞;H)}

the optimal cost.
In this case, we look for a regular solution of the stationary Hamilton-

Jacobi equation

λϕ− 1
2
Tr[QD2ϕ]− 〈Ax+G(x), Dϕ〉+ F (Dϕ) = g. (13.0.9)

We show that the optimal control z∗ is related to the optimal state X∗ by
the feedback formula

z∗(t) = −DF (Dϕ(X∗(t, x))), t ≥ 0, (13.0.10)

where X∗ is the solution of the closed loop equation{
dX = (AX +G(X)−DF (Dϕ(X)))dt+Q1/2dW (t), t ≥ 0,
X(0) = x ∈ H.

(13.0.11)

Second order Hamilton-Jacobi equations are a classical subject in the finite
dimensional case, see the monograph by W. Fleming and M. Soner [114] and
references therein.

In infinite dimensions they were studied first, when the cost functional
is convex, by V. Barbu and G. Da Prato [9] and then by M. G. Crandall
and P. L. Lions, see [59], using the approach of viscosity solutions . For a
presentation of this method see M. G. Crandall, H. Ishii and P. L. Lions
[58]. The viscosity approach applies to fully nonlinear equations but does
not allow us to prove existence of regular solutions , and so the feedback
formula (13.0.5) can be only intendended in a weak sense. Also it requires,
with the exception of the paper by F. Gozzi, E. Rouy and A. Swiech, see
[136], that the operator Q is of trace class.

The approach presented here consists in solving (under suitable assump-
tions) the Hamilton-Jacobi equation (13.0.3) by generalizing the classical
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finite dimensional theory of semilinear evolution equations to the infinite
dimensional case. This will make meaningful the feedback formula (13.0.5).

This approach was introduced in G. Da Prato [65], then it was devel-
opped by P. Cannarsa and G. Da Prato in [28], [30], by F. Gozzi in [133],
[134], by F. Gozzi and E. Rouy in [135]. Recently Hamilton-Jacobi equa-
tions have been also considered in spaces L2(H,µ) where µ is a suitable
probability measure on H, see [55], [56], [57], [128].

For the sake of simplicity we shall present here only basic facts concerning
a simple situation when the nonlinear mapping G is Lipschitz or locally
Lipschitz continuous. However, these results can be considered as a first
step in studying more general situations.

Some more general Hamilton-Jacobi equations, arising in optimal control
problems for the reaction-diffusions equation, have been studied by S. Cerrai
in [39], [42] and in the monograph [43]. Moreover control of turbulence for
Burgers and Navier-Stokes equations has been considered by G. Da Prato
and A. Debussche in [83], [84] and [85].

We quote also some recent results about the ergodic control by G. Tes-
sitore [208] and B. Goldys and B. Maslowski; see [131].

Finally, very few results seem to be available for controlled equations
with multiplicative noise. A systematic study of this case has been started
by M. Fuhrman and M. Tessitore, by using backward equations; see [122],
[123]. We also recall an approach based on the Hopf transformation due to
G. Da Prato and J. Zabczyk [103].

Here, §13.1 is devoted to assumptions and some preliminaries. We solve
the Hamilton-Jacobi equation when the Hamiltonian H is Lipschitz contin-
uous in §13.2 and in §13.3 when it is locally Lipschitz. Applications to the
control problem are presented in §13.4.

13.1 Assumptions and setting of the problem

We shall assume that

(i) A is the infinitesimal generator of a C0 semigroup etA on H,
(ii) Q ∈ L+(H) and

∫ t
0 Tr[e

sAQesA
∗
]ds < +∞, t > 0, x ∈ H,

(iii) G ∈ C1b (H;H),
(iv) etA(H) ⊂ Q1/2(H) and there is β ∈ (0, 1)such that

‖Q−1/2etA‖ ≤ Ct−
β
2 , t ∈ (0, 1].

(13.1.1)
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By assumptions (13.1.1)(i), (iii) it follows, recalling results of Chapter 7,
that the differential stochastic equation{

dX(t) = (AX(t) +G(X(t)) + z(t))ds+Q1/2dW (t), t ∈ [0, T ],
X(0) = x ∈ H,

(13.1.2)

has a unique mild solution X(·) = X(·, x) on [0, T ]. That is X(·) is an
adapted stochastic process such that X(0) = x and for t ∈ [0, T ],

X(t, x) = etAx+
∫ t

0
e(t−s)Az(s)ds+

∫ t

0
e(t−s)AG(X(s, x))ds+WA(t),

where

WA(t) =
∫ t

0
e(t−s)AQ1/2dW (s) (13.1.3)

is the stochastic convolution.

Remark 13.1.1 The assumption (13.1.1)(iv) implies that

‖Λt‖ = ‖Q−1/2
t etA‖ ≤ Kt−

1+β
2 , t ∈ [0, 1], (13.1.4)

where

Qtx =
∫ t

0
esAQesA

∗
xdx, t ≥ 0, x ∈ H.

Therefore, the Ornstein-Uhlenbeck semigroup (Rt) introduced in Chapter 6,

Rtϕ(x) =
∫
H
ϕ(etAx+ y)NQt(dy), ϕ ∈ UCb(H),

is strong Feller.
To prove (13.1.4), let us consider the controlled system

ξ′ = Aξ +Q1/2u, ξ(0) = x,

and notice that, for fixed T > 0, the control

u(t) = − 1
T
Q−1/2etAx, t ∈ [0, T ],

drives x to 0 in time T . Since, in view of (13.1.1)(iv) (see Appendix B),

|ΛTx|2 ≤
∫ T

0
|u(t)|2dt ≤ c2

T 1+β
|x|2,

the conclusion follows.
Notice that in hypothesis 13.1.1(iv) one could replace the condition

‖Q−1/2etA‖ ≤ Ct−
β
2 , t ∈ (0, 1], with (13.1.4).
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Example 13.1.2 Let d ∈ N, H = L2([0, π]d), and let A be the Laplace
operator on O = [0, π]d with Dirichlet boundary conditions:

Ax = ∆x =
d∑

k=1

D2
kx, x ∈ D(A) = H2(O) ∩H1

0 (O). (13.1.5)

As is well known, A is self-adjoint and

Aek = −|k|2ek, k = (k1, . . . , kd) ∈ N
d,

where ek(ξ) = 2d/2 sin k1ξ1 . . . sin kdξd.
Let us choose Q = (−A)−β with β ≥ 0. Then we have

Qek = |k|−2βek, k = (k1, . . . , kd) ∈ N
d, (13.1.6)

where β ≥ 0. As is easily seen, the operator Qt is of trace class if and only
if 2 + 2β > d.

Thus we can take Q = I if and only if d = 1, and β < 1 if and only if
d < 4.

Finally, if d < 4 and Q = (−A)−β with d/2 − 1 < β < 1 we see which
(13.1.1) holds.

It is useful to consider Galerkin approximations of problem (13.1.1).
They will require additional assumptions (which are however often fulfilled),
but they will allow simplifications in several proofs.

Let us assume

(i) there are an orthonormal basis (ek) ⊂ D(A) and a sequence (λk) of
positive numbers such that Qek = λkek, k ∈ N,
(ii) we have limn→∞ etAnx = etAx, x ∈ H, where An = ΠnAΠn and
Πnx =

∑n
k=1〈x, ek〉ek, x ∈ H,

(iii) there is β ∈ [0, 1) such that Q−1/2
n (−An)−β/2 ∈ L(H), where

Qn = ΠnQ, An = ΠnAΠn,

moreover there is C1 > 0 such that ‖Q−1/2
n etAn‖ ≤ C1t

−β/2, t ∈ [0, 1].
(13.1.7)

Now we consider the approximating problem{
dXn(t) = (AnXn(t) +Gn(Xn(t)) + Πnz(t))dt+ΠnQ

1/2dW (t),
Xn(0) = Πnx,

(13.1.8)
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where Gn(x) = ΠnG(Πnx), x ∈ H.
The mild solution Xn of problem (13.1.8) is given by the solution of the

integral equation

Xn(t) = etAnx+
∫ t

0
e(t−s)An [Gn(Xn(s)) + Πnz(s)]ds+Wn

A(t), t ≥ 0,

(13.1.9)

where

WA,n(t) =
∫ t

0
e(t−s)AnΠnQ

1/2dW (s), t ≥ 0. (13.1.10)

Notice that Xn(t) ∈ Πn(H), and so problem (13.1.9) is in fact finite dimen-
sional.

The following result was proved in G. Da Prato and J. Zabczyk [101].

Proposition 13.1.3 Assume that (13.1.1) and (13.1.7) hold. Let x ∈ H,
n ∈ N. Then we have

lim
n→∞Xn(t) = X(t) in L2(Ω;H), (13.1.11)

uniformly on t ∈ [0, T ].

Proposition 13.1.4 Assume that (13.1.1) and (13.1.7), hold. Let

Rn
t ϕ(x) =

∫
H
ϕ(etAnx+ y)NQnt

(dy), ϕ ∈ UCb(H),

where

Qn,t =
∫ t

0
esAnQesA

∗
nds, t ≥ 0.

Then there exists C2 > 0, such that

|DRn
t ϕ(x)| ≤ C2t

− 1+β
2 ‖ϕ‖0, x ∈ H,ϕ ∈ UCb(H). (13.1.12)

Moreover, for all ϕ ∈ UCb(H), we have

lim
n→∞Rn

t ϕ(x) = Rtϕ(x), t ≥ 0, x ∈ H, (13.1.13)

and

lim
n→∞DRn

t ϕ(x) = DRtϕ(x), t > 0, x ∈ H. (13.1.14)

Proof. We first notice that (13.1.12) follows from Remark 13.1.1. We have
moreover

〈DRn
t ϕ(x), h〉 =

∫
H
〈Λn,th,Q

−1/2
n,t y〉ϕ(etAnx+ y)NQn,t(dy),

where Λn,t = Q
−1/2
n,t etAn . The conclusion follows letting n tend to ∞.
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13.2 Hamilton-Jacobi equations with a Lipschitz
Hamiltonian

We assume here that (13.1.1) and (13.1.7) hold and consider the problem

{
Dtu = Lu+ 〈G,Du〉+ F (Du) + g,
u(0) = ϕ,

(13.2.1)

where L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup
(Rt) introduced in §6.3.3 and F : H → R is Lipschitz continuous. Moreover
ϕ, g ∈ UCb(H) are fixed.

We write problem (13.2.1) in the integral (or mild) form

u(t, ·) = Rtϕ+
∫ t

0
Rt−s[〈G,Du(s, ·)〉+ F (D(u(s, ·))) + g]ds. (13.2.2)

We will look for a solution of (13.2.2) in the space ZT consisting of all
continuous bounded functions u : [0, T ]×H → R such that u(t, ·) ∈ UC1b (H)
for all t > 0 and the mapping

(0, T ]×H → H, (t, x)→ t
1+β

2 Du(t, x),

is measurable and bounded.
It is easy to check that ZT , endowed with the norm

‖u‖ZT = sup
t∈[0,T ]

‖u(t, ·)‖0 + sup
t∈[0,T ]

t
1+β

2 ‖Du(t, ·)‖0,

is a Banach space.
The following result was proved in P. Cannarsa and G. Da Prato [27]

when β = 0, and in F. Gozzi [133] if β ∈ (0, 1). For the linear case see §6.5

Theorem 13.2.1 Assume that (13.1.1) hold, that F : H → R is Lipschitz
continuous and that ϕ, g ∈ UCb(H). Then equation (13.2.2) has a unique
solution u ∈ ZT .

Proof. We write equation (13.2.2) as

u(t, ·) = γ(u)(t) +Rtϕ+
∫ t

0
Rt−sgds,

where

γ(u)(t) =
∫ t

0
Rt−s[〈G,Du(s, ·)〉+ F (D(u(s, ·)))]ds, t ∈ [0, T ].
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Thanks to (13.1.12) and (13.1.14) it is easy to see that γ maps ZT into itself.
Let us show that γ is a contraction on ZT . In fact, if u, u ∈ ZT we have (2)

‖γ(u)(t, ·)− γ(u)(t, ·)‖0 ≤ (‖F‖1 + ‖G‖1)
∫ t

0
‖Du(s, ·)−Du(s, ·)‖0 ds

≤ (‖F‖1 + ‖G‖1)
∫ t

0
s−

1+β
2 ds ‖u− u‖ZT .

=
2

1− β
t

1−β
2 (‖F‖1 + ‖G‖1)‖u− u‖ZT .

Moreover, taking into account formulae (13.1.12) and (13.1.14),

‖Dγ(u)(t, ·)−Dγ(u)(t, ·)‖0

≤ K(‖F‖1 + ‖G‖1)
∫ t

0
(t− s)−

1+β
2 ‖Du(s, ·)−Du(s, ·)‖0ds

≤ K(‖F‖1 + ‖G‖1)
∫ t

0
(t− s)−

1+β
2 s−

1+β
2 ds ‖u− u‖ZT

≤ K(‖F‖1 + ‖G‖1)t−β
∫ 1

0
(1− σ)−

1+β
2 σ− 1+β

2 dσ ‖u− u‖ZT .

It follows that

t
1+β

2 ‖Dγ(u)(t, ·)−Dγ(u)(t, ·)‖0

≤ Kt
1−β

2 (‖F‖1 + ‖G‖1)
∫ 1

0
(1− σ)−

1+β
2 σ− 1+β

2 dσ ‖u− u‖ZT , t ∈ [0, T ].

Therefore γ is a contraction on ZT0 provided T0 is sufficiently small, and so
there exists a unique solution of (13.2.2) on [0, T0]. Finally this solution can
be continued in the whole interval [0, T ] by a standard argument.

Let now consider the approximating problems

un(t, ·) = Rn
t ϕ ◦Πn +

∫ t

0
Rn
t−s (〈Gn, Dun(s, ·)〉+ F (Dun(s, ·)) + gn) ds.

(13.2.3)

By Proposition 13.1.4 we obtain, using standard arguments, the following
result.

2We recall that ‖F‖1 is the Lipschitz norm of F.
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Theorem 13.2.2 Assume that (13.1.1) and (13.1.7) hold, and that F : H →
R is Lipschitz continuous and that ϕ, g ∈ UCb(H). Then equation (13.2.3)
has a unique solution un. Moreover

lim
n→∞un(t, x) = u(t, x), t ∈ [0, T ], x ∈ H, (13.2.4)

and

lim
n→∞Dun(t, x) = Du(t, x), t ∈ [0, T ], x ∈ H. (13.2.5)

13.2.1 Stationary Hamilton-Jacobi equations

We assume here that (13.1.1) and (13.1.7) hold and that F : H → R is
Lipschitz continuous.

We are concerned with the stationary equation

λϕ− Lϕ− 〈G,Dϕ〉 − F (Dϕ) = g, (13.2.6)

where λ > 0 and g ∈ UCb(H) are given.
Let us consider the approximating equation

λϕn − Lnϕn − 〈Gn, Dϕn〉 − F (ΠnDϕn) = gn, (13.2.7)

where gn(x) = g(Πn(x)), x ∈ H. Here L (resp. Ln) is the infinitesimal
generator of (Rt) (resp. (Rn

t )).
By Corollary 6.4.3 it follows that D(L) ⊂ UC1b (H). Moreover, in view

of (13.1.12) and (13.1.14), there exists a constant K1 > 0 such that for all
λ > 0, and g ∈ UCb(H), we have

|DR(λ,L)g(x)| ≤ K1λ
β−1

2 ‖g‖0, x ∈ H. (13.2.8)

We first prove existence of a solution to (13.2.6) when λ is sufficiently
large.

Lemma 13.2.3 Let λ0 = K
2

1−β
1 , where K1 is defined in (13.2.8). Then for

all λ > λ0 and g ∈ UCb(H) there exist unique solutions ϕ ∈ D(L) and
ϕn ∈ D(Ln) of (13.2.6) and (13.2.7) respectively.

Moreover

lim
n→∞ϕn(x) = ϕ(x), x ∈ H. (13.2.9)
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Proof. Let λ > λ0. Setting λϕ− Lϕ = ψ equation (13.2.6) becomes

ψ − 〈G,DR(λ,L)ψ〉 − F (DR(λ,L)ψ) = g.

For all ψ,ψ ∈ UCb(H), we have

‖〈G,DR(λ, L)ψ −R(λ,L)ψ〉‖0 ≤ ‖G‖0K1λ
− 1−β

2 ‖ψ − ψ‖0,

‖F (DR(λ,L)ψ)− F (DR(λ,L)ψ)‖0 ≤ ‖F‖1K1λ
− 1−β

2 ‖ψ − ψ‖0.

Therefore the mapping

ψ → 〈G,DR(λ,L)ψ〉 − F (DR(λ,L)ψ)

is a contraction in UCb(H) and hence equation (13.2.6) has a unique solution
ϕ.

Existence and uniqueness of a solution ϕn of (13.2.7) can be proved
analogously. Finally (13.1.14) follows from a straightforward argument.

We want now to remove the condition λ > λ0. To this purpose we intro-
duce the operators

Kϕ = Lϕ+ 〈G,Dϕ〉+ F (Dϕ), ϕ ∈ D(L), (13.2.10)

and

Knϕ = Lnϕ+ 〈Gn, Dϕ〉+ F (ΠnDϕ), ϕ ∈ D(Ln). (13.2.11)

Notice that Kn is dissipative on UCb(H), by the maximum principle in finite
dimensions. We recall that this implies

‖ϕ− ϕ‖0 ≤ ‖ϕ− ϕ− λ(Knϕ−Knϕ)‖0, λ > 0, ϕ, ϕ ∈ D(Ln).

Therefore, by Lemma 13.2.3, Kn is m-dissipative on UCb(H), see e.g. [64].

Theorem 13.2.4 Assume that (13.1.1) and (13.1.7) hold and that F : H →
R is Lipschitz continuous. Then K is m-dissipative on UCb(H). Conse-
quently for all λ > 0 and g ∈ UCb(H), there exists a unique solution
ϕ ∈ D(L) of (13.2.6).

Proof. Let λ > λ0, ϕ, ϕ ∈ D(L). Set

g = λϕ−Kϕ, g = λϕ−Kϕ,
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and gn(x) = g(Πnx), gn(x) = g(Πnx). Let ϕn, ϕn be such that

λϕn −Knϕn = gn, λϕn −Knϕn = gn.

From the dissipativity of Kn it follows that

‖ϕn − ϕn‖0 ≤
1
λ
‖gn − gn‖0.

Therefore
|ϕn(x)− ϕn(x)| ≤

1
λ
‖g − g‖0, x ∈ H.

Letting n tend to infinity and taking the supremum on x, we find

‖ϕ− ϕ‖0 ≤
1
λ
‖g − g‖0, x ∈ H.

This shows that K is dissipative, and therefore is m-dissipative by Lemma
13.2.3.

We end this section with an estimate on the gradient of the solution ϕ
of (13.2.6), independent of F. This estimate will be useful later for studying
Hamilton-Jacobi equations with locally Lipschitz Hamiltonians.

Proposition 13.2.5 Assume that (13.1.1) and (13.1.7) hold and that F ∈
C1b (H). Assume in addition that etA is a contraction semigroup, G is dis-
sipative, λ > 0 and g ∈ C1b (H). Let ϕ be the solution to (13.2.6). Then we
have

‖Dϕ‖0 ≤ ‖Dg‖0. (13.2.12)

Proof. In view of (13.1.14), it is enough to prove the result assuming that
H is a n-dimensional space. Thus we write equation (13.2.6) as

λϕ− 1
2

n∑
h=1

λhD
2
hϕ−

n∑
h,k=1

ah,kxkDhϕ−
n∑
h

Gn
hDhϕ− F (ΠnDϕ) = g,

(13.2.13)

where ah,k = 〈Aek, eh〉 and Gn
h = 〈Gn, eh〉, h, k ∈ N.

Setting ψj = Djϕ, differentiating (13.2.13) with respect to xj and mul-
tiplying both sides by ψj , we obtain

λψ2j −
1
2

n∑
h=1

λhD
2
hψj ψj −

n∑
h,k=1

ah,kxkDhψj ψj −
n∑

h=1

Gn
hDhψj ψj

−
n∑

h=1

(DjG
n
h)ψhψj −

n∑
h=1

ah,jψhψj −
n∑

h=1

DhF (ΠnDϕ)Dhψj ψj = Djg ψj .

(13.2.14)
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Since
D2

hψj ψj =
1
2
D2

h(ψ
2
j )− (Dhψj)2,

(13.2.14) can be written as

λψ2j − 1
4

n∑
h=1

λhD
2
h(ψ

2
j ) +

1
2

n∑
h=1

λh(Dhψj)2 −
1
2

n∑
h,k=1

ah,kxkDh(ψ2j )

−1
2

n∑
h=1

Gn
hDh(ψ2j )−

n∑
h=1

ah,jψhψj −
n∑

h=1

(DjG
n
h)ψhψj

−1
2

n∑
h=1

DhF (ΠnDϕ)Dh(ψ2j ) = Djgψj . (13.2.15)

Summing up over j and setting z = |Dϕ|2, we find

λz − 1
4
Tr[QD2z] +

1
2

n∑
h,j=1

λh(Dhψj)2 − 〈Ax,Dz〉 − 〈G(x), Dz〉

−〈ADϕ,Dϕ〉 − 〈DG ·Dϕ,Dϕ〉 − 1
2
〈DF (ΠnDϕ), Dz〉 = 〈Dϕ,Dg〉.

(13.2.16)

Therefore

λz − 1
4
Tr[QD2z]− 〈Ax,Dz〉 − 〈G(x), Dz〉 − 1

2
〈DF (ΠnDϕ), Dz〉

≤ 〈Dϕ,Dg〉.

By the maximum principle in finite dimensions it follows that ‖Dϕ‖20 ≤
1
λ ‖Dg‖0 ‖Dϕ‖0, which yields the conclusion.

13.3 Hamilton-Jacobi equation with a quadratic
Hamiltonian

We assume here that (13.1.1) and (13.1.7) hold. We are concerned with
existence and uniqueness of solutions for the problem{

Dtu = Lu+ 〈G,Du〉 − 1
2 |Du|2 + g,

u(0) = ϕ,
(13.3.1)
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with ϕ, g ∈ UCb(H). Again we consider the approximating problem

{
Dtun = Lnun + 〈Gn, Dun〉 − 1

2 |ΠnDun|2 + gn,
u(0) = ϕn,

(13.3.2)

For a more general method that does not require Galerkin approximations
see F. Gozzi [134].

We write problems (13.3.1) and (13.3.2) in integral form:

u(t, ·) = Rtϕ+
∫ t

0
Rt−s

[
〈G,Du(s, ·)〉 − 1

2
|Du(s, ·)|2 + g

]
ds, (13.3.3)

un(t, ·) = Rn
t ϕn +

∫ t

0
Rn
t−s

[
〈Gn, Dun(s, ·)〉 −

1
2
|ΠnDun(s, ·)|2 + gn

]
ds.

(13.3.4)

We will look as before for a solution of (13.3.1) in the space ZT introduced
previously.

Theorem 13.3.1 Assume that (13.1.1) and (13.1.7) hold and in addition
that ‖etA‖ ≤ eωt, t ≥ 0, for some ω ∈ R, and G is dissipative. Then for
any ϕ ∈ C1b (H) the equations (13.3.3) and (13.3.4) have unique gs u and un
respectively. Moreover

lim
n→∞un(t, x) = u(t, x), t ≥ 0, x ∈ H, (13.3.5)

and

lim
n→∞Dun(t, x) = Du(t, x), t > 0, x ∈ H. (13.3.6)

Proof. Since by Proposition 13.1.4 |DRn
t ϕ(x)| ≤ C1t

− 1+β
2 ‖ϕ‖0, existence

and uniqueness of local solutions in a suitable interval [0, T0] (as well as
the convergence of un to u in ZT0) follows by a standard argument, see P.
Cannarsa and G. Da Prato [30] for details. To continue the solution to [0, T ]
it is enough to find an a priori estimate for the finite dimensional parabolic
problem (13.3.2), which we write in the following form (dropping the index
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n in u for simplicity):



Dtu =
1
2

n∑
h=1

λhD
2
hu+

n∑
h,k=1

ah,kxkDhu

+
n∑
h

Gn
hDhu−

1
2

n∑
h=1

(Dhu)2 + gn,

u(0, x) = ϕn,

(13.3.7)

where Dhu = 〈Du, eh〉, ah,k = 〈Aek, eh〉, Gn
h = 〈Gn, eh〉, xk = 〈x, ek〉,

gn(x) = g(Πnx) and ϕn(x) = ϕ(Πnx).

Since the local solution is regular, we can assume from now on that
ϕ, g ∈ UC1b (H).

Setting vj = Dju, and differentiating with respect to xj , we obtain

Dtvj =
1
2

n∑
h=1

λhD
2
hvj +

n∑
h,k=1

ah,kxkDhvj +
n∑
h

Gn
hDhvj

−
n∑

h=1

DhuDhvj −
n∑

h=1

ah,jvh −
n∑

h=1

DjGhvh +Djgn. (13.3.8)

Now, multipling both sides of (13.3.8) by vj and summing up over j, we
obtain

1
2
Dt|v|2 =

1
2

n∑
j,h=1

λhD
2
hvjvj +

n∑
h,k,j=1

ah,kxk(Dhvj)vj

−
n∑

h,j=1

(Dhu)(Dhvj)vj −
n∑

h,j=1

Gn
h(Dhvj)vj −

n∑
h,j=1

ah,jvhvj

−
n∑

h,j=1

DjG
n
hvhvj +Djgnvj . (13.3.9)
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Notice that

1
2

n∑
j,h=1

λhD
2
hvjvj =

1
4

n∑
h=1

λhD
2
h|v|2 −

1
2

n∑
j,h=1

λh|Dhvj |2,

n∑
h,k,j=1

ah,kxkDhvjvj =
1
2
〈Anx,D|v|2〉,

n∑
h,j=1

Gn
h(Dhvj)vj =

1
2
〈Gn, D|v|2〉,

n∑
h,j=1

DhuDhvjvj =
1
2
〈Du,D|v|2〉.

(13.3.10)

Now, substituting (13.3.10) into (13.3.9), we find

Dt|v|2 ≤ 1
2
Tr[QD2(|v|2)] + 〈Anx+Gn(x)−Du(t, x), D|v|2〉

+ω|v|2 + 1
2
|Dgn|2 +

1
2
|v|2.

Finally, the required a priori estimate follows again from the maximum
principle.

13.3.1 Stationary equation

We assume here that (13.1.1) and (13.1.7) hold. We are concerned with the
equation

λϕ− Lϕ− 〈G,Dϕ〉+ 1
2
|Dϕ|2 = g, (13.3.11)

where λ > 0, and g ∈ UCb(H). We set

Kϕ = Lϕ+ 〈G,Dϕ〉 − 1
2
|Dϕ|2, ϕ ∈ D(L).

We recall that, in view of Proposition 4.2.1, we have D(L) ⊂ UC1b (H), so
that the above definition is meaningful.

Proposition 13.3.2 K is dissipative.
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Proof. Let λ > 0, ϕi ∈ D(L), i = 1, 2, and set

gi = λϕi − Lϕi − 〈G,Dϕi〉+
1
2
|Dϕi|2, i = 1, 2.

Then for any ε > 0 we have

λϕi − Lϕi − 〈G,Dϕi〉+
1
2

|Dϕi|2
1 + ε|Dϕi|2

= gi −
ε

2
|Dϕi|4

1 + ε|Dϕi|2
.

By Theorem 13.2.4, applied to the function F defined by

F (x) = −1
2

|x|2
1 + ε|x|2 , x ∈ H,

it follows that

‖ϕ1 − ϕ2‖0 ≤
1
λ
‖g1 − g2‖0 +

ε

2λ
sup
x∈H

2∑
i=1

|Dϕi(x)|4
1 + ε|Dϕi(x)|2

.

Therefore, for ε→ 0, we have

‖ϕ1 − ϕ2‖0 ≤
1
λ
‖g1 − g2‖0.

Theorem 13.3.3 K is m-dissipative.

Proof. Let λ > 0 and let g ∈ UC1b (H). For any ε > 0 denote by ϕε the
solution to

λϕε − Lϕε − 〈G,Dϕε〉+
1
2

|Dϕε|2
1 + ε|Dϕε|2

= g.

It follows that

λϕε − Lϕε〈G,Dϕε〉+
1
2
|Dϕε|2 = g +

ε

2
|Dϕε|4

1 + ε|Dϕε|2
.

By Proposition 13.2.5 we have

‖Dϕε‖0 ≤ C(λ)‖Dg‖0, ε > 0.

Therefore
lim
ε→0

[λϕε − Lϕε +
1
2
|Dϕε|2] = g.

This implies that the closure of the image of λ−K contains UC1b (H). Since
UC1b (H) is dense in UCb(H) (Theorem 2.2.1), this shows that the image of
λ−K is dense in UCb(H). This yields the conclusion.
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13.4 Solution of the control problem

We assume here that 13.1.1 and 13.1.7 hold. We study the control problem
only in the case of quadratic Hamiltonian.

13.4.1 Finite horizon

We are concerned with the following optimal control problem.
Given ϕ, g ∈ UC1b (H), minimize

J(T, x, z) = E

(∫ T

0

[
g(X(t)) +

1
2
|z(t)|2

]
dt+ ϕ(X(T ))

)
, (13.4.1)

over all controls z ∈ L2W (0, T ;L2(Ω;H)), subject to the state equation
(13.1.2).

We set

J∗(T, x) = inf
{
J(z) : z ∈ L2W (0, T ;L2(Ω;H))

}
, (13.4.2)

J∗ is the value function of the problem.
We say that z∗ ∈ L2W (0, T ;L2(Ω;H)) is an optimal control, if J∗(T, x) =

J(T, x, z∗). Then the solution X∗ of (13.1.2) corresponding to z∗ is called
an optimal state and the pair (z∗, X∗) an optimal pair.

We are going to show existence of an optimal control. We first prove two
basic identities.

Proposition 13.4.1 Let z ∈ L2W (0, T ;L2(Ω;H)), X(·, x) (resp. Xn(·, x))
be the mild solution of (13.1.2) (resp. (13.1.8)) and let u (resp. un) be
the mild solutions of Hamilton-Jacobi equation (13.3.1) (resp. (13.3.2)) with
F (x) = 1

2 |x|2. Let moreover z ∈ L2W (0, T ;L2(Ω;H)) and zn(t) = Πnz(t), t ∈
[0, T ]. Then the following identities hold:

u(T, x) +
1
2

E

(∫ T

0
|z(s) +Du(T − s,X(s, x))|2ds

)
= J(T, x, z), (13.4.3)

and

un(T, x) +
1
2

E

(∫ T

0
|zn(s) +Dun(T − s,Xn(s, x))|2ds

)

= E

(∫ T

0

[
g(Xn(t)) +

1
2
|zn(t)|2

]
dt+ ϕn(Xn(T ))

)
. (13.4.4)
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Proof. Since un is regular, by Itô’s formula (see Chapter 7) we have

dsun(t− s,Xn(s, x)) = −Dtun(t− s,Xn(s, x))ds

+
1
2
Tr[QnD

2un(t− s,Xn(s, x))]ds

+〈AnXn(s, x) +Gn(Xn(s, x)) + Πnz(s), Dun(t− s,Xn(s, x))〉ds

+〈Dun(t− s,Xn(s, x)), Q1/2n dW (s)〉

=
[
1
2
|Dun(t− s,Xn(s, x)) + Πnz(s)|2 −

1
2
|Πnz(s)|2 − g(Xn(s, x))

]
ds

+〈Dun(t− s,Xn(s, x)), Q1/2n dW (s)〉.

Setting t = T, integrating over s in [0, T ], and taking expectation we find
(13.4.4). Now (13.4.3) follows letting n tend to infinity.

Theorem 13.4.2 There exists an optimal pair (X∗, z∗) for problem (13.4.1)
and the feedback formula holds:

z∗(t) = −Du (T − t,X∗(t)) , t ∈ [0, T ]. (13.4.5)

Moreover the optimal cost J∗(T, x) is given by

J∗(T, x) = u(T, x). (13.4.6)

Proof. We first note that, in view of (13.4.3), we have

u(T, x) ≤ J(T, x, z), z ∈ L2W (0, T ;L2(Ω;H)). (13.4.7)

Let now Xn be the solution to{
dXn(t) = [AnXn +Gn(Xn)−Dun(T − t,Xn(t))]dt+Q

1/2
n dW (t)

Xn(0) = Πnx,

(13.4.8)

and set zn(t) = −Dun(T − t,Xn). Then we have

Xn(t, x) = etAnxn +
∫ t

0
e(t−s)Anzn(s)ds+

∫ t

0
e(t−s)AnGn(zn(s))ds

+WA,n(t), (13.4.9)
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and, in view of (13.4.4),

un(T, x) = E

(∫ T

0

[
g(Xn(t)) +

1
2
|zn(t)|2

]
dt+ ϕn(Xn(T ))

)
. (13.4.10)

Consequently, there exists a positive constant C such that

1
2

E

(∫ T

0
|zn(t)|2dt

)
≤ un(T, x) ≤ C. (13.4.11)

Therefore, there exists a subsequence (znk) of (zn) which converges weakly in
L2W (0, T ;L2(Ω;H)) to an element z∗. From (13.4.9), it follows that (Xnk)
converges weakly in L2W (0, T ;L2(Ω;H)) to an element X∗ and we have

X(t, x) = etAx+
∫ t

0
e(t−s)Az∗(s)ds+WA(t). (13.4.12)

Now from (13.4.3), it follows that u(T, x) = J(T, x, z∗), so that z∗ is optimal.

Remark 13.4.3 The equation{
dX = [AX +G(X)−Du(T − t,X(t))]dt+Q1/2dW (t), t ∈ [0, T ],
X(0) = x ∈ H,

(13.4.13)

is called the closed loop equation. It can be solved directly either when
etA, t > 0, is compact, see P. Cannarsa and G. Da Prato [31] and F. Gozzi
[133], or when u is of class C2, see [27], [134]. In the second case the optimal
control is unique.

13.4.2 Infinite horizon

We are here concerned with the following optimal control problem.
Given λ > 0, g ∈ UC1b (H) nonnegative, minimize the cost functional

J∞(x, z) = E

(∫ +∞

0
e−λt

[
g(X(t)) +

1
2
|z(t)|2

]
dt

)
, (13.4.14)

over all controls z ∈ L2W (0,+∞;L2(Ω;H)), subject to the state equation
(13.1.2).

We set

J∗
∞(x) = inf

{
J(x, z) : z ∈ L2W (0,+∞;L2(Ω;H))

}
. (13.4.15)
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We say that z∗ ∈ L2W (0,+∞;L2(Ω;H)) is an optimal control, if J∗∞(x) =
J∞(x, z∗). Then the corresponding solution X∗ of (13.1.2) is called an opti-
mal state, and the pair (z∗, X∗) an optimal pair.

We are going to show existence of an optimal control. As before we start
with an identity.

Proposition 13.4.4 Let z ∈ L2W (0,+∞;L2(Ω;H)), X(·, x) be the solution
of (13.1.2) and let ϕ be the mild solution of the Hamilton-Jacobi equation
(13.3.11). Then the following identity holds:

ϕ(x) +
1
2

E

(∫ +∞

0
e−λt|z(s) +Dϕ(X(s, x))|2ds

)
= J∞(x, z). (13.4.16)

Proof. We assume that ϕ ∈ UC2b (H), otherwise we proceed using Galerkin
approximations . By Itô’s formula we have

de−λtϕ(X(t, x)) = e−λt[(L− λ)ϕ(X(t, x)) + 〈G(X(t, x)), Dϕ(X(t, x))〉]dt

+e−λt
(
〈Dϕ(X(t, x)), z(t)〉+ 〈Dϕ(X(t, x)), Q1/2dW (t)〉

)
= e−λt

(
1
2
|Dϕ(X(t, x)) + z(t)|2

)
dt+ 〈Dϕ(X(t, x)), Q1/2dW (t)〉

−1
2
e−λt|z(t)|2 − g(X(t, x)).

Then (13.4.16) follows taking the expectation and integrating with respect
to t from 0 to infinity.

Arguing as in the proof of Theorem 13.4.2 we find

Theorem 13.4.5 There exists an optimal pair (z∗, X∗) for problem
(13.4.14). Moreover the following feedback formula holds:

z∗(t) = −Dϕ(X∗(t)), t ∈ [0, T ]. (13.4.17)

Finally, the optimal cost J∗∞(x) is given by

J∗
∞(x) = ϕ(x). (13.4.18)
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13.4.3 The limit as ε → 0

We assume here that (13.1.1) and (13.1.7) hold. We fix ε ∈ [0, 1] and consider
the following optimal control problem.

Given ϕ, g ∈ C1b (H) nonnegative, minimize

Jε(T, x, z) = E

(∫ T

0

[
g(Xε(t)) +

1
2
|z(t)|2

]
dt+ ϕ(Xε(T ))

)
, (13.4.19)

over all controls z ∈ L2W (0, T ;L2(Ω;H)), subject to the state equation{
dXε(t) = (AXε(t) +G(Xε(t)) + z(t))dt+

√
ε Q1/2dW (t), t ∈ [0, T ],

Xε(0) = x ∈ H.

(13.4.20)

Obviously for ε = 0 the problem above reduces to a deterministic problem{
DtX0(t) = (AX0(t) +G(X0(t)) + z(t)), t ∈ [0, T ],
X0(0) = x ∈ H.

(13.4.21)

We set

J∗
ε (T, x) = inf

{
Jε(T, x, z) : z ∈ L2W (0, T ;L2(Ω;H))

}
. (13.4.22)

Moreover, we consider the Hamilton-Jacobi equation{
Dtuε = 1

2εTr[QD
2uε] + 〈Ax+G(x), Duε〉 − 1

2 |Duε|2 + g,
uε(0) = ϕ.

(13.4.23)

Obviously, for ε = 0, problem (13.4.23) reduces to the first order equation{
Dtu0 = 〈Ax+G(x), Du0〉 − 1

2 |Du0|2 + g,
u0(0) = ϕ.

(13.4.24)

Proposition 13.4.6 We have

lim
ε→0

uε(T, x) = J∗
0 (T, x). (13.4.25)

Proof. For all n ∈ N there exists ζn ∈ L2(0, T ;H) such that

J∗
0 (T, x) ≤ J0(T, x, ζn) < J∗

0 (T, x) +
1
n
.

Moreover
J0(T, x, z∗ε ) ≥ J∗

0 (T, x),
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and, due to Proposition 13.4.1,

uε(T, x) ≤ Jε(T, x, ζn). (13.4.26)

It follows that

Jε(T, x, z∗ε )− J0(T, x, z∗ε ) ≤ uε(T, x)− J∗
0 (T, x)

≤ Jε(T, x, ζn)− J0(T, x, ζn) +
1
n
. (13.4.27)

Notice now that for any z ∈ L2W (0, T ;L2(Ω;H)) we have

Jε(T, x, z)− E(J0(T, x, z)) = E

∫ T

0

(
(g(Xε(s, x))− g(X0(s, x))

)
ds

+E(ϕ(Xε(s, x))− ϕ(X0(s, x)))→ 0

as ε→ 0.

Thus the conclusion follows.

Remark 13.4.7 J∗
0 (T, x) can be considered as a viscosity solution of (13.4.23).
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Hamilton-Jacobi inclusions

14.1 Introduction

Let H be a separable Hilbert space and X(t, x), t ≥ 0, x ∈ H, a solution of
a stochastic evolution equation on H,{

dX(t) = (AX(t) + F (X(t)))dt+G(X(t))dW (t),
X(0) = x ∈ H,

(14.1.1)

defined on a probability space (Ω,F ,P) with a filtration (Ft)t≥0. Let α, g, h
be real functions on H, with g ≥ h. For arbitrary t ∈ [0,+∞) and stopping
time τ ≤ t define the functional

Jt(τ, x) = E

(
e
∫ τ
0 α(X(σ,x))dσ [h(X(τ, x))1τ<t + g(X(τ, x))1τ=t]

)
, (14.1.2)

and let V be the corresponding value function

V (t, x) = sup
τ≤t

Jt(τ, x). (14.1.3)

A heuristic dynamic programming argument leads to the following Hamilton-
Jacobi inclusion for the function V,

DtV (t, x) ∈ 1
2Tr[G(x)D

2V (t, x)G∗(x)] + 〈Ax+ F (x), DV (t, x)〉
+α(x)V (t, x)− ∂IKh(V (t, x)),

V (0, x) = g(x), x ∈ H, t ≥ 0.
(14.1.4)

The inclusion (14.1.4) will be considered in a Hilbert space H = L2(H,µ)
where µ is a properly choosen measure. In (14.1.4)

Kh = {f ∈ H : f ≥ h} ,

316
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IKh is the indicator function of Kh :

IKh(f) =
{

0 if f ∈ Kh,
+∞ if f /∈ Kh,

(14.1.5)

and ∂IKh is the subgradient of IKh .
Let us recall that the subgradient of IKh of the function IKh is a set

valued mapping defined on the domain D(∂IKh) = Kh by the formula

∂IKh(f) = {ξ ∈ H : 〈ξ, η − f〉 ≤ 0, ∀η ∈ Kh} . (14.1.6)

It is easy to see that

∂IKh(f) = {ξ ∈ H : ξ ≤ 0 and ξ(x) = 0 if f(x) > h(x)} . (14.1.7)

Our aim in the present chapter is to show that (14.1.4) has a solution which
can be interpreted as the value function (14.1.3). Note that if V (t, x) > h(x),
for some t > 0 and all x ∈ H, then (14.1.4) becomes the usual Kolmogorov
equation,

DtV (t, x) = 1
2Tr[G(x)D

2V (t, x)G∗(x)] + 〈Ax+ F (x), DV (t, x)〉
+α(x)V (t, x),

V (0, x) = g(x).
(14.1.8)

We shall follow J. Zabczyk [218] and [222].

14.2 Excessive weights and an existence result

For ϕ ∈ Bb(H) and Γ ∈ B(H) define, as usual,

Ptϕ(x) = E[ϕ(X(t, x))], Pt(x,Γ) = Pt1Γ, t ≥ 0, x ∈ H.

Let ω ≥ 0. A measure µ on (H,B(H)), finite on bounded sets, is called
ω-excessive if

P ∗
t µ(Γ) ≤ eωtµ(Γ), t ≥ 0, Γ ∈ B(H), (14.2.1)

where P ∗
t µ is given by

P ∗
t µ(Γ) =

∫
H
Pt(x,Γ)µ(dx), t ≥ 0, Γ ∈ B(H). (14.2.2)
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In particular if µ is an invariant measure for (Pt), that is P ∗
t µ = µ for all

t ≥ 0, finite or not, then µ is 0-excessive or, shortly, excessive for (Pt). It
turns out that ω-excessive measures are natural weights in which the formula
(14.1.4) should be considered. Unlike invariant measures, ω-excessive mea-
sures exist for arbitrary Markovian semigroups (Pt). For instance if ν is a
finite measure on H and ω > 0, then

µ =
∫ +∞

0
e−ωsP ∗

s νds (14.2.3)

is ω-excessive. If the formula (14.2.3) defines a measure µ for ω = 0 finite
on bounded sets then µ is 0-excessive. Both facts follow from the identity

P ∗
t µ = eωt

∫ +∞

t
e−ωsP ∗

s νds.

We will require that{
For arbitrary ϕ ∈ Cb(H), the function of two variables Ptϕ(x),
t ≥ 0, x ∈ H, is continuous.

(14.2.4)

We have the following result.

Proposition 14.2.1 Assume that a measure µ is ω-excessive, ω ≥ 0, for
(Pt), and that (14.2.4) holds. Then the semigroup (Pt) has a unique exten-
sion from Bb(H)∩L2(H,µ) to a strongly continuous semigroup on L2(H,µ)
such that

‖Pt‖L2(H,µ) ≤ e
ω
2
t, t ≥ 0. (14.2.5)

We show first that for arbitrary nonnegative measurable ψ, we have∫
H

[∫
H
Pt(x, dy)ψ(y)

]
µ(dx) ≤ eωt

∫
H
ψ(y)µ(dy). (14.2.6)

Notice that (14.2.6) holds for the characteristic function ψ = χΓ and there-
fore for ψ nonnegative and simple. Since an arbitrary measurable ψ ≥ 0
is a limit of an increasing sequence of nonnegative simple functions the in-
equality (14.2.6) holds in general. If now ϕ ∈ Bb(H) ∩ L2(H,µ) then, by
definition,

|Ptϕ|2H =
∫
H

∣∣∣∣∫
H
Pt(x, dy)ϕ(y)

∣∣∣∣2 µ(dx),



Hamilton-Jacobi inclusions 319

and by the Hölder inequality∣∣∣∣∫
H
Pt(x, dy)ϕ(y)

∣∣∣∣ ≤ (∫
H
Pt(x, dy)

) 1
2
(∫

H
Rt(x, dy)|ϕ(y)|2

) 1
2

.

Consequently,

|Ptϕ|2H ≤
∫
H
Pt(x, dy)|ϕ(y)|2µ(dx),

and taking into account (14.2.6)

|Ptϕ|2H ≤ eωt
∫
H
|ϕ(y)|2µ(dy).

This shows that the operator Pt can be extended from Bb(H)∩L2(H,µ) to
the whole of L2(H,µ) and that (14.2.5) holds. To show that the extended
semigroup is strongly continuous note that the set Cb(H)∩L2(H,µ) is dense
in L2(H,µ). It is therefore enough to show that for ϕ ∈ Cb(H) ∩ L2(H,µ),

lim
t→0

∫
H
|Ptϕ(x)− ϕ(x)|2µ(dx) = 0. (14.2.7)

Assume first that ϕ ∈ H is a bounded, continuous function such that ϕ = 0
outside of an open set U ⊂ H, µ(U) < +∞ . Then

‖Ptϕ− ϕ‖2H =
∫
H
|Ptϕ(x)− ϕ(x)|2µ(dx) (14.2.8)

= −2
∫
H
Ptϕ(x)ϕ(x)µ(dx) +

∫
E
|Ptϕ(x)|2µ(dx) + ‖ϕ‖2H.

However, ∫
U
Ptϕ(x)ϕ(x)µ(dx) =

∫
H
Ptϕ(x)ϕ(x)µ(dx),

and by the dominated convergence theorem

lim
t→0

∫
U
Ptϕ(x) ϕ(x)µ(dx) =

∫
U
|ϕ(x)|2µ(dx) = ‖ϕ‖2H.

Moreover
lim sup
t→0

‖Ptϕ‖2H ≤ ‖ϕ‖2H,

and consequently

lim sup
t→0

‖Ptϕ− ϕ‖2H ≤ −2‖ϕ‖2H + ‖ϕ‖2H + ‖ϕ‖2H.
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Since the functions ϕ with the imposed properties form a dense set in H,
the proof of the proposition is complete.

The new extended semigroup will be denoted by (Pt) like the initial one.
With a similar proof one can demonstrate also the validity of the following
generalization of Proposition 14.2.1 concerned with the semigroup

Ttϕ(x) = E
[
e
∫ t
0 α(X(σ,x))dσϕ(X(t, x)) : t ≥ 0, x ∈ H

]
. (14.2.9)

Proposition 14.2.2 Assume in addition to the assumptions of Proposition
14.2.1 that α is a continuous function on H bounded from above by a. Then
(Tt) has a unique extension to a strongly continuous semigroup on L2(H,µ)
such that

‖Tt‖L2(H,µ) ≤ e(
ω
2
+a)t, t ≥ 0. (14.2.10)

Let L be the infinitesimal generator of the semigroup (Tt) considered on
H = L2(H,µ) and D(L) its domain. We will consider an abstract version of
(14.1.4) in the form{

Dtu(t, x) ∈ Lu(t, x)− ∂IKh(u(t, x)),
u(0) = g.

(14.2.11)

A locally Lipschitz H-valued function u(t), t ≥ 0, is said to be a strong
solution to (14.2.11) if for all t ≥ 0, u(t) ∈ Kh ∩ D(L), u(0) = g and the
inclusion (14.2.11) holds for almost t ≥ 0 and µ-almost all x ∈ H. If h ∈ H
and g ∈ Kh and there exist functions gn ≥ hn, converging in H to g and
h respectively, for which the inclusion (14.2.11) has a strong solution un
converging uniformly on bounded intervals of R+ to a continuous u we call
u a generalized solution of (14.2.11).

Theorem 14.2.3 Assume that (14.2.4) holds and that α is the continuous
function from above. If the functions h and g are in D(L) and g ≥ h then
the inclusion (14.2.11) has a unique strong solution.

Proof. The theorem will be a consequence of a result on maximal monotone
operators , see e.g. [25], and of a lemma.

Let M be a transformation from a set D(M) ⊂ H into the set of non-
empty subsets of a Hilbert space H and ω a nonnegative number. The
transformationM is said to be ω-maximal-monotone if the operatorM+ωI
is maximal monotone, see [25, page 106], and [64, page 82]. If M is ω-
maximal-monotone then, for arbitrary λ ∈ (0, 1ω ), the range of I + λM is
the whole of H and for arbitrary y ∈ H, there exists a unique x ∈ D(M)
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such that y ∈ x + λM(x). The unique element y is denoted by Jλ(x) and
the family of transformations Jλ, λ ∈ (0, 1ω ), is called the resolvent of M.
Operators Mλ = 1

λ(I −Jλ), λ ∈ (0, 1ω ) are called Yosida approximations of
M. If N is a maximal monotone operator on H then the sum M +N : is
ω-monotone but not always ω-maximal-monotone.

The following result is due to Brézis, Crandall and Pazy [26].

Theorem 14.2.4 Assume that operatorsM and N , defined on subsets of a
Hilbert space H, are respectively ω-maximal-monotone and maximal mono-
tone. If for arbitrary y ∈ H, arbitrary λ > 0 and arbitrary δ ∈ (0, 1ω ) there
exists a solution xδλ of the problem

y ∈ x+ δ(Mx+Nλx)

such that for each δ ∈ (0, 1ω ) the functions Nλx
δ
λ, λ > 0, are bounded as

λ → 0, then the operator M + N , with the domain D(M) ∩ D(N ), is ω-
maximal-monotone.

First we derive from Theorem 14.2.4 the following crucial proposition.

Proposition 14.2.5 Assume that an operator L is an infinitesimal gener-
ator of a C0 semigroup of positive linear operators (Tt) on a Hilbert space
H = L2(E, µ) such that for some γ ≥ 0

|Ttψ|H ≤ eγt|ψ|H, t ≥ 0, ψ ∈ H. (14.2.12)

If ϕ ∈ D(L) then the operator

−L+ ∂IKϕ , (14.2.13)

is γ-maximal-monotone.

Proof. It is well known that a linear operator −L is γ-maximal-monotone
if and only if it generates a C0 semigroup of linear operators satisfying
(14.2.12). Let M = −L and N = ∂IKϕ . Then N is maximal monotone, see
[25], and

Nλ(η) = − 1
λ
(ϕ− η)+, λ > 0, η ∈ H.

The proposition is now a consequence of Theorem 14.2.4 and of the following
lemma.
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Lemma 14.2.6 If δ ∈
(
0, 1γ

)
, λ > 0, ψ ∈ H then, for arbitray ψ ∈ H, the

equation

ψ = v − δ

(
Lv + 1

λ
(ϕ− v)+

)
(14.2.14)

has a unique solution vλ such that∥∥∥∥ 1λ(ϕ− vλ)+
∥∥∥∥
H
≤
∥∥∥∥∥
[
1
δ
(ϕ− ψ)− Lϕ

]+∥∥∥∥∥
H
.

Proof. Define Rσ = (σI − L)−1, σ > γ+. Then the basic equation is
equivalent to

v = R 1
δ

(
1
δ
ψ +

1
λ
(ϕ− v)+

)
,

or, by the resolvent identity, to

v = R 1
δ
+ 1
λ

(
1
δψ
)
+R 1

δ
+ 1
λ

(
1
λ

(
(ϕ− v)+ + v

))
. (14.2.15)

Since the norm of the operator R 1
δ
+ 1
λ
is at most (1δ − γ+ 1λ)

−1 and the real

function z → 1
λ ((a− z)+ + z) is Lipschitz with constant 1λ , the transformed

equation (14.2.15) has a unique solution by the contraction mapping prin-
ciple.

Since ϕ ∈ D(L), there exists a function η ∈ H such that

ϕ = R 1
δ
η,

1
δ
ϕ− Lϕ = η,

or, again by the resolvent identity,

ϕ = R 1
δ
+ 1
λ

(
η + 1

λϕ
)
.

Taking into account that vλ satisfies the transformed equation (14.2.15) one
gets, by subtraction,

vλ − ϕ = R 1
δ
+ 1
λ

(
1
δ
ψ − η

)
+

1
λ
R 1
δ
+ 1
λ

[
(ϕ− vλ)+ − (ϕ− vλ)

]
.

Consequently,

ϕ− vλ ≤ R 1
δ
+ 1
λ

(
η − 1

δ
ψ

)+
.
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In particular,

(ϕ− vλ)+ ≤ R 1
δ
+ 1
λ

(
η − 1

δ
ψ

)+
,

and ∥∥∥∥ 1λ(ϕ− vλ)+
∥∥∥∥ ≤ 1

λ

∥∥∥∥∥R 1
δ
+ 1
λ

(
η − 1

δ
ψ

)+∥∥∥∥∥
H

≤
1
λ

(1δ − ω) + 1
λ

∥∥∥∥∥
(
1
δ
(ϕ− ψ)− Lη

)+∥∥∥∥∥
H

≤
∥∥∥∥∥
(
1
δ
(ϕ− ψ)− Lη

)+∥∥∥∥∥
H
,

as required.

To complete the proof of Theorem 14.2.3 it is enough to use Proposition
14.2.5 and recall, see [25], that if an operatorM = −L+∂IKϕ is γ-maximal-
monotone then the differential inclusion

dz(t)
dt

+Mz(t) 1 0, z(0) = x ∈ D(M), (14.2.16)

has a unique strong solution z(t, x), t ≥ 0, and for arbitrary x ∈ D(M),
the inclusion (14.2.16) has a weak solution denoted also by z(t, x), t ≥ 0.
Moreover the operators S(t) : D(M)→ D(M), t ≥ 0, are given by

S(t)x = z(t, x), t ≥ 0, x ∈ D(M).

It is of interest to notice that implicitly we have shown existence of a
solution to the stationary inclusion

0 ∈ LV (x)− ∂Kϕ(V (x)) (14.2.17)

on the value function V for a stopping problem on an infinite time interval.
In fact we have the following result.

Theorem 14.2.7 If assumption (14.2.4) is satisfied with a < −ω and the
function ϕ is in D(L) then the inclusion (14.2.17) has a unique strong so-
lution.
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Proof. Define G = L−(ω+a2 )I. Then G generates a C0 semigroup satisfying
the inequality (14.2.12) from Proposition 14.2.5 with γ = 0. Consequently
the operator

−L+
(
ω + a

2

)
I + ∂IKϕ ,

is maximal monotone. In particular for arbitrary λ > 0 the inclusion

0 ∈ ψ + λ− Lψ +
(
ω + a

2

)
ψ + ∂IKϕ(ψ) (14.2.18)

has a unique solution ψ ∈ D(L) ∪Kϕ. However (14.2.18) is equivalent to

−
(
1
λ
+
ω + a

2

)
ψ ∈ Nψ − ∂Kϕ(ψ).

Taking 1
λ = −(ω+a2 ), the result follows.

14.3 Weak solutions as value functions

In this section we sketch the proof that weak solutions to (14.2.11) are in
fact identical with value functions. For more detils we refer to [218]. On the
functions h, g and on the (discount) function α we impose continuity and
growth conditions, usually satisfied in applications.

(i) The functions h, g are continuous and bounded on bounded sets
and h ≤ g,

(ii) for an arbitrary compact set K ⊂ E and arbitrary T > 0
E(supx∈K supt∈[0,T ](|ϕ(X(t, x))|+ |ψ(X(t, x))|) < +∞,

(iii) for arbitrary T > 0 there exists a function ζ ∈ H such that
E(supt∈[0,T ](|ϕ(X(t, x))|+ |ψ(X(t, x))|) ≤ ζ(x) , x ∈ H,

(iv) the function α is contiuous and bounded from above by a constant
a,

α(x) ≤ a, x ∈ H.

(14.3.1)

We can state now the main result of the present section.

Theorem 14.3.1 Under assumptions (14.2.4) and (14.3.1), the value func-
tion V (t, x), t ≥ 0, x ∈ H, is continuous and is a weak solution of the
Hamilton-Jacobi inclusion (14.2.11). If, in addition, ϕ,ψ ∈ D(L) then V
is the unique strong solution of (14.2.11).
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Proof. The fact that V is continuous has been established, in the present
generality, in [218]. The proofs of the remaining parts of the theorem use the
penalization technique, see [11] and [204], and will be divided into several
steps.

Step 1. The functions h and g are in Cb(H) ∩D(L).
Consider first the so called penalized Hamilton-Jacobi equation,{

DtV
λ(t, x) = LV λ(t, x) + 1

λ(h− V λ(t, x))+,
V λ(0, x) = g(x), x ∈ H, t > 0,

(14.3.2)

in its integral form:

V λ(t) = Ttg +
1
λ

∫ t

0
Ts(h− V λ(t− s))+ds, t ≥ 0. (14.3.3)

Note that the transformation ζ → (ϕ − ζ)+ satisfies a Lipschitz condition
both in H and in Cb(H). By an easy contraction argument the equation
(14.3.2) has a unique solution in C([0, T ];H), first for small T, and then for
all T ≥ 0. By a similar argument the equation (14.3.3) also has a unique
solution in C([0, T ];Cb(H)) for arbitrary T ≥ 0. It is clear that if h ∈
Cb(H) ∩H then the two solutions coincide.

Let λ > 0 be an arbitrary positive number and ψ(t), t ≥ 0 an Ft-adapted
process taking values in the interval [0, 1λ ]. Define functionals

J̃s(ψx) = E

[∫ s

0
e
∫ t
0 (α(X(σ,x)−ψ(σ))dσψ(t)h(X(t, x))dt

]
+E

(
e
∫ s
0 α(X(σ,x)−ψ(σ))dσg(X(s, x))

)
. (14.3.4)

and consider the following value function:

Vλ(s, x) = sup
0≤u(·)≤ 1

λ

J̃s(u, x) (14.3.5)

where the supremum is taken with respect to all processes u(t), t ≥ 0, (Ft)-
adapted, having values in the interval [0, 1λ ].

We need the following result.

Proposition 14.3.2 Assume that conditions (14.2.4) and (14.3.1) hold and
that h, g ∈ Cb(H), g ≥ h. Then

(i) V λ(s, x) = Vλ(s, x), for all λ > 0, s > 0, x ∈ H,
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(ii) Vλ(s, x) ↑ V (s, x), as λ ↓ 0, for s > 0, x ∈ H.

The proof from [204] can be adapted to the present, more general situ-
ation. The following lemma is a generalization of the first part of Lemma 1
from [204].

Lemma 14.3.3 Let (xt)t≥0, (ψt)t≥0 and (αt)t≥0 be progressively measur-
able, real processes such that x and ψ are bounded and α is bounded from
above and locally integrable. If T ∈ [0,+∞] and (wt)t∈[0,t] is a right contin-
uous process such that for each t ∈ [0, T ],

wt = E

(∫ T

t
e
∫ s
t αrdrxsds|Ft

)
, P-a.e.

Then, for each t ∈ [0, T ],

wt = E

(∫ T

t
e
∫ s
t (αr−ψr)dr(xs + ψsWs)ds|Ft

)
, P-a.e.

Denote M = −L and N = ∂IKh . Then the Yosida approximations Nλ

are given by the formula

Nλ(η) =
1
λ
(h− η)+, λ > 0, η ∈ H.

Moreover the penalized equations (14.3.2) are of the form{
DtV

λ +MV λ +NλV
λ = 0,

V λ(0) = g(x), x ∈ H,

and the solutions V λ(t), t ≥ 0, form a continuous semigroup of transforma-
tions g → Sλ(t)g, t ≥ 0, on H. By Theorem 14.2.4 and Theorem 14.2.7,
the operatorM+N is ω+a

2 -maximal-monotone and the value function V is
identical with the strong solution of the equation{

−DtV ∈ MV,+NV,
V (0) = g(x), x ∈ H.

(14.3.6)

Let S(t), t ≥ 0, be the semigroup determined by (14.3.6). We need a version
of Bénilan’s theorem [10]

Theorem 14.3.4 Assume that the assumptions of Theorem 14.2.7 hold.
Then, for arbitrary x ∈ D(M+N ), Sλ(t)x→ S(t)x uniformly on bounded
subsets of [0,+∞).
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Proof. One shows, see [25, page 35], that for arbitrary δ ∈ (0, 1ω ) the limit
xδ∞ = limλ→0 xδλ is the unique solution of the inclusion

y ∈ x+ δ(M(x) +N (x)).

This means that for arbitrary δ ∈ (0, 1ω ) and y ∈ H,(
I + δ(M+Nλ)

)−1
y →

(
I + δ(M+N )

)−1
y

as λ→ 0. The result follows now from Benilan’s theorem, see Theorem 4.2
in [25] or [10].

Taking into account Lemma 14.3.3 and Benilan’s theorem, Sλψ → Sψ,
uniformly on bounded intervals of R+, as functions with values in H. Since
Sλψ = Vλ and Vλ converges to the value function V pointwise the value
function V is the strong solution of the Hamilton-Jacobi inclusion (14.2.11).

In the remaining part of the proof all elements from H having continu-
ous versions are identified with those versions. The functions h and g are
approximated by more general ones.

Step 2. The functions h and g are in Cb(H).
For natural n > 1

2ω + a, define

Gnη =
∫ +∞

0
e−nsTsηds, η ∈ H.

The functions

hn = nGnh, gn = n, Gng, n >
(ω + a)

2
,

are in D(L) and hn → h, gn → g as n → +∞ both in H and uniformly on
compact subsets of H. Moreover the corresponding continuous functions
(Vn) converge to the value function V uniformly on compact subsets of
[0,+∞)×H. This in turn implies, that Vn, regarded as H-valued functions,
converge uniformly on bounded intervals of R+ to V .

Step 3. The functions h, g satisfy assumption (14.3.1) .

By Step 2 it is enough to show that there exist sequences (hn), (gn) of
functions from Cb(H) such that hn → h, gn → g as n→ +∞ in H, hn ≤ gn
and the corresponding value functions Vn, n ∈ N, converge to V , as H-
valued functions, uniformly on bounded intervals. Moreover V is the value
function correponding to the data (h, g).
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It turns out that it is enough to choose hn, gn, n ∈ N, identical to h, g,
on balls Bn with a fixed center x0 and radius n and such that on H

|hn| ≤ |h| , |gn| ≤ |g|, n ∈ N.

In some situations the domainD(L) of the generator L can be completely
described and the concept of strong solution of (14.2.10) becomes very ex-
plicit. This is the case when for instanceX is an Ornstein-Uhlenbeck process
satisfying

dX = AXdt+BdW, X(0) = x,

for which the semigroup etA generated by A has an exponential decay,

‖etA‖ ≤Me−γt, t ≥ 0,

for some positive γ and the operators etAQ, t ≥ 0, are self-adjoint with
Q = BB∗. Then the Gaussian measure µ = NQ∞ with

Q∞ =
∫ +∞

0
etAQetA

∗
dt

is invariant for the corresponding transition semigroup (Rt), see §10.1. The
domain D(M2) of its generator M2 is given by (Theorem 10.2.6)

D(M2) =W 2,2
Q (H,µ) ∩W 1,2

AQ(H,µ)

and the operator M2 is an extension of the differential operator

1
2
Tr[QD2ϕ] + 〈x,A∗Dϕ〉, x ∈ H.

The abstract theorem is, therefore, applicable.

14.4 Excessive measures for Wiener processes

The results obtained in the previous section are applicable if, in particular,
the measure µ is invariant for X. For instance, if X is an Ornstein-Uhlenbeck
process discussed in Chapter 9. However, invariant measures, even with
infinite total mass, do not exist for all Ornstein-Uhlenbeck processes. This
is so for the most important case of the Wiener process as we will show now.
We have in fact the following result.

Theorem 14.4.1 If µ is an invariant measure for a nondegenerate Wiener
process, on an infinite dimensional Hilbert space H, finite on bounded sets,
then µ(Γ) = 0 for all Γ ∈ B(H).
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The following proof, due to S. Kwapien [153], is based on two lemmas.

Lemma 14.4.2 If µ is an invariant measure for a nondegenerate Wiener
process, finite on bounded sets, and f is a bounded Borel function with
bounded support then

h(x) =
∫
H
f(x+ y)µ(dy), x ∈ H,

is harmonic for the heat semigroup.

Proof. Note that

Pth(x) =
∫
H
h(x+ z)NtQ(dz)

=
∫
H

[∫
H
f(x+ z + y)µ(dy)

]
NtQ(dz)

=
∫
H
f(x+ u)µ ∗NtQ(du), x ∈ H, t ≥ 0.

Since µ ∗NtQ = µ, t ≥ 0, the result follows.

Lemma 14.4.3 If h is a nonnegative harmonic function for the heat semi-
group then for arbitrary x, a ∈ H,

1
2

(
h(x+Q1/2a) + h(x−Q1/2a)

)
≥ h(x).

Proof. By the Cameron-Martin formula we have

h(x+Q1/2a) = Pth(x+Q1/2a) =
∫
H
h(x+Q1/2a+ z)NtQ(dz)

=
∫
H
h(x+ z)NQ1/2a,tQ(dz)

=
∫
H
h(x+ z)e−

1
2
|a|2+〈(tQ)−1/2z,(tQ)−1/2Q1/2a〉NtQ(dz)

= e−
|a|2
2t

∫
H
h(x+ z)e

1√
t
〈(tQ)−1/2z,a〉

NtQ(dz),
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Consequently

1
2

(
h(x+Q1/2a) + h(x−Q1/2a)

)
=

1
2
e−

|a|2
2t

∫
H
h(x+ z)

[
e

1√
t
〈(tQ)−1/2z,a〉 + e

− 1√
t
〈(tQ)−1/2z,a〉

NtQ

]
(dz).

Since, for any σ ∈ R, 12(e
σ + e−σ) ≥ 1 and h is a nonnegative function we

have
1
2

(
h(x+Q1/2a) + h(x−Q1/2a)

)
≥ e−

|a|2
2t

∫
H
h(x+ z)NtQ = e−

|a|2
2t Pth(x) ≥ e−

|a|2
2t h(x).

Letting t→ +∞ we obtain the result.
Proof of Theorem 14.4.1. Assume that µ �= 0 and that for some r >
0, µ(B(0, r)) > 0. Let f = 1B(0,r) and (en) be an orthonormal basis of
eigenvectors of Q. Define

h(x) =
∫
H
f(x+ y)µ(dy), x ∈ H.

Then h(0) = µ(B(0, r)) > 0, and by Lemma 14.4.3

1
2
(h(2rei) + h(−2rei)) ≥ µ(B(0, r)), i ∈ N.

Consequently, there exists a sequence (εi) with εi = 1 or −1 such that

h(2rεiei) ≥ µ(B(0, r)).

But

h(2rεiei) =
∫
H
1B(0,r)(2rεiei + z)µ(dz)

= µ(B(2rεiei, r)) ≥ µ(B(0, r)),
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and the balls B(2rεiei, r), i ∈ N, are disjoint. Therefore

µ(B(0, 3r)) ≥ µ

( ∞⋃
i=1

B(2rεiei, r)

)

≥
∞∑
i=1

µ(B(2rεiei, r))

≥
∞∑
i=1

µB(0, r)) = +∞,

a contradiction.
Thus the L2(H,µ) theory cannot be developed if one restricts the con-

siderations to µ being an invariant measure. A plausible possibility would
be to choose µ as an ω-excessive measure. Unfortunately µ cannot be chosen
to be a Gaussian measure.

Theorem 14.4.4 Gaussian measures are never ω-excessive for the heat
semigroups with Q �= 0.

Proof. Assume that a measure Nm,R is ω-excessive for the heat semigroup

Ptϕ(x) =
∫
H
ϕ(x+ z)NtQ(dz), t ≥ 0, x ∈ H.

Then
NtQ ∗Nm,R ≤ eωtNm,R, t ≥ 0.

Consequently, for any λ ∈ H∫
H
e〈λ,x〉NtQ ∗Nm,R(dx) ≤ eωt

∫
H
e〈λ,x〉Nm,R(dx),

and therefore

e
1
2
〈tQλ,λ〉+〈λ,m〉+ 1

2
〈Rλ,λ〉 ≤ eωte〈λ,m〉+ 1

2
〈Rλ,λ〉,

or equivalently, for arbitrary λ ∈ H, 12〈Qλ, λ〉 ≤ ω, a contradiction if Q �= 0.

It is easy to check that the measure µ =
∫ +∞
0 NtQdt is bounded on

bounded sets and is excessive for the heat semigroup.
Here is another positive result, see J. Zabczyk [221].
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Theorem 14.4.5 Assume that Q is a diagonal operator on H = =2 with
positive eigenvalues (λn)n∈N such that

∑∞
n=1 λn < +∞. There exists an

ω-excessive measure µ for the corresponding heat semigroup of the form
µ =×∞

n=1 µn, where µn are measures on R, if and only if

∞∑
n=1

√
λn < +∞. (14.4.1)

If (14.4.1) is satisfied one can choose

µn(dx) =
1
2
λ−1/4n eλ

−1/4
n |x|dx, n ∈ N.
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Appendix A

Interpolation spaces

This appendix is devoted to the basic interpolation theorem, which is proved
in §A.1. In §A.2 we present a characterization of some interpolation spaces
between a Banach space and the domain of a linear operator. We recall that
the basic definition of interpolation spaces is given in §2.3.

A.1 The interpolation theorem

The main result of this section is the following.

Theorem A.1.1 Let X,X1, Y, Y1 be Banach spaces such that Y ⊂ X, Y1 ⊂
X1 with continuous embeddings. Let moreover T be a linear mapping T :
X → X1, T : Y → Y1, such that for some M,N > 0

‖Tx‖X1 ≤M‖x‖X , ‖Ty‖Y1 ≤ N‖y‖Y .

Then T maps (X,Y )θ,∞ into (X1, Y1)θ,∞, and

[Tx](X1,Y1)θ,∞ ≤M1−θN θ [x](X,Y )θ,∞ , x ∈ (X,Y )θ,∞.

Proof. Let x ∈ (X,Y )θ,∞. Then we have

[Tx](X1,Y1)θ,∞ = sup
t∈(0,1]

t−θ inf{‖a1‖X1 + t‖b1‖Y1 : a1 + b1 = Tx}

≤ sup
t∈(0,1]

t−θ inf{‖Ta‖X1 + t‖Tb‖Y1 : a+ b = x}

335
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≤ sup
t∈(0,1]

t−θ inf{M‖a‖X + tN‖b‖Y : a+ b = x}

=M sup
t∈(0,1]

t−θ inf
{
‖a‖X + t

N

M
‖b‖Y : a+ b = x

}

=M sup
s∈(0,N/M ]

N θ

M θ
s−θ inf{‖a‖X + s‖b‖Y : a+ b = x}

≤M1−θN θ[x](X,Y )θ,∞ .

A.2 Interpolation between a Banach space X and
the domain of a linear operator in X

We are given a linear closed operator A : D(A)⊂X → X, generator of a
strongly continuous semigroup in X, which we denote by etA. We set

‖x‖X = ‖x‖, x ∈ X, ‖x‖D(A) = ‖x‖+ ‖Ax‖, x ∈ D(A),

and

(X,D(A))θ,∞ = DA(θ,∞), θ ∈ (0, 1). (A.2.1)

Proposition A.2.1 Let θ ∈ (0, 1). Then we have

DA(θ,∞) =

{
x ∈ X : sup

t∈(0,1]
t−θ‖etAx− x‖ < +∞

}
. (A.2.2)

Moreover there exists CA > 0 such that for all x ∈ DA(θ,∞) it holds that

1
CA

‖x‖DA(θ,∞) ≤ ‖x‖+ sup
t∈(0,1]

t−θ‖etAx− x‖ ≤ CA‖x‖DA(θ,∞). (A.2.3)

Proof. We set
λ(x) = sup

t∈(0,1]
t−θ‖etAx− x‖,

and proceed in two steps.

Step 1. If λ(x) < +∞ then x ∈ DA(θ,∞) and there exists C1 > 0 such
that ‖x‖DA(θ,∞) ≤ C1λ(x).

We have in fact
‖etAx− x‖ ≤ λ(x)tθ, t ∈ (0, 1).
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For all t > 0 we set

at = x− 1
t

∫ t

0
esAxds =

1
t

∫ t

0
(x− esAx)ds,

bt =
1
t

∫ t

0
esAxds.

Consequently bt ∈ D(A) and Abt = etAx−x
t . It follows that

‖at‖ ≤
1
t

∫ t

0
sθdsλ(x) ≤ tθ

θ + 1
λ(x),

and
‖bt‖D(A) ≤ ‖bt‖+ ‖Abt‖ ≤ ‖x‖+ γ(x)tθ−1.

So K(t, x) ≤ Ctθ and the conclusion follows.

Step 2. If x ∈ DA(θ,∞), then λ(x) < +∞ and there exists C2 > 0 such
that λ(x) ≤ C2‖x‖DA(θ,∞).
Let x ∈ DA(θ,∞) and ε > 0. For all t ∈ (0, 1) there exist at ∈ X and
bt ∈ D(A) such that

‖at‖+ t(‖bt‖+ ‖Abt‖) ≤ tθ(‖x‖DA(θ,∞) + ε).

For all ξ > 0, t > 0 it holds that

eξAx− x = eξAat − at + eξAbt − bt = eξAat − at +
∫ ξ

0
eξAAbtdξ.

It follows that

‖eξAx− x‖ ≤
[
2ξθ + ξtθ−1

]
(‖x‖DA(θ,∞) + ε),

and the conclusion follows since ε is arbitrary.
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Null controllability

B.1 Definition of null controllability

Let H and U be Hilbert spaces. We are given a linear operator A : D(A)⊂
H → H, infinitesimal generator of a strongly continuous semigroup (etA)
such that, for some M > 0, ‖etA‖ ≤ Meωt, t ≥ 0, and a linear bounded
operator B ∈ L(U ;H). We assume for simplicity that the kernel of BB∗ is
equal to {0}. We are concerned with the differential equation{

y′(t) = Ay(t) +Bu(t), t ≥ 0,
y(0) = x ∈ H,

(B.1.1)

where u ∈ L2loc(0,+∞, U).
Problem (B.1.1) has a unique mild solution y(·) = y(·, x;u) given by

y(t) = etAx+ Ltu, t ≥ 0,

where

Ltu =
∫ t

0
e(t−s)ABu(s)ds.

We say that system (B.1.1) is null controllable in time T > 0, if for all
x ∈ H there exists u ∈ L2(0, T ;U) such that y(T, x;u) = 0. If the system is
null controllable in any time, it is called null controllable.

Example B.1.1 Assume that U = H, and B = I. Then system (B.1.1) is
null controllable. In fact, given T > 0, x ∈ H, and setting

u(t) = − 1
T
etAx, t ∈ [0, T ], (B.1.2)

we have y(T, x;u) = 0.

338
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B.2 Main results

We will need a result on linear operator theory; see e.g. G. Da Prato and J.
Zabczyk [101, Appendix A]

Proposition B.2.1 Let H and Z be Hilbert spaces, T ∈ L(U ;H) and S ∈
L(H). Then the following statements are equivalent.

(i) S(H) ⊂ T (U).

(ii) There exists C > 0 such that |S∗x| ≤ C|T ∗x|, x ∈ H.

Now we can prove the following result.

Theorem B.2.2 System (B.1.1) is null controllable in time T > 0, if and
only if one of the following statements holds.

(i) eTA(H) ⊂ LT (L2(0, T ;U)).

(ii) eTA(H) ⊂ Q
1/2
T (H), where

QTx =
∫ T

0
esABB∗esA

∗
xds, x ∈ H. (B.2.1)

Moreover, if system (B.1.1) is null controllable in any time, we have

LT (L2(0, T ;U)) = Q
1/2
T (H) = constant, T > 0. (B.2.2)

Proof. It is obvious that statement (i) is equivalent to null controllability
in time T. Now notice that, as easily checked,

(L∗
Tx)(t) = B∗e(T−t)A∗

x.

It follows that

LTL
∗
Tx =

∫ T

0
esABB∗esA

∗
xds, x ∈ H. (B.2.3)

Consequently

‖L∗
Tx‖2L2(0,T ;U) = |Q1/2T x|2, (B.2.4)

from which, in view of Proposition B.2.1,

LT (L2(0, T ;U)) = Q
1/2
T (H). (B.2.5)
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Thus (i) and (ii) are equivalent.
Let us prove the last statement. First notice that, setting

STu =
∫ T

0
esABu(s)ds, u ∈ L2(0, T ;U),

we have
LT (L2(0, T ;U)) = ST (L2(0, T ;U)).

This implies

LT (L2(0, T ;U)) ⊂ LT+ε(L2(0, T ;U)), ε > 0.

Finally, let us prove the converse inclusion. Let x ∈ LT (L2(0, T ;U)) =
ST (L2(0, T ;U)), and let u ∈ L2(0, T ;U) be such that LTu = x. Then we
have

x =
∫ T−ε

0
esABu(s)ds+ e(T−ε)A

∫ ε

0
esABu(s+ T − ε)ds.

Since system (B.1.1) is null controllable in any times, there exists z ∈
L2(0, T − ε;U) such that

e(T−ε)A
∫ ε

0
esABu(s+ T − ε)ds =

∫ T−ε

0
esABz(s)ds.

Thus

x =
∫ T−ε

0
esAB(u(s) + z(s))ds,

and consequently, x ∈ LT (L2(0, T − ε;U)) as required.

B.3 Minimal energy

We assume here that system (B.1.1) is null controllable. We fix T > 0 and
x ∈ H, and we consider the affine hyperplane

Vx = {u ∈ L2(0, T ;U) : LTu = −eTAx}.
Then we denote by û the projection of 0 on Vx; û is called the strategy of
minimal energy driving x to 0 and it is the element of L2(0, T ;U) charac-
terized by the following conditions:

(i) LT û = 0,

(ii) LT η = 0⇒ 〈û, η〉L2(0,T ;U) = 0.
(B.3.1)
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Now, we want to find an expression for û. For this we need some preliminary
considerations. First of all we set

ΛT = Q
−1/2
T eTA, T > 0. (B.3.2)

By condition (ii) of Theorem B.2.2 and the closed graph theorem, it follows
that ΛT is bounded for all T > 0. Moreover, in view of (B.2.4) and Propo-
sition B.2.1, it follows that L∗

T (H) = Q
1/2
T (H), and |L∗

TQ
−1/2
T y| = |y|, ∀y ∈

Q
1/2
T (H). Since Q1/2T (H) is dense in H, because Ker BB∗ = {0}, it follows

that L∗
TQ

−1/2
T is uniquely extendible to a linear bounded operator on H,

denoted byL∗
TQ

−1/2
T , such that

‖L∗
TQ

−1/2
T ‖ = 1. (B.3.3)

We can now prove the following result.

Theorem B.3.1 Assume that system (B.1.1) is null controllable in time
T > 0, and let x ∈ H. Then the control of minimal energy driving x to 0 is
given by

û = −L∗
TQ

−1/2
T ΛTx. (B.3.4)

Moreover, the minimal energy E(û) := |û|2L2(0,T ;H) is given by

E(û) = |ΛTx|2. (B.3.5)

Proof. Let û be defined by (B.3.4). We are going to check that conditions
(i) and (ii) of (B.3.1) are fulfilled. Condition (i) holds since

LT û = −LTL∗
TQ

−1/2
T ΛTx = −LTL∗

TQ
−1/2
T ΛTx = −eTAx.

Let us prove (ii). Assume that LT η = 0. Then we have

〈û, η〉L2(0,T ;H) = −
〈
L∗
TQ

−1/2
T ΛTx, η

〉
L2(0,T ;H)

=
〈
ΛTx,Q

−1/2
T LT η

〉
= 0.

It remains to prove (B.3.5). Recalling (B.3.3) we have

|û|2L2(0,T ;H) =
∣∣∣∣L∗

TQ
−1/2
T ΛTx

∣∣∣∣2
L2(0,T ;H)

≤ |ΛTx|2.

The proof is complete.
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Example B.3.2 We continue here Example B.1.1, assuming U = H and
B = I. Let u be defined by (B.1.2). Then we have

|ΛTx|2 ≤ T−2
∫ T

0
|etAx|2dt ≤


MT−1/2 if ω ≤ 0,

MeωT T−1/2 if ω > 0.

Example B.3.3 Let U = H and B = Q1/2 with Q symmetric and non-
negative. Assume that system (B.1.1) is null controllable, and moreover
that

etA(H) ⊂ Q1/2(H), t > 0, (B.3.6)

and that ∫ T

0
|Q1/2etAx|2dt < +∞, t > 0, x ∈ H. (B.3.7)

Then the control

u(t) = −T−1 Q−1/2etAx, t ≥ 0, (B.3.8)

drives x to 0 in time T, and so

|ΛTx|2 ≤ T−2
∫ T

0
|Q1/2etAx|2dt. (B.3.9)

Assume in addition that the semigroup (etA) is analytic,

‖etA‖ ≤M, ‖AetA‖ ≤ Nt−1, t > 0, (B.3.10)

and that there exists α ∈ (0, 1/2), such that Q = (−A)−α. Then by (B.3.9)
it follows that

|ΛTx| ≤ CαT
−α−1/2|x|, x ∈ H, (B.3.11)

for some positive constant Cα.

The following result is a particular case of [196].

Theorem B.3.4 Assume that system (B.1.1) is null controllable; then

lim
T→+∞

ΛTx = 0, x ∈ H,

if and only if the algebraic Riccati equation

PA+A∗P − PBB∗P = 0, P ≥ 0, (B.3.12)

has a unique solution P = 0.
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Equation (B.3.12) should be understood in the sense that

2〈PAx, x〉 − |B∗Px|2 = 0, x ∈ D(A).

Proof of Theorem B.3.4. For arbitrary operator R ≥ 0 and t ≥ 0 denote
by P (t)R the unique solution of the Riccati equation{

d
dt P (t) = P (t)A+A∗P (t)− P (t)BB∗P (t), t ≥ 0,
P (0) = R.

(B.3.13)

Then

〈P (t)Rx, x〉 = inf
u

[∫ t

0
|u(s)|2ds+ 〈Ryx,u(t), yx,u(t)〉

]
, (B.3.14)

where y(t) = yx,u(t), t ≥ 0, is the solution to the equation

dy

dt
= Ay +Bu, y(0) = x. (B.3.15)

We proceed now in two steps.

Step 1. For arbitrary t > 0, s ≥ 0, P (s)Λ
∗
tΛt = Λ∗

t+sΛt+s.

Let û(σ), σ ∈ [0, t + s], be the control which transfers a given state x to 0
in time t+ s with minimal energy. Then

〈Λ∗
t+sΛt+sx, x〉 =

∫ t+s

0
|û(σ)|2dσ

=
∫ s

0
|û(σ)|2dσ +

∫ t+s

s
|û(σ)|2dσ

=
∫ s

0
|û(σ)|2dσ + 〈Λ∗

tΛty
x,û(s), yx,û(s)〉.

Therefore
〈Λ∗

t+sΛt+sx, x〉 ≥ 〈P (s)Λ
∗
tΛtx, x〉.

On the other hand for arbitrary control u∫ s

0
|u(σ)|2dσ + 〈Λ∗

tΛty
x,û(s), yx,û(s)〉

=
∫ s

0
|u(σ)|2dσ +

∫ t+s

s
|ũ(η − s)|2dη,
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where ũ(η), η ∈ [0, t], transfers the state yx,u(s) to 0 in time t with minimal
energy. Consequently the control

u(σ) =
{

u(σ) if σ ≤ s,
u(s) if s ≤ σ ≤ s+ t,

transfers x to 0 in time t+ s. Therefore∫ s

0
|u(σ)|2dσ + 〈Λ∗

tΛty
x,u(s), yx,u(s)〉 ≥ 〈Λ∗

t+sΛt+sx, x〉,

and thus
〈Λ∗

t+sΛt+sx, x〉 ≤ 〈P (s)Λ
∗
tΛtx, x〉.

This completes the proof of Step 1.

The operator valued function Λ∗
tΛt, t > 0, is decreasing and therefore

there exists a symmetric nonnegative limit

lim
t→+∞Λ∗

tΛt := P .

Now from (B.3.13), it follows easily that, see e.g. [215],

PA+A∗P − PBB∗P = 0, P ≥ 0.

Therefore, if Λ∗
tΛt does not tend to 0 as t tends to +∞, the equation (B.3.12)

has a nonzero solution.
Assume now that Λ∗

tΛt → 0 as t→ +∞. We need another step.

Step 2. For arbitrary R ≥ 0 and t > 0 we have P (t)R ≤ Λ∗
tΛt.

Let in fact u(σ), σ ∈ [0, t], be a control which tranfers x to 0 in time t, with
minimal energy. Since yx,u(t) = 0,

〈Λ∗
tΛtx, x〉 =

∫ t

0
|u(σ)|2dσ =

∫ t

0
|u(σ)|2dσ + 〈yx,u(t), yx,u(t)〉 ≥ 〈P (t)Rx, x〉,

so the proof of Step 2 is complete.
Finally, if P ≥ 0 is a solution to (B.3.12), then P (t) = P (t)R ≤ Λ∗

tΛt

and so P = 0 as required.
The proof of the theorem is complete.
Assume now that the system (B.3.15) is finite dimensional: dim H <

+∞, dim U < +∞.
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Theorem B.3.5 Assume that system (B.1.1) is null controllable and finite
dimensional. Then lim

t→+∞Λ∗
tΛt = 0, if and only if

max {Re λ : λ ∈ σ(A)} ≤ 0.

Proof. Assume that max {Re λ : λ ∈ σ(A)} > 0. Then

A =
(

A0,0 0
A1,0 A1,1

)
, B =

(
B0
B1

)
,

where A is in Jordan form with A0,0 corresponding to eigenvalues with
strictly positive real parts. The pair (−A0,0, B0) is controllable and the
matrix −A0,0 is stable (all eigenvalues have negative real parts). Therefore
the equation

(−A0,0)R0 +R0(−A0,0)∗ +B0B
∗
0 = 0, R0 ≥ 0,

has a unique solution R0 ≥ 0 which is strictly positive definite. Consequently

R−1
0 (−A0,0) + (−A0,0)∗R−1

0 +R−1
0 B0B

∗
0R

−1
0 = 0.

Define

P =
(

R−1
0 0
0 0

)
.

Then P �= 0 and (B.3.12) holds. By Theorem B.3.4,

lim
t→+∞Λ∗

tΛt �= 0

Assume now that there exists P �= 0 such that (B.3.12) holds. We can
assume that P is diagonal of the form

P =
(

P0 0
0 0

)
,

where P0 has positive elements on the diagonal. Let

A =
(

A0,0 A0,1
A1,0 A1,1

)
, B =

(
B0
B1

)
.

Then (
P0 0
0 0

)(
A0,0 A0,1
A1,0 A1,1

)
+
(

A∗
0,0 A∗

0,1

A∗
1,0 A∗

1,1

)(
P0 0
0 0

)

−
(

R0 0
0 0

)(
B0
B1

)(
B∗
0 B∗

1

)( R0 0
0 0

)
= 0
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Therefore(
P0A0,0, P0A0,1

0 0

)
+
(

A∗
0,0P0 0

A∗
0,1P0 0

)
−
(

P0B0B
∗
0P0 0

0 0

)

=
(

0 0
0 0

)
,

and equivalently

P0A0,0 +A∗
0,0P0 − P0B0B

∗
0P0 = 0

and
P0A0,1, A

∗
0,1P0 = 0.

Consequently A0,1 = 0. Moreover

(−A0,0)P−1
0 + P−1

0 (−A0,0)∗ +B0B
∗
0 = 0,

and the pair (−A0,0, B0) is controllable. Thus, by a classical result on the
Lyapunov equation, see J. Zabczyk [215], the matrix −A0,0 is stable and
therefore

sup {Re λ : λ ∈ σ(A)} > 0.
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Semiconcave functions and
Hamilton-Jacobi semigroups

C.1 Continuity modulus

We use notation introduced in §2.1 and §2.2. In particular, for any ϕ ∈
UCb(H) we define the uniform continuity modulus ωϕ of ϕ by setting

ωϕ(t) = sup{|ϕ(x)− ϕ(y)| : x, y ∈ H, |x− y| ≤ t}, t ≥ 0. (C.1.1)

Proposition C.1.1 Let ϕ ∈ UCb(H), then the following statements hold:

(i) ωϕ is not decreasing,

(ii) ωϕ is subadditive,

ωϕ(t+ s) ≤ ωϕ(t) + ωϕ(s), t, s ≥ 0, (C.1.2)

(iii) ωϕ is continuous in [0,+∞).

Proof. Assertion (i) is clear, let us prove (ii). Let t, s ≥ 0, then for any
ε > 0 there exist xε, yε ∈ H such that

|xε − yε| ≤ t+ s, ωϕ(t+ s) ≤ ε+ |ϕ(xε)− ϕ(yε)|.

Define zε = s
t+s xε +

t
t+s yε; then we have

xε − zε =
t

t+ s
(xε − yε), zε − yε =

s

t+ s
(xε − yε),

347
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so that |xε − zε| ≤ t, |zε − yε| ≤ s. Consequently

ωϕ(t+ s) ≤ ε+ |ϕ(xε)− ϕ(zε)|+ |ϕ(zε)− ϕ(yε)|

≤ ε+ ωϕ(t) + ωϕ(s).

The conclusion follows from the arbitrariness of ε.
Finally let us prove (iii). We first show continuity of ωϕ at 0. Since ϕ is

uniformly continuous, for any ε > 0 there exists tε > 0 such that

|x− y| ≤ tε =⇒ |ϕ(x)− ϕ(y)| ≤ ε.

Then t < tε =⇒ ωϕ(t) ≤ ε, so that ωϕ is continuous at 0. Now let us prove
right continuity of ωϕ at t0 > 0. If h > 0 we have

ωϕ(t0) ≤ ωϕ(t0 + h) ≤ ωϕ(t0) + ωϕ(h),

so that
0 ≤ ωϕ(t0 + h)− ωϕ(t0) ≤ ωϕ(h),

and, by the proved continuity of ωϕ at 0, we have

lim
h→0+

ωϕ(t0 + h) = ωϕ(t0).

Left continuity of ωϕ can be proved in a similar way.

C.2 Semiconcave and semiconvex functions

A function ϕ : H → R is said to be semiconvex (resp. semiconcave), if there
exists K > 0 such that

x→ ϕ(x) +
K

2
|x|2

(
resp. x→ ϕ(x)− K

2
|x|2

)
,

is convex (resp. concave). We will need the following result proved in [155].

Proposition C.2.1 Assume that ϕ ∈ C0,1b (H) is both semiconcave and
semiconvex, and let K > 0 be such that

x→ ϕ(x) +
K

2
|x|2 is convex and x→ ϕ(x)− K

2
|x|2 is concave.

Then ϕ ∈ C1,1b (H) and [ϕ]1,1 ≤ K.
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Proof. We first prove that for any t ∈ [0, 1] the following estimate holds:

|ϕ(tx+ (1− t)y)− tϕ(x)− (1− t)ϕ(y)|

≤ K

2
t(1− t)|x− y|2, x, y ∈ H. (C.2.1)

In fact, since ϕ(x) + K
2 |x|2 is convex, for any x, y ∈ H we have

ϕ(tx+ (1− t)y) +
K

2
|tx+ (1− t)y|2

≤ tϕ(x) + t
K

2
|x|2 + (1− t)ϕ(y) + (1− t)

K

2
|y|2,

which yields

ϕ(tx+ (1− t)y)− tϕ(x)− (1− t)ϕ(y) ≤ K

2
t(1− t)|x− y|2.

In a similar way, using concavity of ϕ(x)− K
2 |x|2, we prove that

ϕ(tx+ (1− t)y)− tϕ(x)− (1− t)ϕ(y) ≥ −K
2
t(1− t)|x− y|2,

and so (C.2.1) is proved.

For any x, y ∈ H, we denote by ϕ′(x) · y the derivative (if it exists) of ϕ
at x in the direction y :

ϕ′(x) · y = d

dλ
ϕ(x+ λy)

∣∣∣
λ=0

.

Now we proceed in several steps.

Step 1. Existence of the directional derivative.

Let x, y ∈ H be fixed and set

F (λ) =
ϕ(x+ λy)− ϕ(x)

λ
, λ > 0.

Then, if λ < µ we have

F (λ)− F (µ) =
1
λµ

[µϕ(x+ λy)− λϕ(x+ µy)− (µ− λ)ϕ(x)].
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Setting α = λ
µ , it follows that

F (λ)− F (µ) =
1
λ
[ϕ((1− α)x+ α(x+ µy))− αϕ(x+ µy)− (1− α)ϕ(x)].

Now, from (C.2.1) with t = α, it follows that

|F (λ)− F (µ)| ≤ K

2
|µ− λ||y|2. (C.2.2)

Thus F is uniformly continuous on (0,+∞) and so there exists the limit
limλ→0 F (λ) = ϕ′(x) · y.

Step 2. For any x ∈ H the directional derivative ϕ′(x) belongs to L(H)
and ‖ϕ′(x)‖ ≤ K

2 + [ϕ]1.

We leave to the reader the simple proof of linearity of ϕ′(x). Moreover, from
(C.2.2) with µ = 1 we get

|ϕ′(x) · y − ϕ(x+ y) + ϕ(x)| ≤ K

2
|y|2.

Now, letting λ tend to 0, we find

|ϕ′(x) · y| ≤ K

2
|y|2 + [ϕ]1|y|,

and the conclusion follows.

Step 3. If dim H < +∞ then the following statements are equivalent.

(i) It holds that

1
h2
|ϕ(x+ 2hy)− 2ϕ(x+ hy) + ϕ(x)| ≤ K|y|2, x, y ∈ H.

(ii) It holds that

|ϕ′(x)− ϕ′(y)| ≤ K|x− y|, x, y ∈ H.

If ϕ ∈ UC2b (H) then the equivalence of (i) and (ii) is easy and it is left to
the reader. Now the conclusion follows from the fact that UC2b (H) is dense
in UC1b (H).

Step 4. If dim H < +∞ then the conclusion of the proposition holds.
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We have in fact

ϕ(x+ 2hy)− 2ϕ(x+ hy) + ϕ(x)

= −2
[
ϕ

(
1
2
(x+ 2hy) +

1
2
x

)
− 1

2
ϕ(x+ 2hy)− 1

2
ϕ(x)

]
.

Thus by (C.2.1) it follows that

|ϕ(x+ 2hy)− 2ϕ(x+ hy) + ϕ(x)| ≤ Kh2|y|2,

and Step 4 is proved.
Note that we present a different proof when dimH = +∞, since UC2b (H)

is not dense in UC1b (H), see §2.2.
Step 5. Conclusion when dim H = +∞.

Let x, y, z be fixed. Since the subspace spanned by x, y, z is of dimension
less than or equal to 3, by Step 4 it follows that

|ϕ′(x) · z − ϕ′(y) · z| ≤ K|x− y||z|,

which yields
‖ϕ′(x)− ϕ′(y)‖ ≤ K|x− y|, x, y ∈ H,

by the arbitrariness of z. Since, as is well known, continuity of the directional
derivatives implies differentiability of ϕ, we have

‖Dϕ(x)−Dϕ′(y)‖ ≤ K|x− y|, x, y ∈ H.

Therefore ϕ ∈ UC1,1b (H) as required.

C.3 The Hamilton-Jacobi semigroups

In this section we introduce two semigroups of nonlinear operators on
UCb(H) that are the key tool for the definition of inf-sup convolutions.
For any ϕ ∈ UCb(H) and for any t > 0 we set

Utϕ(x) = inf
y∈H

{
ϕ(y) +

|x− y|2
2t

}
= inf

y∈H

{
ϕ(x− y) +

|y|2
2t

}
(C.3.1)

and

Vtϕ(x) = sup
y∈H

{
ϕ(y)− |x− y|2

2t

}
= sup

y∈H

{
ϕ(x− y)− |y|2

2t

}
. (C.3.2)

We set moreover

U0ϕ = V0ϕ = ϕ ϕ ∈ UCb(H). (C.3.3)
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Remark C.3.1 Setting u(t, x) = Utϕ(x) and v(t, x) = Vtϕ(x), x ∈ H, t ≥
0, then u and v are respectively the unique viscosity solutions of the Hamilton-
Jacobi equations{

Dtu(t, x) + 1
2 |Du(t, x)|2 = 0, x ∈ H, t ≥ 0,

u(0, x) = ϕ(x),

and {
Dtv(t, x)− 1

2 |Dv(t, x)|2 = 0, x ∈ H, t ≥ 0
v(0, x) = ϕ(x)

These results are due to M. G. Crandall and P. L. Lions [59]. We will not
use them in what follows.

We are now going to prove several properties of semigroups Ut, t ≥ 0,
and Vt, t ≥ 0. First of all we notice that, from the very definition of Ut and
Vt, we have

Utϕ(x) ≤ ϕ(x) ≤ Vtϕ(x), t ≥ 0, x ∈ H, ϕ ∈ UCb(H). (C.3.4)

It is also clear that Ut and Vt are order preserving. That is if ϕ,ψ ∈ UCb(H)
are such that ϕ(x) ≤ ψ(x), x ∈ H, then we have

Utϕ(x) ≤ Utψ(x), and Vtϕ(x) ≤ Vtψ(x), x ∈ H.

We prove now, following J. M. Lasry and P. L. Lions [155], that Ut and Vt
are strongly continuous semigroups of contractions on UCb(H).

Proposition C.3.2 Let Ut, Vt, t ≥ 0, be defined by (C.3.1)-(C.3.3). Then
the following statements hold.

(i) For any t > 0, Ut and Vt map UCb(H) into itself. Moreover ωUtϕ ≤
ωϕ, ωVtϕ ≤ ωϕ, ϕ ∈ UCb(H), t ≥ 0.

(ii) We have Ut+s = UtUs, Vt+s = VtVs, t, s ≥ 0.

(iii) For all ϕ,ψ ∈ UCb(H) we have

‖Utϕ− Utψ‖0 ≤ ‖ϕ− ψ‖0, ‖Vtϕ− Vtψ‖0 ≤ ‖ϕ− ψ‖0.

(iv) We have

|Utϕ(x)− ϕ(x)| ≤ ωϕ

(
2
√
t‖ϕ‖0

)
, ϕ ∈ UCb(H), x ∈ H,

|Vtϕ(x)− ϕ(x)| ≤ ωϕ

(
2
√
t‖ϕ‖0

)
, ϕ ∈ UCb(H), x ∈ H,
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so that

lim
t→0

Utϕ = ϕ, lim
t→0

Vtϕ = ϕ, in UCb(H). (C.3.5)

(v) If ϕ ∈ Cα
b (H) for α ∈ (0, 1), then there exists Cα > 0 such that

|Utϕ(x)− ϕ(x)| ≤ Cα [ϕ]
2

2−α
α t

α
2−α , t > 0, x ∈ H,

|Vtϕ(x)− ϕ(x)| ≤ Cα [ϕ]
2

2−α
α t

α
2−α , t > 0, x ∈ H.

(C.3.6)

Proof. We will prove all the statements concerning Ut since those concern-
ing Vt can be proved in a similar way. In all the proof ϕ is a fixed element
of UCb(H).

Let us prove (i). Let t > 0, x, x ∈ H, then we have

Utϕ(x)− Utϕ(x) = inf
y∈H

{
ϕ(x− y) +

|y|2
2t

}
+ sup

z∈H

{
−ϕ(x− z)− |z|2

2t

}

= sup
z∈H

inf
y∈H

{
ϕ(x− y)− ϕ(x− z) +

|y|2 − |z|2
2t

}

≤ sup
z∈H

inf
y∈H

{
ωϕ(x− x+ z − y) +

|y|2 − |z|2
2t

}
Since ωϕ is subadditive by Proposition C.1.1 it follows that

Utϕ(x)− Utϕ(x) ≤ ωϕ(x− x) + sup
z∈H

inf
y∈H

{
ωϕ(z − y) +

|y|2 − |z|2
2t

}
.

Setting y = z, we see that

sup
z∈H

inf
y∈H

{
ωϕ(z − y) +

|y|2 − |z|2
2t

}
≤ 0,

and so |Utϕ(x)− Utϕ(x| ≤ ωϕ(x− x), and the conclusion follows.

We now prove the semigroup law (ii). Let t, s > 0, x ∈ H, then we have

UtUsϕ(x) = inf
y∈H

{
inf
z∈H

[
ϕ(z) +

|y − z|2
2s

]
+
|x− y|2

2t

}

= inf
z∈H

{
ϕ(z) + inf

y∈H

[
|y − z|2

2s
+
|x− y|2

2t

]}
.
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Since

min
y∈H

[
|y − z|2

2s
+
|x− y|2

2t

]
=
|x− z|2
2(t+ s)

,

we have

UtUsϕ(x) = inf
z∈H

{
ϕ(z) +

|x− z|2
2(t+ s)

}
= Ut+sϕ(x).

Let us prove (iii). Let x ∈ H, t > 0, ϕ, ψ ∈ UCb(H). For any ε > 0 there
exists yε ∈ H such that

Utψ(x) + ε > ψ(yε) +
|x− yε|2

2t
.

It follows that

Utϕ(x)− Utψ(x) ≤ inf
y∈H

{
ϕ(y) +

|x− y|2
2t

}
− ψ(yε)−

|x− yε|2
2t

+ ε.

Setting y = yε we have

Utϕ(x)− Utψ(x) ≤ ϕ(yε)− ψ(yε)− ε ≤ ‖ϕ− ψ‖0 − ε.

The proof follows now from the arbitrariness of ε.
Let us prove (iv). Let x ∈ H, t > 0. For any ε > 0 there exists yε ∈ H

such that

Utϕ(x) + ε > ϕ(yε) +
|x− yε|2

2t
.

Taking into account (C.3.4) we obtain

0 ≤ ϕ(x)− Utϕ(x) ≤ ϕ(x)− ϕ(yε)−
|x− yε|2

2t
+ ε. (C.3.7)

This implies that |x−yε|2
2t ≤ 2 ‖ϕ‖0 + ε, and so |x − yε| ≤

√
4t‖ϕ‖0 + 2tε.

Consequently, by (C.3.7) it follows that

ϕ(x)− Utϕ(x) ≤ ϕ(x)− ϕ(yε) + ε

≤ ωϕ(|x− yε|) + ε

≤ ωϕ

(√
4t‖ϕ‖0 + 2tε

)
+ ε.

Now the conclusion follows from the arbitrariness of ε.
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Let us prove, finally, (v). By (C.3.7) it follows that

|x− yε|2
2t

≤ ϕ(x)− ϕ(yε) + ε ≤ [ϕ]α|x− yε|α + ε,

which implies
|x− yε|2 ≤ 2t[ϕ]α|x− yε|α + 2εt.

By Young’s inequality we have for any C > 0

|x− yε|2 ≤
α

2
C

2
α |x− yε|2 +

(
1− α

2

)[2t[ϕ]α
C

] 2
2−α

+ 2εt.

Setting C = (1/α)2/α we find that, for a suitable constant Cα,

|x− yε|2 ≤ C2α [ϕα]
2

2−α t
2

2−α + 4εt.

Now by (C.3.7) it follows that

ϕ(x)− Utϕ(x) ≤ [ϕ]α|x− yε|α + ε

≤
(
C2α [ϕα]

2
2−α t

2
2−α + 4εt

)α
2 + ε.

The conclusion follows again from the arbitrariness of ε.

It is well known that the functions Utϕ and Vtϕ are not differentiable
even if ϕ is regular. One can prove, however, following J. M. Lasry and P.
L. Lions [155], that they are Lipschitz continuous.

Proposition C.3.3 (i). For any ϕ ∈ UCb(H), x, x ∈ H, and any t > 0 we
have 

|Utϕ(x)− Utϕ(x)|
|x− x| ≤ 1

2t

[
4
√
t ‖ϕ‖0 + |x− x|

]
,

|Vtϕ(x)− Vtϕ(x)|
|x− x| ≤ 1

2t

[
4
√
t ‖ϕ‖0 + |x− x|

]
.

(C.3.8)

(ii). For any ϕ ∈ Cα
b (H), α ∈ (0, 1), x, x ∈ H, and any t > 0 there

exists Cα > 0 such that
|Utϕ(x)− Utϕ(x)|

|x− x| ≤ 1
2t

[
2Cα [ϕ]

1
2−α
α t

1
2−α + |x− x|

]
,

|Vtϕ(x)− Vtϕ(x)|
|x− x| ≤ 1

2t

[
2Cα [ϕ]

1
2−α
α t

1
2−α + |x− x|

]
.

(C.3.9)
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Proof. (i) For any ε > 0 there exists yε ∈ H such that

Utϕ(x) + ε > ϕ(yε) +
|x− yε|2

2t
. (C.3.10)

It follows that

Utϕ(x)− Utϕ(x) ≤ |x− yε|2
2t

− |x− yε|2
2t

+ ε

≤ 1
2t
[
|x− x|2 + 2 < x− x, x− yε >

]
+ ε. (C.3.11)

But from (C.3.10) it follows that |x−yε|2
2t ≤ 2‖ϕ‖0 + ε so that |x − yε| ≤√

2t(2‖ϕ‖0 + ε). Substituting in (C.3.11), and taking into account the ar-
bitrariness of ε, gives (C.3.8). Let us prove (C.3.9). By (C.3.10) we have
ϕ(x) + ε > ϕ(yε) +

|x−yε|2
2t , which yields |x−yε|2

2t ≤ ε+ [ϕ]α|x− yε|α. Arguing
as in the proof of Proposition C.3.2(v) we see that there exists Cα > 0 such

that |x−yε| ≤ Cα[ϕ]
2

2−α
α t

1
2−α +4εt. Substituting in (C.3.11), and taking into

account the arbitrariness of ε we find (C.3.9).
Let t > 0. By Proposition C.3.3 it follows that for any ϕ ∈ UCb(H), Utϕ

and Vtϕ are Lipschitz continuous. We prove now that Utϕ is semiconcave,
and that Vtϕ is semiconvex.

Proposition C.3.4 Let t > 0 and ϕ ∈ UCb(H). Then x → Utϕ(x) −
|x|2
2t is concave, and x→ Vtϕ(x) +

|x|2
2t is convex.

Proof. We have

Utϕ(x)−
|x|2
2t

= inf
y∈H

{
ϕ(y) +

|x− y|2
2t

− |x|2
2t

}

= inf
y∈H

{
ϕ(y)− 1

t
〈2x− y, y〉

}
.

Since the infimum of a set of affine functions is a concave function, the
conclusion follows. The statement concerning Vtϕ is proved similarly.

We end this section by proving that if ϕ is semiconcave and t > 0, then
Vtϕ is also semiconcave. We first need a lemma, due to J. M. Lasry and P.
L. Lions [155].

Lemma C.3.5 Let F : H × H → R, (x, y) → F (x, y), be concave. Then
the function ψ : H → R : ψ(x) = supy∈H F (x, y) is concave.
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Proof. Let x1, x2 ∈ H, and ε > 0. Then there exist y1,ε, y2,ε ∈ H such that

ψ(x1) ≤ F (x1, y1,ε) + ε, ψ(x2) ≤ F (x2, y2,ε) + ε. (C.3.12)

Let θ ∈ [0, 1]. Then we have clearly

ψ(θx1 + (1− θ)x2) ≥ F (θx1 + (1− θ)x2, θy1,ε + (1− θ)y2,ε).

Since F is concave, it follows that

ψ(θx1 + (1− θ)x2) ≥ θF (x1, y1,ε) + (1− θ)F (x2, y2,ε).

Finally, from (C.3.12) it follows that

ψ(θx1 + (1− θ)x2) ≥ θψ(x1) + (1− θ)ψ(x2)− ε,

which yields the conclusion, due to the arbitrariness of ε.
We can now prove the result.

Proposition C.3.6 Let ϕ ∈ UCb(H) and t > 0 be such that x→ ϕ(x)− |x|2
2t ,

is concave. Then for any t ∈ (0, 1) and any s ∈ (0, t) the function x →
Vsϕ(x)− |x|2

2(t−s) is concave.

Proof. We have

Vsϕ(x)−
|x|2

2(t− s)
= sup

y∈H
{f1(y) + F2(x, y)},

where f1(y) = ϕ(y)− |y|2
2t , and

F2(x, y) =
|y|2
2t

− |x− y|2
2s

− |x|2
2(t− s)

.

Now f1 in concave in H by hypothesis and F2 is concave in H × H by a
direct verification. Then the conclusion follows from Lemma C.3.5.
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[5] S. Albeverio and M. Röckner, Stochastic differential equations in infinite
dimensions: solutions via Dirichlet forms, Probab. Th. Relat. Fields, 89,
347-86, 1991.

[6] W. Arendt, A. Driouich and O. El-Mennaoui, On the infinite product of
C0 semigroups, J. Functional Anal., 160, 524-542, 1998.

[7] J. P. Aubin, Mathematical methods of game and economic theory, North-
Holland, 1979.
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[23] V. Bogachev, M. Röckner and T. S. Zhang, Existence and uniqueness of
invariant measures: an approach via sectorial forms, Appl. Math. Optim.,
41, 87-109, 2000.

[24] S. Bonaccorsi and G. Guatteri, A variational approach to evolution
problems with variable domains, J. Diff. Equations, 175, 51-70, 2001.
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[170] G. Metafune, G. Pallara and M. Wacker, Feller semigroups on R
n,

preprint, 2001.

[171] G. Metafune, G. Pallara and M. Wacker, Compactness properties of
Feller semigroups, preprint, 2001.

[172] G. Metafune, J. Prüss, A. Rhandi and R. Schnaubelt, The domain of
the Ornstein-Uhlenbeck operator on an Lp space with invariant measure,
Ann. Scuola Norm. Sup. Pisa, to appear.

[173] G. Metafune, A. Rhandi and R. Schnaubelt, Spectrum of the infinite
dimensional Laplacian, Arch. Math. (Basel), 75, 280-282, 2000.

[174] J. van Neerven and J. Zabczyk, Norm discontinuity of Ornstein-
Uhlenbeck semigroups, Semigroup Forum, 3, 389-403, 1999.

[175] E. Nelson, A quartic interaction in two dimensions, Mathematical the-
ory of elementary particles, R. Goodman and I. Segal (editors). MIT
Press, 69-73, 1966.

[176] A. S. Nemirovski and S. M. Semenov, The polynomial approximation
of functions in Hilbert spaces, Mat. Sb. (N.S.), 92, 257-281, 1973.

[177] J. Neveu, Sur l’espérance conditionnelle par rapport à un mouvement
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Itô, 143-146, 148, 151, 180,

181
function, iii

characteristic, 8
convex, viii
exponential, vii, 11
Hamiltonian, viii, 294, 296,

300, 304, 305, 310
harmonic, 87–89, 121, 329
Hermite, 188–190, 199
polynomial growth, 49, 251
semiconcave, 348
semiconvex, 348
value, iii, viii

functional, 293
cost, 293, 295, 312, 316

generator, v
adjoint, 241
adjoint semigroup, 240
core, 71, 74, 75, 77, 212-214,

216, 231, 239, 240, 260,
261, 283

heat semigroup, 46, 69-71, 76,
91

Kolmogorov, 239, 250, 256, 284
Ornstein-Uhlenbeck, vi, 114, 121,

205, 212, 238, 253
spectrum, 74

Gibbs measure, vii

Hamilton-Jacobi, iii, 293
equation, iii, viii
inclusions, 316, 324, 327
inequality, viii
semigroup, 347, 351
stationary, 295, 302

Hamiltonian, viii
function, 294, 296, 300, 304,

305, 310
Lipschitz, 296, 300
locally Lipschitz, 304
quadratic, 305, 310

heat equation, 44, 46, 48, 58, 63,
66, 69, 145, 156

uniqueness, 145

inequality, vii
Burkholder-Davis-Gundy, 132
log-Sobolev, vii, 224, 230, 232,

288
Poincaré, vii, 205, 230-232, 260,

261, 288
integral, 18, 23

Hellinger, 18
Itô-Wiener decomposition, vii, 187,

188, 191
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Laplacian, 67
Gross, 67

Legendre transform, viii
log-Sobolev inequality, vii, 224, 230,

232, 288

map, 133
deterministic convolution, 133
evaluation, 133, 138
stochastic convolution, 133

measures
absolutely continuous, vii
characteristic function, 8
covariance, iv
equivalent, 8
ergodic, 242
excessive, 317, 318
Gaussian, 3
invariant, 205, 206, 208, 237,

242, 243, 247, 249, 250,
260, 263, 284

reproducing kernel, 12
singular, 7
strongly mixing, 249

method, v
continuity, v, 93
factorization, 28
K-method, 36
localization, 93, 95

operator, iv
closable, 194-196, 203, 207, 257,

271, 272
dissipative, vii, 238, 257, 267,

306, 308
Hilbert-Schmidt, 3, 5, 7, 24,

25, 61, 132, 149, 157, 202
m-dissipative, 124-126, 267, 275,

304

maximal monotone, 320, 321,
324, 326

second quantization, 205, 212,
224, 228

trace class, iv
variational, 214

Ornstein-Uhlenbeck, v
equations, 99
generator, 267, 282
operator, v, vi
perturbation of, vi, 238
process, 328
semigroup, vii, 103, 111, 121,

205, 206, 211, 224, 238,
251, 272, 297, 300

penalization, 325
perturbation, vi

bounded, 239
large, 93
Lipschitz, 245
of Ornstein-Uhlenbeck, vi, 238
small, 90

Poincaré inequality, vii, 205, 230-
232, 260, 261, 288

point, 165
regular, 165

polynomials, 49
growth of functions, 49, 251
Hermite, 188-190

potential, iv, 76, 83
principle, 51

condensation of singularities,
65

maximum, 51, 93, 303, 305,
308

random variable, 7
Gaussian, 10
law, 10
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semigroup, iv
adjoint, 230, 241
analytic, 166, 214
C0, v
differentiable, 107
extended, 319, 320
hypercontractive, 224
Markovian, 318
property, 45, 168
restricted, 158
strong Feller, vi, vii, 104, 105,

150, 205, 217, 236, 243,
281, 287, 297

symmetric, 209, 213-215, 224
transition, vi, 158, 246

solution, vi
classical, 103, 104, 106, 110,

119, 151
generalized, vi, 48, 54, 57, 66,

77, 78, 101, 103, 104, 116,
120, 127, 128, 139, 141,
142, 150, 156-158

martingale, 123
mild, 102, 122, 147, 153, 180,

248, 264, 297, 299, 310,
338

regular, viii, 294, 295
strict, 48, 49, 51, 52, 76, 100,

101, 116, 120, 122, 127,
128, 142, 248

strong, 142, 147, 156, 165-167,
178-181, 320, 323, 326-
328

viscosity, 295, 315, 352
weak, 323, 324

spaces, iv
interpolation, iv, 30, 36, 39,

42, 43, 79, 80, 335
Sobolev, iv, 187, 194, 271

spectral gap, vii, 205, 231, 261
stochastic

integral, 132
optimal control, 293
process, 27, 136
quantization, vii, 239, 268

theorem, 91
Banach-Caccioppoli, 91, 92
Burkholder-Davis-Gundy, 132,

135
implicit, vi, 128, 133
Liouville, 87, 121
Lumer-Phillips, 259, 276, 283
reiteration, 42
Valentine, 125

viscosity solution, 295, 315, 352

Wiener process, viii, 48
cylindrical, 93, 102, 123, 293
Q-Wiener, 128, 131, 132
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