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Preface

The main objects of this book are linear parabolic and elliptic equations of
the second order on an infinite dimensional separable Hilbert space H such
as

{ Dyu(t,z) = 3Tr[Q(z) D?u(t, )] + (F(z), Du(t,z)), =z € H, t >0,
u(0,2) = p(x), € H,

(0.1)
and

A () — %Tr[Q(ﬂf)D%(w)] — (F(z), Di(z)) = g(x), zeH.  (0.2)

Here F : D(F)CH — H, Q : D(Q)CH — L(H) and ¢ : H — R are given
mappings and A a given nonnegative number, whereas u : [0, 7] x H — R and
¥ : H — R are the unknowns of (0.1) and (0.2) respectively. Moreover D
represents derivative and Tr the trace. Some classes of nonlinear equations
will be considered as well.

There are several motivations to develop infinite dimensional theory.
First of all the theory is a natural part of functional analysis. Moreover as
in finite dimensions, parabolic equations on Hilbert spaces appear in math-
ematical physics to model systems with infinitely many degrees of freedom.
Typical examples are provided by spin configurations in statistical mechan-
ics and by crystals in solid state theory.

Infinite dimensional parabolic equations provide an analytic description
of infinite dimensional diffusion processes in such branches of applied math-
ematics as population biology, fluid dynamics, and mathematical finance.
They are known there under the name of Kolmogorov equations.

Nonlinear parabolic problems on Hilbert spaces are present in the control
theory of distributed parameter systems. In particular the so called Bellman-
Hamilton-Jacobi equations for the value functions are intensively studied.
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If H is finite dimensional and the coefficients () and F' are continuous
and bounded a satisfactory theory is available, see the classical monographs
by O. A. Ladyzhenskaja, V. A. Solonnikov and N. N. Ural’ceva [154], and
A. Friedman [115]. However, when the coefficients are continuous but un-
bounded, as in the present book, only a general result on existence, due to
S. Ito [143], is available but there is not uniqueness in general, see e.g. [146,
page 175].

First attempts to build a theory of partial differential equations on
Hilbert spaces were made by R. Gateaux and P. Lévy around 1920. Their
approach, based on a specific notion of averaging, was presented by P. Lévy
on two books on functional analysis published in 1922 and 1951, see [156].

We adopt here a different approach initiated by L. Gross [138] and Yu.
Daleckij [62] about 30 years ago, see also the monograph by Yu. Daleckij and
S. V. Fomin [63]. Its main tools are probability measures in Hilbert and Ba-
nach spaces, stochastic evolution equations, semigroups of linear operators
and interpolation spaces.

In this book we try to present the state of the art of the theory of
parabolic or elliptic equations in an infinite dimensional Hilbert space H.
Since the theory is rapidly changing and it is far from being complete we
shall limit ourselves to basic results referring to more specialized results in
notes.

Some results can be extended to general Banach spaces, but these are
outside of the scope of the book. Also, for the sake of brevity, we do not treat
equations with time dependent coefficients or with an additional potential
term V (z)u(t, x), where V : H — R.

The book is divided into three parts: I. Theory in the space of continuous
functions, II. Theory in Sobolev spaces with respect to a Gaussian measure,
III. Applications to control theory.

PART 1. Here we discuss the case when F' and G are continuous and
bounded, working on the space UC,(H) of all uniformly continuous and
bounded fuctions from H into R.

A natural starting point is the heat equation:

Dyu(t,z) = 3Tr[QD?u(t,z)], t>0, x € H,
u(0,z) = p(x), x € H,

where @ is a given symmetric nonnegative operator of trace class and ¢ €
UCy(H). The solution of (0.3) is given by the formula

u(t,z) = /H oz +y)Nio(dy), = € H, £ >0, (0.4)

(0.3)
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where N;g is the Gaussian measure with mean 0 and covariance operator
tQ.

This problem, initially stated by L. Gross [138], is studied in Chapter 3
where we prove that the requirement that @ is of trace class is necessary to
solve problem (0.3) for sufficiently regular initial data ¢.

We then study existence, uniqueness and regularity of solutions in
UCy(H). We show that, as noticed by Gross, solutions of (0.3) are smooth
only in the directions of the reproducing kernel Q'/?(H).

Finally we study the corresponding strongly continuous semigroup (F;)
and characterize its infinitesimal generator.

In order to make the book self-contained we have devoted Chapter 1 to
Gaussian measures and Chapter 2 to properties of continuous functions in
an infinite dimensional Hilbert space.

Chapter 4 is the elliptic counterpart of Chapter 3; it is devoted to the
Poisson equation:

1

— 3 TQD ()] = g(x), =< H. (0.5)

()
Here, besides existence and uniqueness, Schauder estimates are proved.

In Chapter 5, we go to the case of Holder continuous and bounded co-
efficients I’ and G trying to generalize the finite dimensional theory. As in
finite dimensions we pass from equations with constant coefficients to equa-
tions with variable coefficients by first proving Schauder and interpolatory
estimates and then using the classical continuity method.

We notice that the results are not as satisfactory as in the finite dimen-
sional case. In particular they do not characterize the domain of the operator
which appears in (0.5). In fact, if g is Holder continuous, we know that the
solution ¢ of (0.5) has first and second derivatives Holder continuous, but
we do not have any information about the trace of QD?w.

In Chapter 6 we pass to the case when the coefficients ' and G are
unbounded. The typical important example is the Ornstein-Uhlenbeck
operator, that is

Lo(x) = JTHQD o(w)] + (Ar, De(a), = € D(A), ¢ € UCKH), (06)

where A : D(A)CH — H generates a Cjy semigroup on H and @) is symmetric
and nonnegative.
We show that the problem

Diyu = Lu, u(0)=¢, ¢ecUC(H),
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is well posed if and only if

T
/ Tr[etAQe!|dt < 400, T > 0. (0.7)
0

In this case, we can construct explicitly the corresponding transition semi-
group Ry:

Ripla) = [ pleha +)No,(dy), v € H, ¢ €UCKH). (09

where .
Qt—/ e*AQe* A ds. (0.9)
0

It is interesting to notice that now it is not necessary to assume that @ is of
trace class as in the case of the heat equation. In fact, there is an important
class of Ornstein-Uhlenbeck operators , when

eA(H) c QY (H), t >0,

that behave as elliptic operators in finite dimensions. In this case, R; is
strong Feller and the following property, typical of parabolic equations in
finite dimensions, holds:

peCy(H), t >0= Rip e C,°(H). (0.10)

Notice that (R;) is not a semigroup of class Cy in UCy(H). However, it
is possible to define an infinitesimal generator L of (R;) and study several
properties, including Schauder estimates.

Finally, the last two sections are devoted to perturbations of Ornstein-
Uhlenbeck operators .

Chapter 7 is concerned with a general Kolmogorov equation under rather
strong regularity assumptions on coefficients and on initial functions. We
use the method of stochastic characteristics. We recall basic results on
stochastic evolution equations and on implicit function theorems which are
used to prove regularity of generalized solutions. Existence and uniqueness
results are proved in §7.5 and §7.6. Stronger regularity results based on a
generalization of the Bismut-Elworthy-Xe formula are presented in §7.7.

In this direction there is still much work to be done to cover more general
coefficients; however, for the stochastic reaction-diffusion equations , several
results can be found in the monograph by S. Cerrai, [43].
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The greater part of the book is devoted to problems on the whole of H.
The theory in an open set O is just starting in the infinite dimensional case,
see the papers [92], [207] and [190], [193], [194], [195], [191].

In Chapter 8 we present quite general results on existence and regularity
in the interior due to G. Da Prato, B. Goldys and J. Zabczyk [92] and to A.
Talarczyk [207].

PART II. To consider equations with very irregular unbounded coeffi-
cients arising in different applications such as reaction-diffusion and Ginz-
burg-Landau systems and stochastic quantization, it is useful to work in
spaces L?(H,v) with respect to an invariant measure v.

Chapter 9 is devoted to basic properties of the space L?(H, ) when p
is a Gaussian measure. In particular the It6-Wiener decomposition and the
compact embedding of W2(H, i) in L?(H, i) are established.

In Chapter 10 we prove several properties of the Ornstein-Uhlenbeck
semigroup R; on L?(H,v), and of its infinitesimal generator Lo. Here we
assume that the operator

—+o00
Qoo := / Qe dt (0.11)
0

is well defined and of trace class. This implies existence of an invariant
Gaussian measure 1 = Ng_ of R;.

Other topics considered are symmetry of R; and characterization of the
domain of Ly. When R; is strong Feller we show that ;. = Ng__ is absolutely
continuous with respect to Ng,, proving that

Ripl) = /H (e 1 y)p(t, z,y) No.. (dy). (0.12)

Then, using (0.12), we show that R; is hypercontractive.

Finally, we show Poincaré and log-Sobolev inequalities and some of their
consequences such as spectral gap and exponential convergence to equilib-
rium.

Chapter 11 is devoted to the following perturbation of L:

Nop(z) = %TT[QDQGD(IU)] + (Az, Do(z)) + (F(z), De(x)), x € D(A),
(0.13)
where F' is bounded or Lipschitz continuous.
More general perturbations of gradient form F'(z) = —DU (z) are studied
in Chapter 12. In this case, we consider the “Gibbs measure”

v(de) = Z71e V@ y(dx), (0.14)
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where Z is a normalization constant, and try to show that the operator Ny,
defined in the space of all exponential functions, is dissipative in L?(H,v)
and its closure is m dissipative.

This problem has been extensively studied, using the technique of Dirich-
let forms, starting from S. Albeverio and R. Hgegh-Krohn [3], see Z. M. Ma
and M. Rockner [165].

For the sake of brevity we do not consider perturbations of Ly that are
not Lipschitz continuous and not of gradient form, see comments in Chapter
11 for references to the present literature.

PART III is devoted to applications to control theory. In Chapter 13
we are concerned with a controlled system on a separable Hilbert space H

{ dX = (AX + G(X) + z(t))dt + Q'/2dW,, t € [0, T],

X(0)=x € H, (0.15)

where A : D(A)CH — H is a linear operator, G : H — H is a continuous
regular mapping, @) is a symme tric nonnegative operator on H, and W is a
cylindrical Wiener process. X represents the state, z the control and T > 0
is fixed.

Given g, € UCy(H), and a convex lower semicontinuous function h :
H — [0, +00), we want to minimize the cost

T
J(z,z) =E (/0 [9(X(t,x;2)) + h(z(¢))] dt + (X (T, x; z))> ,  (0.16)

over all z € L%,(0,T; L*(Q, H)), the Hilbert space of all square integrable
processes adapted to W defined on [0,7] and with values in H.

We solve this problem using the dynamic programming approach, prov-
ing existence of a regular solution of the Hamilton-Jacobi equation

{ Dy = 1Tr[QD%u] + (Az + G(z), Du) — F(Du) + g (0.17)
where the Hamiltonian F' is given by the Legendre transform of h:
F(z) = sup {(z,y) — h(y)}, = € H. (0.18)
yeH

Finally, Chapter 14 is devoted to Hamilton-Jacobi inequalities which are
satisfied by value functions corresponding to optimal stopping problems. In
their simplest version they are of the form

w(t,z) € 1Tr[QD?u(t,z)] + (Az + G(z), Du(t, z))

+a(z)u(t, z) — 01k, (u(t,x)), (0.19)
uw(0,z) = g(x), z€ H, t>0.
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Here
Kn={feL*(Hpu): f>h},
where p is a properly chosen measure and Ik, is the indicator function of
Kh .
N 0if f € Ky,
T, (£) = { oo if f ¢ K.

Moreover Olf, is the subgradient of I, .

(0.20)

There exist at present four monographs covering some aspects of the
infinite dimensional theory, by Z. M. Ma and M. Rockner [165], Yu. Daleckij
and S. V. Fomin [63], Y. M. Berezansky and Y. G. Kondratiev [12] and by
S. Cerrai, [43]. The overlap between those monographs and our book is
however rather small.

The authors acknowledge the financial support of the Italian National
Project MURST “Analisi e controllo di equazioni di evoluzione determin-
istiche e stocastiche”, the KBN grant No 2 PO3A 082 08 “Ewolucyjne
Roéwnania Stochastyczne” and the Leverhulme Trust, during the preparation
of the book.

They also thank F. Gozzi, E. Priola and A. Talarczyk for pointing out
some errors and mistakes in earlier versions of the book and S. Cerrai for a
careful reading of the whole manuscript.

The authors would like to thank their home institutions Scuola Normale
Superiore and the Polish Academy of Sciences for good working conditions.
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Chapter 1

(zausslan measures

This chapter is devoted to some basic results on Gaussian measures on
separable Hilbert spaces, including the Cameron-Martin and Feldman-Hajek
formulae. The greater part of the results are presented with complete proofs.

1.1 Introduction and preliminaries

We are given a real separable Hilbert space H (with norm |- | and inner
product (-,-)). The space of all linear bounded operators from H into H,
equipped with the operator norm ||-||, will be denoted by L(H).If T' € L(H),
then T* is the adjoint of T. Moreover, by L+ (H) we shall denote the subset
of L(H) consisting of all nonnegative symmetric operators. Finally, we shall
denote by B(H) the o-algebra of all Borel subsets of H.

Before introducing Gaussian measures we need some results about trace
class and Hilbert-Schmidt operators.

A linear bounded operator R € L(H) is said to be of trace class if there
exist two sequences (ag), (bx) in H such that

Ry = Z<y7ak5>bk’> Y€ Hv (111)
k=1
and
> lan| bi] < +oo. (1.1.2)
k=1

Notice that if (1.1.2) holds then the series in (1.1.1) is norm convergent.
Moreover, it is not difficult to show that R is compact.

3
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We shall denote by Li(H) the set of all operators of L(H) of trace class.
Li(H), endowed with the usual linear operations, is a Banach space with
the norm

IR, () = inf {Z lakl bl : Ry = (y,an)be, y € H, (ax), (br) C H} :
k=1 k=1

We set L (H) = L*(H) N Li(H). If an operator R is of trace class then its
trace, Tr R, is defined by the formula
o0
TrR= Z<R€j, €j>,
j=1

where (e;) is an orthonormal and complete basis on H. Notice that, if R is
given by (1.1.1), we have

Tr R = (a;,b)).
j=1

Thus the definition of the trace is independent on the choice of the basis
and
Tr B[ < [|R| 1, (m)-

Proposition 1.1.1 Let S € Li(H) and T € L(H). Then
(i) ST, TS € Li(H) and
ITSN ey ey < SNy ITN WST 2y ey < NSy ey IT]-

(ii) Te(ST) = Tx(TS).

oo o
Proof. (i) Assume that Sy = Z(y, ax)bk, y € H, where Z lax||bg| < +o0.
k=1 k=1
Then
(e}
STy = (y, T ar)by, y € H,
k=1
and

o0

ST anllbel < 1713 laxllbel

k=1 k=1
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It is therefore clear that ST' € Ly(H) and ||ST|z, zy < ISz, n)l|T||- Sim-
ilarly we can prove that | TS|z, my < 1Sz, () [IT]-

(ii) From part (i) it follows that

[e.9]

Tr(ST) =Y (be, T ar) = > _(Thy, ax).
k k=1

=1

In the same way Tr (T'S) = » (ag,Tby), and the conclusion follows. OJ

NE

T
I

We say that R € L(H) is of Hilbert-Schmidt class if there exists an
orthonormal and complete basis (e;) in H such that

Z [(Sep, e)|* < +oc. (1.1.3)
k,j=1
If (1.1.3) holds then we have
> [Serl* = Z [(Ser, e)> = [{ex, S ej)] Z|5*ej|2 (1.1.4)
k=1 k,j=1 k,j=1

Now if (fx) is another complete orthonormal basis in H, we have

Z ‘Sfm|2 = Z |<Sfm=€n>’2 = Z |<fm,S*€n>‘2 = Z \S*en|2.
m=1 m,n=1 m,n=1 n=1

Thus, by (1.1.4) we see that the assertion (1.1.3) is independent of the choice
of the complete orthonormal basis (e). We shall denote by Lo(H) the space
of all Hilbert-Schmidt operators on H. Ly(H ), endowed with the norm

15112, 1) = Z [(Ser,e))> = [Sex|?,
=1

k,j=1

is a Banach space.
Proposition 1.1.2 Let S,T € Lo(H). Then ST € L1(H) and

ST Ly < SN Lo 1T N Loy (1.1.5)
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Proof. Let (ex) be a complete and orthonormal basis in H, then

o0 o
Ty = Y (Ty.en)er =Y (y, T er)er,
k=1 k=1
o0
STy = Z(y,T*ek)Sek.
k=1

Consequently ST € Li(H) and

> [T ex| |Sex| < (Z |T*€k|2> (Z |S€k|2>
k=1 k=1 k=1

= Tl Lo 1SN Laa)-

ST\, (1)

IN

Therefore the conclusion follows. O

Warning. If S and T are bounded operators, and ST is of trace class
then in general T'S is not, as the following example, provided by S. Peszat
[183], shows.

Define two linear operators S and 1" on the product space H x H, by

0 A I 0
S_(B 0)’ T‘(o 0)'

0 0 0 A
ST_<B 0)’ TS_<0 o>’

and it is enough to take B of trace class and A not of trace class. O
We have also the following result, see e.g. A. Pietsch [187].

Then

Proposition 1.1.3 Assume that S is a compact self-adjoint operator, and
that (A\r) are its eigenvalues (repeated according to their multiplicity).

(i) S € Li(H) if and only if Z | Ak| < +o00. Moreover ||S||L, i) = Z | Ak,
k=1 k=1

and Tr S = Z Ak
k=1

(ii) S € La(H) if and only zfz |Ak|? < +oo. Moreover
k=1

00 1/2
151 () = (Z \Ak!2> :
k=1
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More generally let S be a compact operator on H. Denote by (M)
the sequence of all positive eigenvalues of the operator (S*S)l/ 2. repeated
according to their multiplicity. Denote by L,(H), p > 0, the set of all
operators S such that

0 1/p
1Sz, ) = <Z)\§> < 400. (1.1.6)
k=1

Operators belonging to Li(H) and Lo(H) are precisely the trace class and
the Hilbert-Schmidt operators.
The following result holds, see N. Dunford and J. T. Schwartz [107].

Proposition 1.1.4 Let S € Ly(H), T € Ly(H) with p > 0,q > 0. Then
ST € L,(H) with * = % + é, and

NS 2,y < 2 NS (e Iy - (1.1.7)

1.2 Definition and first properties of (Gaussian mea-
sures

1.2.1 Measures in metric spaces

If E is a metric space, then B(E) will denote the Borel o-algebra, that is the
smallest o-algebra of subsets of E which contains all closed (open) subsets
of E.

Let metric spaces E7, Eo be equipped with o-fields &1, &> respectively.
Measurable mappings X : E; — FEy will often be called random wvariables.
If 1 is a measure on (FEq,&1), then its image by the transformation X will
be denoted by X oy :

Xop(A) = u(X 1A), Acé&.

We call X o p the law or the distribution of X, and we set X o u = L(X).

If v and p are two finite measures on (E, &) such that T' € £, (') =0
implies v(I') = 0 then one writes ¥ << p and one says that v is absolutely
continuous with respect to u. If there exist A, B € £ such that AN B = 0,
u(A) = v(B) =1, one says that u and v are singular.

If v << p then by the Radon-Nikodym theorem there exists g € L' (E, &, )
nonnegative such that

V(F):/Fg(:v)u(das), ref.
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The function g is denoted by g—l’;.

If v << pand p << v then one says that p and v are equivalent and
writes p ~ v.

We have the following change of variable formula. If ¢ is a nonnegative
measurable real function on Fs, then

/ (X () () = / ()X o u(dy). (1.2.1)
F1 E>

Let 1 and v be two measures on a separable Hilbert space H; if Toy =T ov
for any linear operator T': H — R", n € N, then y = v.
Random variables X7, ..., X, are said to be independent if

L(X1,..  Xp) = L(X1) % -+ % L(Xn).

A family of random variables (X4 )aec4 is said to be independent, if any finite
subset of the family is independent.

Probability measures on a separable Hilbert space H will always be re-
garded as defined on B(H). If u is a probability measure on H, then its
Fourier transform is defined by

A = / 0 u(da), A € H:
H

i is called the characteristic function of p. One can show that if the char-
acteristic functions of two measures are identical, then the measures are
identical as well.

1.2.2 Gaussian measures

We first define Gaussian measures on R. If ¢ € R we set
Noo(dz) = 04(dx),

where ¢, is the Dirac measure at a. If moreover A > 0 we set

1 _(z—a)?

e 2x dx.
V2T A

The Fourier transform of N, ) is given by

No(dzr) =

)

Nga(h) = / TN, \(dx) = emh_%’\hz, h eR.
R
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More generally we show now that in an arbitrary separable Hilbert space
and for arbitrary Q € L{ (H) there exists a unique measure N, g such that

Naa(h) = / e N, o(dx) = i) =2 (Qhh) e |,
H

)

Let in fact Q € L] (H). Then there exist a complete orthonormal system
(ex) on H and a sequence of nonnegative numbers (\g) such that Qe =
Ager, k € N. We set xp, = (z,ep),h € N, and P,x =Y ), zpeg, z € H, n €
N. Let us introduce an isomorphism ~ from H into £2: (1)

reH— y(z) = (x) € £~

In the following we shall always identify H with ¢2. In particular we shall
write Ppox = (21, ...,2,), € £2.

A subset I of H of the form [ = {x € H : (x1, ... ,x,) € B}, where
B € B(R"), is said to be cylindrical. It is easy to see that the o-algebra
generated by all cylindrical subsets of H coincides with B(H).

Theorem 1.2.1 Leta € H, Q € L] (H). Then there exists a unique proba-
bility measure p on (H,B(H)) such that

/ M) 1y (da) = ei<a’h>e*%<Qh’h>, h e H. (1.2.2)
H
Moreover yu is the restriction to H (identified with £?) of the product measure
o0
>_<1 P = X Nak,,\k,

defined on (R, B(R*)). (?)

We set = N, g, and call a the mean and @) the covariance operator of p.
Moreover Ng g will be denoted by Ng.

Proof of Theorem 1.2.1. Since a characteristic function uniquely deter-
mines the measure, we have only to prove existence.

Let us consider the sequence of Gaussian measures (i) on R defined as
o0

pr = Ngg ., k € N, and the product measure p = X pr in R, see e.g
k=1

'For any p > 1, we denote by £ the Banach space of all sequences (zx) of real numbers
such that |z[, := (3252, |zk]P)/? < +o0.

*We shall consider R* as a metric space with the distance d(z,y) :=
S, 27 k_lep—yirl z,y € R®

1+|zg —yk |’
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P. R. Halmos [141, §38.B]. We want to prove that u is concentrated on 2,
(that it is clearly a Borel subset of R>). For this it is enough to show that

/ 2|2 p(dz) < 4oo. (1.2.3)
S

We have in fact, by the monotone convergence theorem,

[ lelntan) - Z / 72 uldr) = Z(/R (o0 = anfn(de) +

k=1

o0
= > (w+af) = TrQ+]a]* < +oo.
k=1

Now we consider the restriction of u to £2, which we still denote by . We
have to prove that (1.2.2) holds. Setting vy, = [[;_; px, we have

/ e (dr) = lim [ e PhPam) ()
02 n—oo 02

= lim [ eiPrhPrm)y (dz) = lim e/(Pnh-Fna)=5(QPnh.Puh)

n—oo Jpn n— oo

— itha)=3(Qhh)

If the law of a random variable is a Gaussian measure, then the random
variable is called Gaussian. It easily follows from Theorem 1.2.1 that a
random variable X with values in H is Gaussian if and only if for any
h € H the real valued random variable (h, X) is Gaussian.

Remark 1.2.2 From the proof of Theorem 1.2.1 it follows that
/ |22 Naq(dz) = Tr Q + |al?. (1.2.4)
H

Proposition 1.2.3 LetT € L(H), anda € H, and letTx = Tx+a, x € H.
Then I o Ny.g = Nrmta,7QT* -

Proof. Notice that, by the change of variables formula (1.2.1), we have

/ FONT o N,y o(dy) = / ST N o (dy)
H H

_ / FOTIH N () = O T Am) =3 @TAT™Y)
H

This shows the result. O
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1.2.3 Computation of some Gaussian integrals

We are here given a Gaussian measure N, o. We set
L*(H,N,q) = L*(H,B(H),N,0)-
The following identities can be easily proved, using (1.2.2).

Proposition 1.2.4 We have

/H zNgo(dr) = a, (1.2.5)
/H<aj —a,y){x —a,z)Nyg(dz) = (Qu,z). (1.2.6)
/ |z —a|*N,o(dz) = TrQ. (1.2.7)

H

Proof. We prove as instance (1.2.6). We have

/ Ny (dr) = lim P,xN, g(dx).
H

n—oo H

But

(2 —ap)?

/ PozNeg(dz) = (2m) " I / apy, e P day = ay,
H k=1"R

and the conclusion follows. O

Proposition 1.2.5 For any h € H, the exponential function Ey, defined as
Ep(z) ="z e H,

belongs to LP(H, N, q), p > 1, and
/ e N, o (dar) = (o) 3 (@nh), (1.2.8)
H

Moreover the subspace of L*(H, Noq) spanned by all Ey, h € H, is dense
on L*(H, Ny ).

Proof. We have

/ €<P7Lh7an> NG,Q(dgj) — e<P7La‘7P7Lh>e%(QP7Lh7PTLh> .
H
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Letting n tend to 0 this gives (1.2.8).
Let us prove the last statement. Let ¢ € L?(H, N, o) be such that

/ e<h’x>go(x)Na,Q(dx) =0, he H.
H
Denote by ¢ and ¢~ the positive and negative parts of ¢. Then
[ ot @Nagtdn) = [ o™ @)Nagda), he .
H

H

Let us define two measures
p(dzr) = cp*(:c)NmQ(da:), v(dx) = ¢~ (2)Nq,g(dz).

Then p and v are finite measures such that

H

Let T be any linear transformation from H into R™, n € N. Then for any
AeR”

/ eMIT o p(dz) = /He<’\’Tx>,u(dx):/ e T N> (da)

H

= /e<T*)‘”E>1/(dx):/ eMAT o y(dz).
H n

By a well known finite dimensional result T o u = T o v. Consequently
measures p and v are identical and so ¢ = 0. O

1.2.4 The reproducing kernel

Here we are given an operator Q € L (H). We denote as before by (ex)
a complete orthonormal system in H and by ()\;) a sequence of positive
numbers such that Qe, = Agex, k € N.

The subspace QY/2(H) is called the reproducing kernel of the measure
Ng. If Ker Q = {0}, QY/?(H) is dense on H. In fact, if zg € H is such that
(QY2h,z0) = 0 for all h € H, we have Q'/?z¢ = 0 and so Qzy = 0, which
yields xg = 0.

Let Ker @ = {0}. We are now going to introduce an isomorphism W
from H into L?(H, Ng) that will play an important role in the following.
The isomorphism W is defined by

f€QP(H) - Wy € L*(H,Ng), Wy(x)=(Q"*f,z), z € H.
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y (1.2.7) it follows that

/Wf z)Ng(dx) = (f,g9), f,g € H.

Thus W is an isometry and it can be uniquely extended to all of H. It will
be denoted by the same symbol. For any f € H, Wy is a real Gaussian
random variable N|zp2.

More generally, for arbitrary elements fi, ..., fn, (Wg,, ..., Wy, ) is a Gaus-
sian vector with mean 0 and covariance matrix ((f;, f;)). If Ker Q # {0}
then the trasformation f — W} can be defined in exactly the same way but

only for f € Hy = Q1/2( ). We will write in some cases (Q /2y, f) instead
of W(y).

The proof of the following proposition is left as an exercise to the reader.
Proposition 1.2.6 For any orthonormal sequence (fy,) in H, the family
1, Wy, W, Wy, 272 (W7 —1), m,n, k1 €N, k#1,
is orthonormal in L*(H, Ng).
Next we consider the function f — e"7.
Proposition 1.2.7 The transformation f — eVr acts continuously from H
into L*(H, Ng), and
/ IO N(dr) = s
H
(1.2.9)
/ e ’\Wf(QC)NQ(dx) = 6_%’\2”‘2, AeR.
H

Proof. Since Wy is Gaussian with law Ny 2, (1.2.9) follows. Moreover,
taking into account (1.2.8) it follows that

/ [ Wi _e ] dNg = / [62Wf —2eWr+s +62W9] dNg
H H

= 2P _geslital? 4 200 [em? _ ewr 1 9elfPHgl? [1 _ el

which shows that W} is locally uniformly continuous on H. [
Let us define the determinant of 14 S where S is a compact self-adjoint
operator in Ly (H) :

8

det (1+5)=||(1+ sk),

k=1
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where (si) is the sequence of eigenvalues of S (repeated according to their
multiplicity).

Proposition 1.2.8 Assume that M is a symmetric operator such that
QYV2MQY? <1, (®) and let b € H. Then

[ e {501+ 00 ) Notay

_ [det(l _ Q1/2MQ1/2)} -1/ exp {;(1 _ Q1/2MQ1/2)—1/2Q1/2b|2} .
(1.2.10)

Proof. Let (g,) be an orthonormal basis for the operator Q'/2MQ'/2, and
let (7,,) be the sequence of the corresponding eigenvalues.

Claim 1. We have

o0

Z (QY2b, g )Wy, (), Ng-a.e.

k=1
Claim 2. We have

(Mzx,x) Z'yn|W . (2)]?, Ng-a.e,

the series being convergent in L!(H, Ng).
We shall only prove the more difficult second claim.
Let Py = S0 ex @ ex. (1) Then for any = € H we have

(MPyz, Pyz) = ((QY*MQY*)Q™/2Pyz,Q~'/2Pyx)

[e.o]

= ) {(QV*MQY*)Q Py, g Q™2 Py, gn)

n=1

= S Q@ 2Py, ).

Consequently, for each fixed x

oo
(MPyz, Pxz) =Y n|Weyg, |, N €N,

n=1

3This means that (Q'/?*MQ"/?x,z) < |z|? for any « € H different from 0.
“We rember that (ex) is the sequence of eigenvectors of Q.
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Moreover for each L € N
/ | (M Py, Pyz) — Z%\WPNM Ng(dz)

o0

<3 bl /H Whyg *No(dz)

n=L+1

o) o)

= Z "7n| |PNgn|2§ Z |’7n|

n=L+1 n=L+1

As N — oo then Pyz — x and Wpy,, — W,, in L?(H, Ng). Passing to
subsequences if needed, and using the Fatou lemma, we see that

[e.o]

/'Mm Z%Wgn||NQ<daz> > bl

n=L+1

Therefore the claim is proved.
By the claims it follows that

exp {;(Mx,@ 4 <b,x>}

L
L 1 2 1/2
—nggoexp{g 570 Wou (@)° + (@%b, 9n) W gn() o

n=1

with a.e. convergence with respect to Ng for a suitable subsequence. Using
the fact that (Wyg,) are independent Gaussian random variables, we obtain,
by a direct calculation, for p > 1,

L
exp {p > %%!Wgn (@)* + p(@Q"/?D, gn>Wgn(w)} Ne(da)
n=1
H

~1/2 -
ﬁ1 ex lz (@YD, gn)I?
11 p'Yn p 9 1— pm .
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Since 7, < 1, and > 7 |vn| < 0o, there exists p > 1 such that py, < 1, for
all n € N. Therefore

L

. — 1‘<Q1/2b9 >‘2
_ 1/2 —NNw  ®In/l
L1—>1moo (1=P) P { 2 1-pwm

—_

e 0] _1/2 o0 1/2
= [H(l—mn)] eXp{2nZ Ql _l;‘;]:)' }

n=1 =1

So the sequence (exp {Z [ Y| Wy, (2)|? + (QY/?D, gn) W, (:L‘):| }) is uni-

n=1
formly integrable. Consequently, passing to the limit, we find

/H exp{1/2 (My, y) + (b,1)} No(dy)

L
= lim / exp {Z [1/2 YWy, ()2 + (QY?b, gn) Wy, (x)} } Ng(dz)

n=1
H
- 1o 1HQY?b, gn)?
= Jim JJ =)™ exp ¢ 5T
n=1
1 . 1{Q"/2b, ga) 2
_ _ 1/2 :
nl;[l(l V) exp {2 —

_ (det(l _ Q1/2MQ1/2)>_1/2 exp {;Kl _ Q1/2MQ1/2>1/2Q1/2b|2} O

Remark 1.2.9 It follows from the proof of the proposition that

(Me,2) = 3V @) = VE S [2 A0 ) - ] +
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and so, by Proposition 1.2.6, we have

o0 o0 2
/ [<Mx7x>]2NQ(dx) = 22’7721 + (Z’Yn)
H k=1 k=1

QVIMQME, ) + (Tr QY21 QY2)?
< +o0.
Proposition 1.2.10 Let T € L1(H). Then there exists the limit
(TQ™Y/?y,Q™Y?y) = lim (TQ™V* Py, Q' *Poy), No-a.c.,

where P, =% 1 ef, @ ey
Moreover we have the following expansion in L*(H, Ng):

(TQfl/Zy,Qfl/z Z Tgn, gn) + Z (Tgn: gm) Wy, Wy,
n=1 m#n=1

V2 i(Tgn,gn> 2wz -] (21
n=1

The proof of the following result is similar to that of Claim 2 in the proof
of Proposition 1.2.8 and it is left to the reader.

Proposition 1.2.11 Assume that M is a symmetric trace-class operator
such that M < 1,(°) and b € H. Then

| exo{1/2 (1@ 2.7 29) + (0.Q72) ) No(ay)
= (det(1 — M))~1/? e2l(0=M)T2 (1 9 19)

1.3 Absolute continuity of (Gaussian measures

We consider here two Gaussian measures p, v. We want to prove the Feldman-
Hajek theorem , that is they are either singular or equivalent.

®That is (Mz,z) < |z|* for all = # 0.
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In §1.3.1 we recall some results on equivalence of measures on R* in-
cluding the Kakutani theorem. In §1.3.2 we consider the case when u = Ng
and v = N, g with Q € L] (H) and a € H, proving the Cameron-Martin
formula. Finally in §1.3.3 we consider the more difficult case when yu = Ng
and v = Ng with Q, R € L{ (H).

1.3.1 Equivalence of product measures in R*

It is convenient to introduce the notion of Hellinger integral.
Let p,v be probability measures on a measurable space (E,E). Then
A = 2(u+v) is also a probability measure on (E, £) and we have obviously

p<< A, v<< A

We define the Hellinger integral by

H) = [ [B@%w] s

Instead of & (p+v) one could choose as A any measure equivalent to 3 (u+v)
without changmg the value of H(u,v).
By using Holder’s inequality we see that

du dv
)P < [ @) [ F@nn) =1
so that 0 < H(u,v) < 1.

Exercise 1.3.1 (a) Let p = Ny and v = N4, where a € R and ¢ > 0.
Show that we have

a2

H(p,v)=¢ 4a. (1.3.1)

(b) Let u = Ny and v = N,, where ¢, p > 0. Show that we have

T 4gp 1/4
H(p,v) = [(q n p)Q] . (1.3.2)

Proposition 1.3.2 Assume that H(u,v) = 0. Then the measures j and v
are singular.
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Proof. Set o = d)n B = —’)’\ Since H(pu,v) = [ov/af d\ = 0, we have
af =0, Ma.e. Consequently, setting

A={weQ: alw)=0}, B={weQ: pf(w) =0},

we have A\(A U B) = 1. This means that A\(C') = 0 where C' = Q\(AU B),
and hence p(C) = v(C) = 0. Then, as

u(A):/ad)\:(), V(B):/Bd)\:(],

A B

we have that p and v are singular since
w(AuC)=v(B)=0, (AUC)NB=10.0

Proposition 1.3.3 Let G C &£ be a o-algebra, and let ug and vg be the
restrictions of p and v to (E,G). Then we have H(p,v) < H(ug,vg).

Proof. Let A\g be the restriction of A to (E,G). It is easy to check that

dug d,u’ dvg dv 6
M _p (%) 29— g (Yg), rae.
g ’\<d/\g e~ O\ @l9) Xael)

Consequently we have (7)
i dy 1/2
H(ug, v :/[}E <Q>E (G)] dA.
(ng,vg) " Adn A dn

1/2
dp dv / dp dv
d\ dX < ax ax

1
[ (19) B0 (510)] " 2 \Ba(19) B (09

taking conditional expectations of both sides one finds, A-a.e.,

i (419 (9] 25 ()" (2)")- 020

5Ex\(n|G) is the conditional expectation of the random variable  with respect to G and
measure .

"For positive numbers a, b, ¢, d, 4/ “d < 2 %+ %)

Since M-a.e.
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Integrating with respect to A both sides of (1.3.3), the required result follows.
|

Now let us consider two sequences of measures () and (v) on (R, B(R))
such that v ~ pyp for all k € N. We set A\ = %(Mk + 1), and we consider
the Hellinger integral

y 1/2
H(pg, vk) —/]R [;l'l;ll:(x)x(m)] Ar(dz), ke N.

Remark 1.3.4 Since (u;) and (v) are equivalent, we have

dug dvie _ dpi dv dpi _ dv <duk>2

A dX,  dhg dpge dhe dpg \ dg
Thus
dv 1/2
H(uk,yk):/ [dk(a})} g (daz). (1.3.4)
R LOHE

We also consider the product measures on R

o o
p=TLme v=TIw
k=1 k=1

and the corresponding Hellinger integral H(u,v). As is easily checked we
have

H(p,v) = H H (g, vg).
k=1

Proposition 1.3.5 (Kakutani) If H(u,v) > 0 then p and v are equiva-
lent. Moreover

d 7 d
f(z) = ﬁ(m) = kl;[l d—;’i(mk), x € R®, p-a.e. (1.3.5)

Proof. We set
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We are going to prove that the sequence (f,) is convergent on
LY(R>®, B(R*®), 11). Let m,n € N, then we have

/

12, @)~ 13 @)] )

ROC
de i dvy, 1/2 ?
— - —1 dx
L goeten| TT (Greten) 1) wi
Roc
dyk i dl/k 1/2 ?
= T dx — -1 dx
[ e [ I () - 1] utao
Roo Ro®
Consequently
[ 188 = 5@l utdo)
n+p n+p 1/2
dv dv
T -2 T () ] o
k=nt1 “HE hent1 \OHE
ROO
n+p 1/2
dv
=2|1- ] (dk(ﬂ%)> pi(d)
k=n+1 Hk
R
n—+p
=2(1- ] H(uk,yk)>. (1.3.6)
k=n+1

On the other hand we know by assumption that

00
H /-‘Lk‘ayk‘

or, equivalently, that

—log H (1, v Zlog (s, )] < o0
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Consequently, for any € > 0 there exists n, € N such that if n > n. and
p € N, we have

- Z log #kayk]

By (1.3.6) if n > n. we have
/R |\/ fn-i—p_ \/fn’2d/£§2(1_678)'

Thus the sequence ( fﬁ/ 2) is convergent on L?(R*°, B(R*), 1) to some func-

tion f1/2. Therefore f, — fin L'(R*, B(R*), u).

Finally, we prove that v << p and f = d—Z Let ¢ be a continuous

bounded Borel function on R*, and set ¢, (x) = (Pp(z)), * € R, where
Pyx ={x1,...,2,,0,0,...}. Then we have

/Oo o(Ppz)v(dr) = /n o(Ppx) v1(dxy) ... vp(dey,)

= [ e Pu) ) G ) pa () ()

— [ _ePu) ol
Letting n tend to infinity, we find
[ _entdn) = [ o) f@ntdo)

so that v << pu. Finally, by exchanging the roles of p and v, we find p << v.
|

1.3.2 The Cameron-Martin formula

We consider here the measures u = N, and v = Ng, and for any a €
Q'Y2(H) we set

palw) = exp {—;Q—l/zaﬁ + <Q—1/2a,Q—1/2x>} ,xeH.  (137)

Let us recall, see §1.2.4, that W (z) = (f,Q™'/%z) was defined for all f €
QU2(H). Since Q=24 € QY/2(H) the definition (1.3.7) is meaningful.
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Theorem 1.3.6 (i) If a € QY/?(H) then the measures yu and v are equiva-
lent and

25( ) = palz), € H. (1.3.8)

(ii) If a ¢ QY%(H) then the measures p and v are singular.

Proof. To prove (i) it is enough to show that for any real function ¢ in H
bounded and Borel we have

/ () No g (d) = / () pa(2) Ng dz). (1.3.9)
H H

It is enough to show (1.3.9) for ¢ = E}, h € H. In this case we have in
fact

/Eh )N, o(d) = elom3(@mn),

and

/H Eo(2)pa(2) No (dz)
-—exp{——iug—”2aﬁ} /;exp{<hu®-+<Q“”a,Q‘L”x>}P%xdw)

= exp {<a, h) + %<Qh, h>}.

Therefore (i) is proved. Let us prove (ii). By identifying as before H with

2 we can write
n= HNAM v= H

Then by (1.3.1) we can compute the Hellinger integral H(u,v) :
o] “i
v) = H e Pk,
k=1

Now if a ¢ Q'/2(H) we have H(u,v) = 0. O
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1.3.3 The Feldman-Hajek theorem

We consider here two linear operators @, R € L (H) such that
Ker Q = Ker R = {0},

and set © = Ng and v = Ng. We denote by (e;) a complete orthonormal
system in H such that Qex = Ager, k € N, where ()\;) is the sequence of
eigenvalues of Q). We set x = (z,e), x € H, k € N.

The following result is a consequence of the general theorem 1.3.9. We
prefer however to prove it directly.

Theorem 1.3.7 Assume that (Q and R commute and that for a sequence of
positive numbers (pk) we have Rey = preg, k € N.

(i) If Z O + p < 400, i and v are equivalent and we have
dv - (M — i), }
—(z) = eXpy ———————— ¢ . 1.3.10
i) = Iew{ -0 (13,10

[eS) Ny — 2
(ii) Ifz m = 400, u and v are singular.

o0
Proof. Let us compute the Hellinger integral H (i, v) = H H (pg, v), where
k=1

1/4
pr = Ny, vk = Np,.. By (1.3.2) we have H(pu,v) = [[5, [(/\i’\j:g:)g} ,

therefore the conclusion follows from Propositions 1.3.2 and 1.3.5. O

Example 1.3.8 (i) Let R = aQ), for some a > 0 different from 1. Then pu
and v are singular.

(ii) Let A = k%, Pk = 12 % k € N. Then p and v are equivalent.

Theorem 1.3.9 Assume that p and v are not singular. Then there exists
a symmetric Hilbert-Schmidt operator S such that R = Q1/2(1 — S)QI/Q.

Proof. Since p and v are not singular we have H(u,v) =: 6 > 0 by Propo-
sition 1.3.2. Let us consider the mapping:

1 Tn
'yn:H—>R",:v—><,..., >
VA1 VAn
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Set fip, = ypop, and Uy, = ypov. Then fi,, and 7, are Gaussian measures with
mean 0 and covariance operators v, @, and 7, Rv, respectively. Moreover

* n €
f)/n:R HHv (517---7671 ngk

It follows v, @7, = I, where I,, is the identity in R", and for T}, = v, R~}

(To)s = SRR g1
’ AL
Let G, be the mimimal o-field such that x1,...,x, are measurable. Then

by Proposition 1.3.3 we have 0 < 6 < H(u,v) < H(fin,?,). Now, by an
elementary computation, we find

o71/2 n 1/2
2 2/~  ~ N __ n
0“ < H*(fin, Uy) = det 1T, 1:[
where 0, ;, j = 1,...,n, are the eigenvalues of T;,. Consequently

n

1 enz ~ ~
Z [2 log <+2) — log qu} = —4log H(finvy) < —4logd.
j=1

Moreover, since ||T5,|| < ||1 + R)||, there exists ¢ > 0 such that

1
2log % logz > (1l —2)% 2> 0, and 0 < z < |[1 + R,

n
we have Z(l — Gnvj)Q < —4logd. By the arbitrariness of n we infer
7j=1

D (- 2 < —4logs. (1.3.11)
7=1

Now we can conclude the proof. Set in fact

o0
T =
ij=1

and S =1—T. Then S is of Hilbert-Schmidt class. Moreover
QY?TQ'?¢; = Re;, i €N,

<R€i, 6j>
)\i)\j

so that R = Q2T QY2 as required. O
We now prove a converse of Theorem 1.3.9.
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Theorem 1.3.10 Assume that there exists S € L(H) symmetric and of
Hilbert-Schmidt class such that R = QY?(1 — S)Q'Y2. Then p and v are
equivalent.

Proof. Let (gx) be a complete orthonormal system that diagonalizes 1+ S,
that is (14 S)gx = Tkgk, k € N, where (73) are the eigenvalues of 1+ S.
Let us consider two measures i and ¥ on R*

o

e}
ﬂ: Nla ﬁ:HNTka
k=1 k=1

and the mapping v

ViR® = H, c= () = () = ) aQ g,

k=1

with value 0 if the series is not convergent in H. Then we have p = ofi, v =
1) o U. Moreover, by Proposition 1.3.5 i and © are equivalent since

k=1

and so u and v are equivalent as well. O

Assume that ¢ = Ng and v = Ng are equivalent. Then we know by
Theorem 1.3.9 that there exists S € Ly(H) such that R = QY/2(1 — S)Q/2.
If S € LT (H) we can give a simple formula for the density dv/dpu.

Proposition 1.3.11 Let Q,R € L (H) and R = QY?(1 — S)QY? with
SeLi(H)and S <1. Then p = Ng and v = Ng are equivalent and

dv

o (z) = [det(1 — S)] 2 exp {—;(S(l - S)lQl/Qx,Ql/%)} , x€H.
(1.3.12)

Proof. We set

p(x) = [det(1 — S)]_1/2 exp {—;(S(l - S)lQl/Qx,Ql/zx)} , x € H,

and prove that the characteristic function of the measure ¢ : ((dz) =
p(x)p(dx) coincide with that of v. In fact, by applying a slight modifica-
tion of Proposition 1.2.8 with M = —Q~'/25(1 — §)~'Q~Y/2, b = ih, we
find

/ e p(a)u(dz) = exp {—;\(1 - 5)1/2Q1/2h|2} .
H
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Since

(1= S)2QY2h|* = (Q'*(1 — S)QY?h) = (Rh, h),
we have

[ e plaputdn) = exp {—;<Rh, h>} |

as required. OJ

1.4 Brownian motion

Let (2, F,P) be a probability space. A family of real random variables
X = (X(t))e>0 is called a real stochastic process in [0,400). The stochastic
process X is said to be continuous if the function X (-)(w) is continuous
P-a.s.

A real Brownian motion B is a continuous real stochastic process in
[0, 4+00) such that

(i) B(0) = 0 and if 0 < s < t, B(t) — B(s) is a real Gaussian random
variable with law N;_g,

(ii) f ne Nand 0 < t; < --- < tp, the random variables
B(tl)v B(t2> - B(t1)7 cee aB(tn) - B(tn—l)
are independent.

We are now going to construct a Brownian motion. To this purpose, let
us consider the probability space (H, B(H),u), where H = L?(0,+00), and
1= Ng, where @Q is any operator in L (H) such that Ker Q = {0}.

Theorem 1.4.1 Let B(t) = Wy, t > 0, where x| is the character-
istic function of the interval [0,t]. Then B is a real Brownian motion on

(H,B(H),n)- (*)
Proof. Clearly B(0) = 0. Since for t > s,

B(t) — B(s) = Wy, , — Wy W

0.4 — "X0,s] = "V X(s)

we have that B(t) — B(s) is a real Gaussian random variable N;_¢ and (i)
is proved. Let us prove (ii). Since the system of elements of H,

(X[O,t1]7X(t17t2]7 7X(tn_1,tn])7

8More precisely B has a modification which is a continuous path Brownian motion.
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is orthogonal, we see that the random variables
B(ty), B(t2) — B(t1),...,B(ty) — B(tn-1)

are independent. Thus (ii) is proved.
It remains to show the continuity of B. For this we shall use the so called
factorization method, see [93], based on the following elementary identity:

t
/(t—o)al(a—s)ada: T 0<s<o<t<l, (1.4.1)

where a € (0, 1).
From now on we take o < 1/2. Then identity (1.4.1) can be written as

sin o

t
X[O,t] (S) = /0 (t - U)OlilX[o,g] (8)(0 - S)iadoy l,s € [07 +OO)

™

We can also write

: t
sin o B
Xy = / (t = 0)* ' godo, (1.4.2)
T 0
where g,(s) = x,,,(8)(0 — )7 Since a < 1/2, g, € H and 9512 = 511:22:

We note that the integral in (1.4.2) is a Riemann integral of the H-valued
function (t —0)* 1g,. Using the fact that the mapping H — L?(H, u1), f —
Wy, is continuous, we obtain the following representation formula for B:

sin T

B(t) = /O (= o)W, do. (1.4.3)

™

Now it is enough to prove that if m > 1/(2a), then Wy  (z) € L*™(0,T)
for p-almost all x € H and for any 7' > 0; in fact this implies that B is
continuous by the elementary Lemma 1.4.2 below.

To show summability of Wy (z), we notice that, since Wy, is a real

Gaussian random variable with law N _1-2., we have
12«

/ ’Wo' |2m ( )_ ( ) (1_2 ) m m(l 2a) (144)
Since a < 1/2 we have, by the Fubini theorem,

/H [/OT‘WU(JJ)FmdU] w(dx) = /oT [/H W, ()2 u(dz) | do < +oo.

(1.4.5)

It follows that W, (x) € L*™(0,T) for u-almost all z € H and the conclusion
follows. O
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Lemma 1.4.2 Let m > 1,a € (1/(2m),1) and f € L*™(0,T). Set

Flt) = /0 (t — o)1 f(0)do, ¢ € [0,1].

Then F € C([0,T7]).

Proof. Let t € [0,T], then by Holder’s inequality we have (notice that
2ma —1>0)

2m—1

t 2m 2m
Fol< ([ -0 5 50) T iflne, (1.4.6)

Therefore F' € L*°(0,1). It remains to show continuity of F. Continuity
at 0 follows from (1.4.6). Let ¢ty € (0,7]. We are going to prove that F is
continuous on [, 7. Let us set for e < &,

F.(t) = /0 7E(t —0)* 1 f(o)do, t €]0,1].

F. is obviously continuous on [%O,T]. Moreover, using once again Hélder’s
inequality, we find

2m—1

2m —1 2m 1
|F(t) — F(t)| <M <2ma_1> e o | flremo,)-
Thus lim._, F:(t) = F(t), uniformly on [%,7T], and F is continuous as

required. O

Exercise 1.4.3 Prove that B(-)z is Holder continuous with any exponent
B < 1/2 for almost all z € H.
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Spaces of continuous
functions

In this chapter we deal with spaces of continuous functions on a separable
Hilbert space H (with norm |- | and inner product (-,-)). After some defi-
nitions in §2.1, we prove approximation results for continuous functions in
terms of smoother ones. When H is finite dimensional this kind of results
is usually proved with the help of convolutions. In the infinite dimensional
case, since a reference measure playing the role of the Lebesgue measure is
not available, we will use the so called inf-sup convolutions introduced by J.
M. Lasry and P. L. Lions [155], see §2.2.

Notice that in infinite dimensions some classical approximation results,
valid when the dimension of H is finite, fail. For instance the space of real
bounded functions of class C? is not dense in the space of continuous and
bounded functions.

Finally, §2.3 is devoted to interpolation between space of continuous
functions .

2.1 Preliminary results

The basic space we will consider in this section is the space Cy(H) (resp.
UCy(H)), consisting of all mappings ¢ : H — R that are continuous (resp.
uniformly continuous) and bounded. As is easily checked Cy(H) (resp.
UCy(H)), endowed with the norm

[llo = sup |o(z)|, ¢ € Cy(H),
zeH

is a Banach space.

30
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Remark 2.1.1 UCy(H) is not a separable space even if H = R. Here is
an example of an uncountable family of functions such that any pair of
functions of the family have distance greater than 1.

Fix a nonnegative function p € C§°(R) with support in [0, 1] and maxi-
mum equal to 1/2. For arbitrary sequences € = (¢x), with e, = 1 or —1, we

set -
Zp (x4 k)e
k=1

Then if € # &’ we have ||¢: — p|lo > 1.

We shall also consider the space Cy(H; E) (resp. UCy(H; E)), where E is
a Banach space, consisting of all mappings F': H — F that are continuous
(resp. uniformly continuous) and bounded. Cy(H;E) (resp. UCy(H;E)),
endowed with the norm

[1Ello = sup [F(2)|g, I € UC,(H; E),
zeH
is a Banach space.
Let us define some important subspaces of C,(H) (resp. UCy(H)).

(i) CL(H) (vesp. UC(H)) is the space of all continuous (resp. uniformly
continuous) and bounded functions ¢ : H — R which are Fréchet
differentiable on H with a continuous (resp. uniformly continuous)
and bounded derivative Dy. We set

[p]1 = suBIDw(x)!, lelli = llello + [el1, ¢ € Cy(H).
xTe

If o € C{(H) and = € H, we shall identify Dy(x) with the unique
element h of H such that

Dgp(.ﬂ:‘)y = <h7y>7 y € H.

(ii) CZ(H) (resp. UCZ(H)) is the subspace of UC}(H) of all functions ¢ :
H — R which are twice Fréchet differentiable on H with a continuous
(resp. uniformly continuous) and bounded second derivative D2p. We
set

[p]2 == SlelgHDQsO(x)H, lellz = llglls + ¢z, ¢ € C5(H).

If ¢ € C3(H) and z € H, we shall identify D?p(z) with the unique
linear operator 7' € L(H) such that

Dp(z)(y, 2) = (Ty,2), y, 2 € H.
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(iii) For any k € N, CF(H) (resp. UCF(H)) is the subspace of UC,(H) of
all functions ¢ : H — R which are k times Fréchet differentiable on H
with continuous (resp. uniformly continuous) and bounded derivatives
D"y with h less than or equal to k. We set

[plk == sup ID*o(@)l, llells = el + [¢l2, ¢ € CE(H).

We set moreover

Cpo(H) = () CE(H).
k=1

(iv) C’l? L(H) is the subspace of UCy(H) of all Lipschitz continuous func-
tions. If ¢ € C,?’l(H) we set

P\r) — oy ,
el o= sup PDZEOL - )
£y

CS’I(H) is a Banach space with the norm
0,1
lell == llello + [eli, ¢ € Gy (H).

(v) C’;’I(H) is the space of all functions ¢ € CL(H) such that Dy is
Lipschitz continuous. We set

|Do(x) — Do(y)|
TH#yY ’x - 3/|

, p € CYY(H).

C’;’l(H) is a Banach space with the norm
el = £l + [elias v € Gy (H).

(vi) Cp*(H), o € (0,1), is the subspace of Cy(H) of all functions ¢ : H — R
such that

Cy*(H) is a Banach space with the norm

lella = llello + [¢la, ¢ € C5(H).
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(vii) Cg’a(H), a € (0,1), is the space of all functions ¢ € C{(H) such that
Df is a-Holder continuous. We set

[‘P]l := sup ’Df(.ﬁ) — Df(y)’
o T#Y |x - y|a

, o€ CYY(H).

C;’Q(H) is a Banach space with the norm

o == [£1 + [@1a @ € CRO(H).

1%

(viii) Cg’a(H) a € (0,1), is the space of all functions ¢ € CZ(H) such that
D?f is a-Holder continuous. We set

2 () — D2
(o i sup /() = D2 W)

2,a
Ay |z — yle @ € Gy H).

Cg’a(H) is a Banach space with the norm

o = lf 1 + [@l1.as € C2O(H).

1%

2.2 Approximation of continuous functions

In this section we want to show that a given function ¢ € UC,(H) can be
uniformly approximated by functions on UC}(H). This fact can be easily
proved, using convolutions, when dim H < oo. Let in fact p € Cy°(H) be
nonnegative, with compact support and such that | y P(x)dr = 1. Then it
is easy to see that setting

pi(r) = t‘"/ p <xty> p(y)dy, t >0,
H
we have ¢; € Cp°(H) and limy_g [|¢ — ¢¢lo=0.

If dim H = oo, it was proved in 1954 by J. Kurtzweil [152] that there
exists a sequence (¢.) C UC,(H)NC>(H) such that lim._,gsup,¢z |¢(z) —
ve(z)] = 0. However in 1973 A. S. Nemirowski and S. M. Semenov [176]
proved that UCZ(H) is not dense in UC,(H), whereas UC;’l(H) is.

We will give now a proof of this last result following J. M. Lasry and P.
L. Lions [155]. For any t > 0 and any ¢ € UCy(H), we set ¢, =V, 5Usp,
where U,V are defined by

Uip(z) = inf {cp(y) + |x_y|2} = inf {cp(x —y) + y|2} (2.2.1)

yeEH 2t yeEH 2t
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and

Vip(z) = sup {so(y) - ‘x—y‘Z} = sup {so(w —y) - W} . (22.2)

yeH 2t yeH
We set moreover
Uop =Vop =, € UCH). (22.3)

Several properties of U; and V; are studied in Appendix C.
Note that

ou(x) = sup { inf [ga(y) i yq el } . (2.2.4)

zeH \yeH 2t t

For any ¢ € UCy(H) we define the uniform continuity modulus w, of ¢ by
setting

wSD(t) = Sup{|@(l‘) - @(y)‘ 1T,y € Ha |‘T - y| < t}a t> 0.

Theorem 2.2.1 Let p € UCy(H) and let ¢y, t € [0,1], be defined by (2.2.4).
Then the following statements hold.

(i) If o, € UCY(H) and p(x) < ¢(x) for all x € H, then pi(z) < 1y(x)
for all x € H.

(ii) ¢t € UC’;’l(H) and the following estimates hold.

2
ledlo < llello, [sﬁt]lﬁﬁ lello, te€[0,1].

N

1
e < 5 lle—edlo < w, (2vAI0l0) e [0,

(111) Let o € (0,1). If ¢ € UCP(H) then there exists Co, > 0 such that

2

lp—willo < Calgld “t>e, (2.2.5)

2

ol < Calpldtie. (2.2.6)

A

From the theorem it follows that UC’I}’l(H) is dense in UCy(H).
Proof of Theorem 2.2.1. Part (i) follows from the definition (2.2.4). Let
us prove (ii). Let ¢ € UCy(H),t > 0, and oy = V;/9Usp. Then ¢y is Lipschitz

2
continuous. From Proposition C.3.4 the mapping z — ¢¢(z)+ % is convex.
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. . . . 2
Moreover by Proposition C.3.6, since the mappln% x — Upp(z) — % is
concave, we have that the mapping x — ¢ (z) — % is concave too. So the
conclusion follows from Proposition C.2.1.

Finally, we prove (iii). We start with (2.2.5). We have
() =) = [p(x) = Vi2Usp(a)]

< () = Vijop(@)| + [Vijap(x) — Vi oUrp()].
Using (C.3.6) and the fact that V; is a contraction, we find

lo() — i) < CalglZ ™ (/2)75 + [l — Uyaiollo

Using (C.3.6) again, the estimate (2.2.5) follows. Finally we prove (2.2.6).
We first remark that for any € > 0 and € H, there exists 2., € H such
that

. ’st_y‘Q |z€az—$‘2
< inf : — : . 2.2.7
et(z) gHw@%% 5 T te (2.2.7)
It follows that
_ 2 2 2
o) < pla) 4 Lon 2B Lm0l gy Jea e
which implies, by (2.2.5),
‘Zeac - x’2 % _a
’T < o(x) —pe(z) +e < Culpla “tz—a +e. (2.2.8)

Now, if x,7 € H then by (2.2.7) it follows that
_ . |Zs x y|2
= < inf : -
la) — u@) < inf [oty) + 225
On the other hand by (2.2.4) it follows that

’2695 - y|2 ’st - T|2
> f ) _ >
o) > inf o)+ i

|Zs,x - 517|2
t

— ¢i(T) +e. (2:2.9)

and so, taking into account (2.2.8), we get

|Z€x_f|2 |Zs,x_$‘2

pi(r) —pe(T) < — - . +e

1
= et {le -7 +2(e ~ 7 70— 0)}

AN

< {|x—:v|2+2|x—:v|\/ 2“t2a},
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and the conclusion follows. O

2.3 Interpolation spaces

This section is devoted to a characterization of some interpolation spaces
between UCy,(H) and UC}(H), and to some interpolatory estimates which
will be needed in the following.

Let us recall the definition of interpolation spaces. We shall use the so
called K-method, see e.g. H. Triebel [212].

Let X and Y be Banach spaces such that Y C X with continuous em-
bedding. We denote by M a number greater than 1 such that ||z|x <
M]||z||y, « € Y. Then we define

K(t,x) =inf{||a||lx +t||blly: =a+b, a€ X, beY},

and for arbitrary 6 € [0, 1] we set

[#)(xy). = sup tUK(t ),
te(0,1]
(X, Y)g,oo = {.’L‘ cX: [l‘](X’y)&w < -l-OO}.

As is easily seen (X,Y)g o, endowed with the norm

2]l (x,v)p.0 = l12llx + [2](x¥)p 00 T € (X, Y )00,
is a Banach space.

Remark 2.3.1 It is not difficult to check that the following statements are
equivalent.

(i) z € (X,Y)p,00 and [z](xy), . < L.

(ii) For all ¢ € (0,1] there exist a; € X and by € Y such that z = a; + by
and
llallx + tlbelly < Lt°.

2.3.1 Interpolation between UC,(H) and UC}(H)
Let us start with the one dimensional case.
Proposition 2.3.2 We have

(UC,(R),UC(R)), = CI(R), 6 € (0,1). (2.3.1)

6,00
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Proof.
Step 1. (UG,(R),UC} (R))e +, is continuously embedded in CY(R).

Let z € (UC’b(R),UC’l}(R))Om, and set L = [x](UCb(R),UCI}(R))ew' Then by

definition, for any ¢ € (0, 1] there exist a; € UC,(R), b € Cg (R), such that
© =a;+ b and
lacllo + tllbells < Lt?, t € (0,1].

Then, if z,y € R, we have

pa) —ely) = az) —a(y) +bi(z) = bi(y)

= a(z) —a(y) + /01<Dbt(£w + (1 =8y),x—y) de.

It follows that
lo(z) — o(y)| < 2Lt + Lt Yz —y|, t € (0,1], z,y € R.
Now, if |z — y| < 1, setting t = |z — y|, we have
o(@) = p(y)| < 3Lz —y|’, =,y €R,

whereas if |z — y| > 1, we have

(@) = o) < 2l¢lolz —yl°, z.yeR.
Consequently

lp(x) = o(y)l < BL+2[plo)le —yl’, z,y€R,
and the statement is proved.
Step 2. C{(R) is continuously embedded in (UCy(R), UCI}(R))H,OO

Let p € UCY°(R) be nonnegative, with compact support and such that

and let py(z) = 1p (%) for t > 0 and = € R. Let ¢ € CY(R) be fixed, and
denote by ; the convolution ¢; = @ * p;. Set moreover a; = @ — ;, by =
©t, t € (0,1]. We are going to show that, for some constant C' > 0, we have

lacllo < Cllells ¢, [1Dbello < Cllellg °~, t € (0,1]. (2.3.2)
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We have in fact

@) = o)) =@ 1 [ otz o (L) ay

tJ)
+oo +oo
= plo)- [ ple— o)z = [ pla) - ol t2)lp(a)d
It follows that
“+o0o
(e < [elot” | 1al’p(2) (2.3.3)

Moreover

Dbi(z) = t12/+oos0(y)Dp <x;y> dy

Consequently

+oo
[tp]gte/_ 121 Dp(z) dz. (2.3.4)

Finally, (2.3.2) follows from (2.3.3) and (2.3.4). O
Now we go to the infinite dimensional case proving a result due to P.
Cannarsa and G. Da Prato [31].

Theorem 2.3.3 Let H be a separable Hilbert space. Then we have

(UCy(H),UC;(H)), ., = Cy(H), 6 € (0,1). (2.3.5)

Proof.
Step 1. (UCy(H),UC}(H)), . is continuously embedded in UCY (H).

The proof is completely similar to that of Proposition 2.3.2 and it is left as
an exercise to the reader.

Step 2. C{(H) is continuously embedded in (UCy(H),UC}(H))

0,00 °
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Let ¢ € UCY(H) and let ¢; be defined by (2.2.4). Set

ar =@ — -0, bt =pp-.

Then by (2.2.5)-(2.2.6) we see that, for some constant C' > 0 depending on
l©llo, we have

lacllo < Ct7, |lbelly < Ct7F, £ € (0,1]

so the conclusion follows. O

2.3.2 Interpolatory estimates

Let X,Y, E be Banach spaces with Y C E C X, all embeddings being
continuous.
Let 6 € [0, 1]. We say that E belongs to the class Jp(X,Y") if there exists
C > 0 such that
lzlp < Cllzl X llzl§, €Y.

Example 2.3.4 The interpolation space (X,Y )y belongs to the class
Jo(X,Y). In fact if z € Y we have

K(t,z) < |lzllx, K(t,z) <t|zlly.
It follows that K (t,x) < t?||z| 5 (|z[|%, and so [z]g.0o < |l2]5 2 |2)1%-

Now we want to extend some classical interpolatory estimates between
different spaces of continuous functions to the case of an infinite dimensional
Hilbert space.

Theorem 2.3.5 Let 0 < a < b < c. Then we have (1)
UCy(H) € Juo (UCH(H),UC{(H)), (2.3.6)

and there exists a constant Cqp . > 0 such that

c=b b—a

lully < Cape llulla™ llulle™,  we UCH(H). (2.3.7)

Proof. The proof is very similar to the finite dimensional one: it consists
in several steps following the different possible choices of a,b,c. We will
consider only those cases that we will use in the following.

'Tf @ > 0 is integer we set UCY(H) = C¢(H).
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Casel.a=0,b=1, c=2.

Formula (2.3.6) reads UC}(H) € Jys2 (UCy(H),UCZ(H)), and formula
(2.3.7) becomes

V2lu)y? we UCH). (2.3.8)

Jully < Co12 [lul
Let u € UCZ(H), h > 0, z, 2 € H with |z| = 1. From the equality
u(x 4+ hz) = wu(x)+ h(Du(x),z)
e /0 (1= o) (D2ula +ohz) - 2, 2)do, (2.39)
it follows that
(Due),2)| < 2 Jullo+ 5 D%, B> 0.
Since ming~q (% + bh) = 2v/ab, we have

[(Du(x), 2)| < 2[|ully? | D>ully>.

1/2 1/2

. On the
, which yields [|ulj; <

Then, from the arbitrariness of z we have ||Dullo < 2|ul|)"” |lul

1/2 || H1/2 < ” Hl/? 1/2

other hand ||u|]0 = |lully flull,

1/2
Bllullg” Ilully?
Case 2. a=1,b=2,c=2+a, a€(0,1).
Formula (2.3.6) reads

UCZ(H) € T (UCy(H),UCZT*(H)) ,
and (2.3.7)
ull2 < Cr2.24a [ully e Huugrg’ u € Cyre(H). (2.3.10)

Let u € UCFT(H) and let h > 0, 2,2 € H with |z| = 1. Then from the
equality

w(x+hz) = u(x)+ h(Du(z),z) + %h2<D2u(m) 2, 2)

1
+h2/0 (1 —o){((D*u(x + chz) — D*u(z)) - 2, 2)do,
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there exists Cy, > 0 such that

%h2|(D2u(x) -z, 2)| < |u(z+ hz) —u(x) — hDu(x) - 2|

1
+h? [DQU]Q/ (1—-0)oh™ do
0

< 2h||Dullo + Coh* [ D%u],.
It follows that .
|1 D?u(z)|| < 7 lullo + 2Coh* [D*ul,.

Taking the minimum for h > 0 it follows, for a suitable constant C1 , that

ID%ully < € | Dul§ (D25,
and the conclusion follows.
Case 3. a=a,b=1,¢c=2, ae(0,1).
Formula (2.3.6) becomes UC}(H) € J;:—g (UCR(H),UCE(H)), and (2.3.7)

1 11—«

lully < Capz llulla™ llull3™, we CH(H). (2.3.11)

Let u € UCZ(H) and let h > 0, z, z € H with |z| = 1. From (2.3.9) it follows
that
IDullo < h*~ula + h?[[D?ullo.

The conclusion follows again taking minimum for A > 0.
Caseda=qa,b=2c=2+a, ac(0,1).
Formula (2.3.6) becomes UCZ(H) € Ji_o/ (UCS(H),UC;™(H)), and
(2.3.7)
1—a/2 a a
lull> < Capora lull e lullg’ e CF(H). (2.3.12)

From (2.3.10) we have

1 _a
Jull < Cllulloy Mlully ™,

from which, using (2.3.11), we have, for suitable constants C; and Cy,

a(l—a)

1 a
lulla < Collull 52 (fuf| T w05

)
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which yields

— _1 - R
lall§F75 < Coljullg Ty, Jull &

Y

and the conclusion follows.
Case 5. a=0,b=2¢c=2+a, ac(0,1).
Now (2.3.6) becomes UCF(H) € J__ (UCy(H),UCZT*(H)) , and (2.3.7)
+a

_a 2
lulla < Cogora lulg™ lullita, weCFr(H). (2.3.13)

The conclusion follows from (2.3.9) and (2.3.8). O

2.3.3 Additional interpolation results

Let us first recall the classical reiteration theorem, Theorems 2.3.6 and 2.3.7
below. For a proof see e.g A. Lunardi [162].

Let X,Y, E, F be Banach spaces with Y C FF C F C X, all embeddings
being continuous.

Theorem 2.3.6 Assume that
(i) there exists o € (0,1) such that E € Jo(X,Y),
(1) there exists B € (0,1) with o # (3, such that F' € J3(X,Y).
Then, given 6 € (0,1), and setting w = (1 — 0)a + 03, we have

(Xa Y)w,oo - (E7F)9,007 (2314)
the inclusion being continuous.

Theorem 2.3.7 Assume that
(1) there exists o € (0,1) such that E C (X,Y)q 00,
(1) there exists B € (0,1) with o # B3, such that F C (X,Y)3 cc-
Then, given 0 € (0,1) and setting w = (1 — 0)a + 03, we have

(X, Y)w,oo D) (E7F)0,007 (2.3.15)
the inclusion being continuous.

We now give two applications of the reiteration theorem, useful later.

Proposition 2.3.8 Let 3,0 € (0,1). Then we have
(UCb(H),Cbﬁ(H))eOO = P, (2.3.16)

(q? (H), cg(H)) = P, (2.3.17)

6,00
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Proof. To prove (2.3.16) it suffices to apply Theorems 2.3.6 and 2.3.7 with
Y =UCL(H), F=CJ(H), E=X =UCy(H),
and with a = 0. The proof of (2.3.17) is similar. O

Proposition 2.3.9 Let 6,y € (0,1). Then we have

(C;f (H), c§+5(H)) c CH(m). (2.3.18)

1-2(1—7),00
Proof.
Step 1. We have

(CHEINE ) c (vepum.cxrm)

1-2(1—7),00 7,00

Set Y = F = C}°(H), E = UCZ(H), X = CJ(H). Then from Theorem
2.3.5 it follows that E € J, s(X,Y’), and obviously F' € Ji(X,Y). So we
2

can apply Theorem 2.3.6 with o = 1— g, 6 =1, 8 = ~. In this case, setting
w=(1-0)a+03=1-5(1—7), we have

(Xv Y)l—g(lf'y),oo C (EvF)%OO'

Step 2. (ch(H),c,f”(H)) c CFY(H).

’y?m

Let ¢ € (UC’?(H), C,?J“S(H)) . From the very definition of an interpola-
oo

)

tion space, there exists C > 0, a; € UCZ(H), by € C§+5(H), such that
at + by = @, ||D%asllo < Ct7, [D?b]s < Ct7, t € (0,1].
It follows that
| D%p(z) — D*p(y)|| < 2017 + CO Yz —y[°, t €]0,1]. (2.3.19)

Setting t = | — y|® in (2.3.19) we have the conclusion. [I
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The heat equation

The chapter is devoted to the existence, uniqueness and regularity of solu-
tions of the following heat equation on a separable Hilbert space H (norm
| - |, inner product (-,-)):

Dyu(t, x) % Tr[QD?u(t,z)], t>0, z€H,
u(0, z) = p(x), =x€H,

where Q € Lt (H). We first show in §3.1 that, in order to have well-posedness
of this problem for all ¢ € UCy(H), one has to assume that the operator
Q is of trace class. In §3.2 and §3.3 we study existence, uniqueness and
regularity of solutions in UCy(H). In §3.5 we give several properties of the
corresponding strongly continuous semigroup (F;) and characterize its in-
finitesimal generator.

The heat equation was first studied in a pioneering paper of L. Gross
[138], see also [62]. His setting was different, as can be seen in §3.4.

We shall use all notations introduced in Chapters 1 and 2.

3.1 Preliminaries

Let us start with the heat equations in H = R¢, d € N:

Duu(t,z) = % szzl ¢ijDiDju(t,xz), t>0, z=(x1,...,2q) € R,
w(0,z) = ¢(x), =zeR
(3.1.1)

44
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where @ = (gi;) is a symmetric nonnegative definite d x d real matrix. Note
that (3.1.1) can be written in more compact form as

Dwu(t,z) = 3 Tr[@D%u(t,z)], t>0, z€R?,
u(0, ) = o(r), =xcR4

It is well known, see e.g. A. Friedman [115], or N. V. Krylov [147], that
if det@ > 0, and ¢ € C’b(Rd), then there exists a unique continuous and
bounded function u: [0, +00) x R? — R such that the partial derivatives

Dyu(z,t), DiDju(t,x), i,5=1,...,d,

are well defined and continuous on (0, +00) x R? and (3.1.1) holds. Moreover
the solution wu is given by the following formula:

1 1H—1
ult,z) = ——————— e~ 3 (@7 (y—)y—=) d
(t,2) (27t)4 det Q /]Rd Ply) dy
= /d pla +y)m(y)dy, >0, z R, (3.1.2)
R
where
) = @y e
(2t) det Q

It follows from (3.1.2) that the solution u is a C'*° function for each t > 0,
and it depends linearly on the initial function . In fact for each ¢ > 0, the
formula

u(t,z) = Prp(x) = /Rd o(z +y)n(y)dy, = eRY, (3.1.3)

defines a linear operator P; € L(Cy(R%)) N L(UCy(R%)). From the fact that
the formula (3.1.3) defines a unique solution to (3.1.1), it follows that the
family P, t > 0, has the semigroup property:

PtJrS = PtPS, t,S > 0. (314)

If one sets Py = I, then (3.1.4) is valid for all ¢,s > 0.
Basic properties of the solution u can be expressed in terms of the semi-
group (P;) as follows.

Theorem 3.1.1 Assume that the matriz Q) is positive definite. Then the
formula (3.1.3) defines a semigroup of bounded operators on Cy(R?) and on
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UCy(RY). The semigroup (P;) is strongly continuous on UCy(R?) but not
on Cy(RY). (1) Moreover, for arbitrary ¢ € Cy(R?) the function Pip is of
class C™ with respect to variables t > 0 and x € RY.

We leave the elementary proof to the reader.

Let @ be a nonnegative symmetric matrix with det Q@ = 0, and denote by
e1,...,eq its eigenvectors and by v1,...,74 its eigenvalues. Assume that
m < d and ~1,...,7vn are positive whereas the remaining ones are equal
to 0. Therefore, in the coordinates determined by the eigenvectors of @), we
have

Tr[QD*u( Z%DQ zeH.
The solution u of
{ Dw(t,z) = 330, vD?u(t,z), t>0, z€RY,
u0,2) = o(z)
is given, for x = (z1,... , Tm, Tm+1,-- - ,2q) and t > 0, by the formula

1
V2™ Yy

)2
></ e —ar it 1%( i) O(Y1s - s Yms Tt 1s -+ 5 Xg)AYT « - - AYpy-

u(t,x) =

(3.1.5)
If p € Cy(RY) then u is not, in general, a C* function. This is clear if, for
instance, ¢ depends only on the variables x,,11, ... , x4, say @(x1,... ,24) =
©o(Tm+1,--- ,x4), as then
u(t,z) = o(Ta,41,--- »2q), «€RY

and therefore the solution u has the same regularity as the initial function
wo. We will see that the lack of the reqularizing power for a degenerate heat
equation in R? will be shared by all heat equations on infinite dimensional
Hilbert spaces.

Let now H be a separable infinite dimensional Hilbert space and @) a
bounded self-adjoint nonnegative operator on H. Consider the following
problem:

{ Dwu(t,z) = 3$Tr[QD%u(t,z)], t>0, z € H,
u(0, ) = p(x).

!since the closure of the domain of the infinitesimal generator of (P;) is UC,(H) which
is a proper closed subspace of Cy(H).

(3.1.6)
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Note that the formula (3.1.3) for the solutions loses its meaning if dim H =
oo. It depends in fact on the dimension d of the space R? and is written
in terms of the Lebesgue measure for which an exact counterpart in infinite
dimensions does not exist. One way to construct a solution to (3.1.6) in the
infinite dimensional situation would be to consider a sequence of equations

{ Dyuy(t,z) = 3Tr[QnD%un(t,z)], t>0, z€H, (3.1.7)

un(ovx) - (p(l.)?

with finite rank nonnegative operators @), strongly converging to (). For
each n € N this equation has a unique solution u,, given by formula (3.1.5).
If the sequence (uy) of solutions were convergent, then its limit could be
taken as a candidate for the solution to (3.1.6).

However, to define the solution in this way, some restrictions on the
operator () have to be imposed, see P. Cannarsa and G. Da Prato [31]. We
have in fact the following result due to J. Zabczyk [220].

Proposition 3.1.2 Assume that ¢ € Cy(H) and lim, . p(y) = 0. If
Tr@Q = oo and (Qn) is a sequence of finite rank nonnegative operators con-
verging strongly to Q, then lim, o u,(t,z) =0, for allt >0 and x € H.

Proof. It follows easily that lim Tr @, = co. Without any loss of gener-

n—oo
ality one can assume that x = 0. Let us consider first the special function

G(y) = e W ye H

If 7, ... , 7y, are all the positive eigenvalues of Q,, by (3.1.5) we find for
the corresponding solutions ,,,

iin(t,0) = (H (1+ 2mg)>

k=1

NI

One can assume that 2ty < a, k =1,2,... ,my,, n € N, for some o > 0.
Then, for a constant 3 > 0, 4, (t,0) < e BRI | Since Tr Qn =2 1)
— 00, the result is true for the special function ¢. If now ¢ is any function
satisfying the conditions of the proposition, for any € > 0 one can find § > 0
and a decomposition ¢ = @g + ¢1, with ¢g , 1 € Cp(H) such that

po(@] <6, (@) <e, weH.
Consequently, for the solutions u,,,

ltn (£, 0)] < 8 G (£,0) + €,
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and limsup |uy,(¢,0)| < e. Since € is an arbitrary positive number the proof
n—oo
of the proposition is complete. [

Proposition 3.1.2 indicates that if Tr@) = oo then, for a majority of
initial functions ¢, the equation (3.1.6) does not have a continuous solution
on [0, +00) x H. This is why we will assume that the symmetric nonnegative
operator () is of trace class.

It is easy to see that if ¢ € Cy(H) then the approximating solutions u,
from Proposition 3.1.2 are given by the formula

up(t,z) = / o(x+y)Neg, (dy), xe€H, t>0. (3.1.8)
H

Now if Tr ) < 400, u, — u as n — oo, where

u(t,z) = /H<p(a: +y)Neg(dy), x€H, t>0. (3.1.9)

Moreover the operators F;,

Po@) = [ platu)Nigl@n). weH peCi, (3110

form a semigroup of bounded operators (since it is a limit of semigroups) in
Cy(H) and in UCy(H). The function
U(t,l’):PtQO(IL‘), t>0, z€H,

where (F;) is given by (3.1.10), will be called the generalized solution to
(3.1.6). The semigroup (F;) is strongly continuous on UCy(H ) but not on
Cy(H). We will call (P;) the heat semigroup.

Remark 3.1.3 It is instructive to realize that the heat equation (3.1.6) is
the Kolmogorov equation corresponding to the simplest It6 equation

dX(t) = dW(t), X(0)=z, t>0, (3.1.11)

on a Hilbert space H, where W is a Wiener process on some probability
space (92, F,P) taking values in H, with covariance operator Q.

3.2 Strict solutions

A function u : [0,+00) x H — R is said to be a strict solution to (3.1.6) if
the derivatives Dyu(t, z) and D?u(t,x) (?) exist for all t > 0 and = € H, are
continuous and bounded on [0, 4+00) x H and satisfy (3.1.6).

*We shall denote by D (resp. D?) the first (resp. second) Fréchet derivative with
respect to x.



Heat equation 49

In this section we show that if the function ¢ is sufficiently regular then
(3.1.10) defines a strict solution to (3.1.6), and that strict solutions are
unique.

Remark 3.2.1 With the same proof one can show existence of solutions
under local boundedness and polynomial growth at infinity of the initial

condition . The proof is left to the reader.
We have the following lemma.

Lemma 3.2.2 If ¢ € UCZ(H) (resp. C:(H)), then for arbitrary t > 0,
u(t,") € UCE(H) (resp. C}(H)) and

Du(t,xz) = /H Dy(z +Vty)Ng(dy), t>0, z€H, (3.21)

D2u(t,z) = / D*p(z +Vty)No(dy), t>0, x€ H. (3.2.2)
H

Proof. The integral in (3.2.1) is of Bochner type and in (3.2.2) it is strong
Bochner, see e.g. [102]. Let g,h € H; then

(Du(t, z),g) = /H (Dl + Vi ). 9)No(dy).

(D2u(t, 2)h,g) = / (D%o(x + Vi y)g, h) No(dy).
H

Therefore (3.2.1), (3.2.2) follow. The uniform continuity of the functions
u(t,-), Du(t,-), D?u(t,-) is an easy consequence of the formulae (3.2.1),
(3.2.2). O

The following theorem is taken from [102].

Theorem 3.2.3 If ¢ € CZ(H), then the function u given by (3.1.9) is a
strict solution to (3.1.6).

Proof. By the mean value theorem

u(t.r) = p(x)+ Vi /H (D (), y) No(dy)

+ % t/ (D*p(z + a(t,y)Vt y)y,y) No(dy),
H
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where o is a Borel function from [0,4+00) x H into [0,1]. Note that by
Proposition 1.2.4 we have

/ (Dg(x), 1)No(dy) = 0,
H

/H (D*o(x)y y)No(dy) = THQD’p(x)), « € H,

and consequently
1 1
; (u(t7 HZ') - U,(O, .Z')) - 5 TI'[QD2U(O, .%')]

1

— 5 [ (D%6(a +o(t.y)VEy) ~ DPp(a)ly. ) No(dy).
H

Therefore

u(t,z) —u(0,z) 1
t 2

Tr[QD*u(0, z)]

L[ 108t + ot DR Noan] | [ o]

By Proposition 1.2.8

_2

/ e~ S W N (dy) = [det(1 +£Q)]/?, £ € R.
H

Differentiating this identity twice with respect to ¢ and setting £ = 0 yields

/H ' No(dy) = [Tr QP + 2 Te(Q).

Thus

u(t, z) ; u0,z) % Tr[QD?u(0, z)]| <

(ITr Q) +2 T(@%))

N

1/2

9 [ [ 1D%6(e + o(t,0)Vi) — Do) PNo(ay)
Consequently

% (ult, ) — u(0,2)) — % THQDu(0,2)], ast— 0,
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uniformly in x € H.
In this way we have shown that the right derivative of u(¢,z) at t = 0 is
given by

D u(0,2) = % Tr[QD?*u(0,z)], =z € H.

Now fix s > 0. Since Py1p = P(Psyp), applying the previous argument
with ¢ replaced by Psy, we obtain for all z € H,

Dfu(s,x) = % Tr[QD?u(s,z)], s>0, € H. (3.2.3)
The right hand side of (3.2.3) is continuous on [0, +00) x H. In particular,
by Lemma 3.2.2, for every x, the right derivative in time of u is a bounded
and continuous function in s € [0,400). From elementary calculus, see
Lemma 3.2.4 below, u(-,z) is continuously differentiable in s and the result
follows. O

Lemma 3.2.4 If a continuous real function f has a continuous right deriva-
tive DT f on an interval [0,a) then it is of class C* on [0, a).

Proof. Define
g(t) = £(0) + /0 D* f(s)ds, @(t) = g(t) — £(2), t € [0,a),

and assume that for some tog € (0,a), ¢(tp) > 0. Let us choose ¢ > 0
such that ¥:(tg) < @(t9) where ¢.(t) = ¢ + et, t € [0,a), and let t; =
sup {t € [0,%0] : ¥e(t) = p(t)}. Then t; <ty and ¥(t1) = (t1). However

e = Dy(t1) = DT (t1) < DT (t1) =0,

a contradiction. So g(t) < f(t) for all ¢ € [0, a). In a similar way, considering
o(t) = f(t) —g(t), t € [0,a), one shows that g(t) > f(t) for all t € [0, a).
Consequently f(t) = g(t), t € [0,a) and the result follows. O

We are going to prove, using the maximum principle, that there exists
at most one strict solution of (3.1.6). For this we will need the following
Asplund’s theorem, for a proof see for instance J. P. Aubin [7].

Theorem 3.2.5 Let X be a Hilbert space, K a closed bounded subset of X,
and ¢ a bounded function on K. Then there exists a dense subset ¥ of X
such that the mapping K — R, © — ((x) + (z,y), attains a mazimum at K
for ally € 3.
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Lemma 3.2.6 Assume that K is a closed subset of a Hilbert space X, and
that u is a bounded and continuous function on K. For arbitrary € > 0 and
n € N, there exists p € C§°(X) such that

(i) u+ p attains its mazimum on K,
n
(i) sup Z | DEp(z)|| < Ce.
zeX k=0

Proof. It is enough to prove the lemma for a nonnegative u. For ¢ > 0
let . € K be such that u(z.) > sup,cx u(x) — . Consider a new function
ue(z) = u(z) + 2en(|r — z:|?), x € K, where n € C*°(]0, +00); R) such that

0<n<1,n0)=1, n(r)=0, vr>1.
Then uc(x:) = u(z:) + 2 > sup,ecx u(x) + €, and

ue(z) = u(z) < sup u(x), |z —xz| > 1, z € K.
zeK

Consequently, setting K. = K N B(x., 1), we have

sup u:(x) = sup ug(x).
zeK €K,

From Asplund’s theorem, for a dense set of ¢ € X, the function u.(z) +
(q,x), x € K., attains its maximum at some point of K.. We finally set

p(z) = 2en(|e — = + pl|z — 2[*)){g, z),
where p € C*°([0,+00);R) is such that
0<p<1, p(r)=1,vYrel0,1], p(r) =0, ¥r > 2,

and |g| is sufficiently small. One can easily check that p has the required
properties. [
Now we are in position to prove uniqueness.

Theorem 3.2.7 Let ¢ € UCE(H). Then there exists at most one strict
solution to (3.1.6).

Proof. Let T' > 0 be fixed, and let u be a strict solution to equation (3.1.6).
It is enough to show that

sup_e”"[lu(t, )]l < lle]lo- (3.2.4)
te[0,7
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Assume that w is not identically equal to 0 and set

A= sup  u(t,x),
(t,z)€[0,T]x H

and v(t,x) = e tu(t,z), t € [0,T], € H. Then A > 0 and we have
1 2
Dy = iTr[QD v] — v.
We apply now Lemma 3.2.6 to the Hilbert space X = R x H and to the set
K = [0,T] x H. Consequently for any £ > 0 there exists p. such that the

function v, := v + p. attains maximum at a point (t.,z.) in [0,7] x H and

sup  (Ipe(t, 2)| + [Dipe(t, 2)| + | D?pe(t, 2)|l) <e.

(t,z)€[0,T]x H
We have )
Dy. = 5 Tr[QD*0] = —ve + g,
where .
ge = Dip: — §TI"[QD2p€] + Pe,
so that

1
sup |ge(t, )] §6<1+Tr Q) .
(t,)€[0,T|xH 2

We show now that for sufficiently small € > 0 we have t. = 0. Denote by
(Ag) the eigenvalues of @ and assume in contradiction that ¢t € (0, 7. Since
Dy (tz,x.) > 0 and D?v. (t.,z.) <0, we have

1
Dtvs(t€7 xs) - 5 Z Ale%UE(tav 336) >0,
k=1

and then v.(t., z:) < ge(ts, zz). This means that

1
u(taws) = etsv(tsa ) < eele (2 + §TI‘ Q) .

Therefore if € is small enough, we get a contradiction with the positivity of
A. In conclusion the maximum of v, is attained at a point (0,z.) and (3.2.4)
easily follows. [
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3.3 Regularity of generalized solutions

Let ¢ € Cy(H) and let u(t,z) = Pyp(x). We know that if H is finite di-
mensional and () nondegenerate then u(¢, x) is of class C*° in ¢ and x when
t > 0. This result is not true in infinite dimensions. We cannot say even
that u(t,-) € CL(H), as follows from Proposition 3.3.9 below. However,
as discovered by L. Gross [138] u(t,x) is infinitely differentiable in z in all
directions of the Cameron-Martin space Q'/?(H). To show this we will in-
troduce @-derivatives in the following subsection. The original setting of L.
Gross [138] will be recalled in the last section of this chapter.

3.3.1 (-derivatives

Let ¢ be a mapping from H into a Banach space E, then ¢ is called Q-
differentiable at z if the function F(y) = @(x + QY?y), y € H, is differen-
tiable at 0. We set Dgp(z) = DF(0), and call Dgy(x) the Q-derivative of
p at x.

If F' is differentiable in a neighborhood of 0 and DF is differentiable
at 0, then we say that ¢ is twice Q-differentiable at x and its second Q-
derivative is given by definition by Dégo(a;) = D?F(0). If ¢ is a real valued
function then Dgy(x) (resp. Dénp(x)) will be identified with an appropriate
element of H (resp. L(H)). Derivatives D’&p(w) of higher orders are defined
similarly.

We notice that if ¢ € CL(H) we have Dop(z) = QY/2Dep(z), and if
p € C{(H), Dyp(z) = Q2 Dp(2)Q"?.

Let us define some functional subspaces of Cy(H) and UCy(H) related
to Q-derivatives.

For any k£ € N we denote by C’g(H) (resp. UC’g(H)) the set of all ¢ €
Cy(H) (resp. UCy(H)) that possess continuous (resp. uniformly continuous)
(Q-derivatives of order smaller than or equal to k.

If p € Cg(H) we set

[lk,@ = sup HD%@HO, k € N.
reH
It is easy to check that Cg(H ) (resp. U C’g(H )), endowed with the norm
k
lelles ey = llello + Z}[a@]m,
j=

is a Banach space. Notice that CF(H) C UC’g(H) C Cé(H), k e N.
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For any k € NU {0} and 6 € (0,1) we set (3)
ClH(H) = {p € Cly(H) : Dhp(Q'/*) € Cf(H, H)}.

C’SJFQ(H ), endowed with the norm

lellkto,0 = lellkq + [©lkro,0s
where
I Dgp(QY2x) — Dio(QY2y)||
[Plkto.Q = sup 7 ;
zyeH ’m - y|
Y

is a Banach space.
The following lemma is an easy consequence of the mean value theorem.

Lemma 3.3.1 Define for x,y,q9,h € H the function
by(s,1) = p(z + Q" %y + sQ'*g +tQ'/?h), s,t € R.

(1) Assume that for all y from a neighborhood of 0 we have D), (0,0) =
(a(y), g), where a is continuous at 0. Then ¢ is Q-differentiable at x and
Dog(x) = a(0).

(ii) Assume in addition that a is continuous in a neighborhood of 0 and
for each y in such neighborhood and for each g and h, DsDyp,(0,0) =
(A(y)h, g), where A is continuous at 0. Then ¢ is twice Q-differentiable
at x and D p(z) = A(0).

Similar characterizations hold for higher derivatives.

We end this subsection by giving some interpolatory estimates , needed
in what follows. We use notations introduced in §2.3.2. The proofs are
similar to that of Theorem 2.3.5.

Theorem 3.3.2 Let 0 < a < b <c. Then we have
UCH(H) € oo (UCH(H),UCH(H)) , (3.3.1)

and there is a constant Cop . > 0 such that

c—=b b—a

0. < Cape lullsg lully, ueUCHH). (3.3.2)

[l

3H®* denotes the linear space of all continuous k-linear real valued mappings on H.
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Proof. We prove the result in some cases we shall use later.
Case 1. a=0,b=1, c=2.
Take y € H, |y| = 1. By Taylor’s formula with integral remainder, we have

1
u(:c+tQ1/2y) = u(x)+t<DQu(:c)7y>+t2/(] (1—0)(Déu(m+at@1/2y)y7y)da.

Then

t
|Dou()| < [{Dqu(x),y)| < = llullo + 5 [ Dgullo,

SN

so that the conclusion follows by taking the supremum with respect to t. (%)
Case 2. a=0,b=0, c=1.
Let 1(t) = uw(QY?z +tQ'/?(y — x)). Then
¥() = (Dqu(Q%e + QY2 (y — 2)),y — x).

So
w(QY22) — w(QY?y)| = (1) — (0)] < |[Dgullo |z — y-

0
Fix M > 0. If |z — y| §Mthen% < ('m—]\}y‘) . So
(@) = u(Q"?y)| < | Doullola —y|"M'~".

If |z —y| > M then (%)9 > 1, and consequently

(@) — w(@Q"?y)| < 2|ulloM ~°|a —y/°.
Summing up the two inequalities yields

[(Q") — u(Q"/2y)| < [IIDgulloM =" +2|ullodt = [z — yl".
Taking the minimum with respect to M the conclusion follows.
Case 3. a=1,b=1+4+80, c=2.

Let o(t) = (Dou(QY?x + tQY?*(y — x)), h). Then

(1) = (DHu(Q'z + t(y — 2))(y — z), h).

So
|Dou(QY?z) — Dou(Q*?y)| < || Dgullo |z — yl.

Now the proof is exactly the same as that of Case 2. O

1
“For any a,b,y > 0 we have min,so(ac 4+ bo™?) = c(’y)allvblﬂ, where c(y) =
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3.3.2 ()-derivatives of generalized solutions

We are going to give several regularity properties of the generalized solution
of (3.1.6). For this we need some notations.
For ¢ € L*(H, Ng) we define (°)

/H Q™% p(y)No(dy) =3 9n{Wo,, @r2(a1.nq) € H,
k=1

/H[Q‘l/2y<p(y) ® Q™ ?yp(y) — 1|Ng(dy)

= Z gn @ gm<Wgntm — On.m,s ‘P>L2(H,NQ) € Ly(H),

n,n=1

where (g, ) is any orthonormal complete basis on H. The reader can easily
check that these definitions are meaningful and independent of the choice of
the basis (gn).

Note that

</ Q2 w(y)NQ(dy),g> =/ (@ 2y ¢ly), 9)No(dy), g € H,
H H
and

</H(Q‘1/2y ® Q %y — 1)(y) Noldy)g, h>

- /H (Q 2y, g)(Q 2y, b — (g, W) e(w)No(dy), g.h € H.

Theorem 3.3.3 Let ¢ € Cy(H) and u(t,-) = Pip. Then for all t > 0, and
x € H we have u(t,-) € Cé(H) and

Dou(t.a) = — | (@7 Py oa +i)Ngldn). (333)
and

Dju(t,z) = 1/}1((7562)‘1/2?; ® (tQ) 2y — D)p(z + y) Nug(dy).  (3.3.4)

SWe recall that W, (y) = <Q71/2x7y), see Chapter 1.
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Moreover

|Dou(t,xz)| < 7 llello, ©>0, z€ H, (3.3.5)

ID3u(t, o)l < Y2 lollo, t>0, z € H. (3.3.6)

g

If p € UCy(H) then u(t,-) € UC’Q( ) for allt >0
Proof. We apply Lemma 3.3.1. Let us prove (3.3.3). We have for g € H

u(t,z +aQ'?g) = /H (T +Y)Nygi/24.10(dy).
By the Cameron-Martin formula (Theorem 1.3.6) it follows that

ANaQ1/24.1Q W) S lgl>+ % (9,(6@) 1 /2y)

AN —c

Therefore
2 o
b +aQ' %) = [ ola+g)e HITHEOD g ).

By the very definition we obtain (3.3.3) taking derivatives with respect to «
at @ = 0. Equation (3.3.4) can be proved in the same way.

To prove (3.3.5) it is enough to note that by the Holder inequality we
have

1 _ 1
(Doutta). ) < 1 1B [ 119, 6Q)9) PNig(ds) = 1 115 ol

Inequality (3.3.6) can be proved similarly. O
We now prove that the solution of the heat equation has @-derivatives
of all orders.

Theorem 3.3.4 Let ¢ be Borel and bounded and u(t,z) = Pyp(x), t >
0, z € H. Then u(t, ) has Q-derivatives of all orders for any t > 0.

Proof. We have for ¢1,...,9, € H

u(t> T+ Q1/2(a191 +---+ angn)) = /H (p(l‘ + z)NQl/Q(alglJr---Jrangn),tQ(dz)

1 ~1/2
= e21t|algl+"'+a"g"|2/ oz + z)eﬁ<algl+ Fangn,(tQ) Z>NtQ(dZ)
H

— 6_%|a191+"'+an9ﬂ|2 /I—I SD(-CU + Z)eoqwal (Z)+W+Oénwan (Z)NtQ(dZ)7
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where a; = t_l/ng, j=1,...,n. Moreover (W,,- -, W, ) is a Gaussian
vector on (H, Nyg) with mean vector 0 and covariance matrix ((a;, a;), i,j =
1, ...,n). Thus

U(t,:c + Ql/z(algl + -+ angn)) = \Ijo(al +-F an)qjl(al + -+ Oén§$),

where )
J—— ee 2
\Ilo(al 44 an) —e 2‘04191"1‘ +0éngn‘ ,
and

Uil +- -+ ap;z) = /H o(x + z)ealWal(z)+"'+a"W“n(z)NtQ(dz).

Our aim is to calculate

dalkr ... ok

k1 kn 1t +in
SIS <k1><k”> #%(o,...,o)
— J Jn) | Badt - Doy

[a(kl+~~~+kn)—(j1+--~+jn)
X

k1—j kn—j
80611 J1 '”aann In

(Yolag + -+ an)V(ar + -+ -+ an; )

\Ill(O,...,O,x)] =51+ Sy + 55,

where
k1t tkn (0 0.2)
Si=————— ,...,0,2),
! 80/{’1 o dakn !
n km
=3 (%)
o >2
82 8k1 8km,1 akm—2 akn
—— Py(0,...,0 U0, ...,0;
oz, Lol )ao/fl gkt dokr 2 Ak 10, 02),
and
ki\ [ km 02
Ss= Y <1>(1 >M\110(0,...,0)
1<l<m<n ! m
8k1 akl,l 8k171 8km,1 8km71 8kn
\111(0,...,0,$‘>.

>< PRI PR o o e
k ki ki—1 K — km—1 k
Oay* oy Oyt Do, Doy oy
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Other partial derivatives at (0, ...,0) vanish.
We have

Gl gl (e ei )
1 n

= /HSO(;U+Z)80/1€1M8O£” e Prttantn Ny (dz),

where 3; = W,,(2), j = 1,...,n. Consequently

ook g (0, 05) = /Hcp(rc +2)Wyl(2) - - - War (2) Nig (d2).
b ok

Therefore

mu(t,x + QY2 (a1g1 + - - + angn))
kL 9ok

a1=-=ap=0

:21+22+237

S--Y Y (%)

m=1 ky,>2

x /H oo+ W (2) . W1 () Whn=2(2) | W (2) Nig(d2),

Am—1

Sy=— Y (ﬁ’) (%”) (a1, am)

1<l<m<n
k1 ki1 ki1 ki1
x /H oz + )W () WE LW W (2)

X o WL L WER T W () W (2) Ny (d).

am—1 am+1
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Consequently

ak1++kn

80/11Cl ce 8047]‘{"

=/H<P(x+2)

- Fom -
= yamP( 2) > WE (). W (2)WEm 2 (2) . W (2)
m=1

km>2

u(t,z + 01 Qg1 + - + anQ'?gy)

a1==an=0

k kn
Wit(z)...Wir(z)

k; km ki_ — k
- ¥ (D)o ewhewlne)
1<l<m<n

X W (2) - W ()W ()W (2) | Nyg(dz)

Am—1 Am+1

8k1++kn

1 "

a1=-=ap=0

It follows from these formulae that ()-derivatives exist of all orders and that
they are continuous in z. O

Given ¢ € Cy(H), we should expect that DéPtgo is of trace class for any
t > 0. Unfortunately this is not the case in general, see Proposition 3.3.9
below. However, the weaker result that DggPtcp is Hilbert-Schmidt holds, as
was shown by L. Gross [138] (see also [197]). The next proof is taken from
J. Zabczyk [220].

Theorem 3.3.5 For arbitrary ¢ € Cy(H), t > 0 and x € H, the operator
Déu(t,x) is of Hilbert-Schmidt type and

V2
|1 DZut, )| L2y < e ello, t >0, x € H. (3.3.7)

Proof. Let (e,) be an orthonormal and complete basis in H. For n,m € N
define

fn,m(y) = <en7 (tQ)71/2y> <em7 (tQ)71/2y> - <enu €m>7 Yy e H.
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Then
2
HD%u(t,x)H%z(H) = 2 Z /fnm +y>NtQ(dy>
n,meN
2
= t2 Z/fnn .Z'—i-y)NtQ(dy)

neN

2

’/ Frm(W)p(z +y) Nig(dy)
n;ﬁm

By Proposition 1.2.6 the system of functions fmm, n,meN,

I3 _ fn,n
fn,n— \/Q’

is orthonormal in L?(H, Nyg). Since

neN, fn,m:fn,man,mENan#ma

2 ~
HDé“(tv x)HQLZ(H) = 2 Z | (frms (@ + ')>L2(H7NtQ)|2’

n,m

therefore

2 2
1 D3ut ) ey < / Pl +y)Nig(dy) < S llel ©

We now consider the case when ¢ € UC}(H).

Proposition 3.3.6 Assume that ¢ € C}(H). Then

| D3 Prp(a)|| <t/ zeH. (3.3.8)
Proof. By (3.3.3) for k € H,
(DoPip(x), k) =t~/ /H (k, (tQ) " *y) (@ + y) Nig(dy), (3.3.9)

and therefore, differentiating (3.3.9) in the direction Q'/2h gives for any
h,k e H,

(DR Prp(x)h, k) =t=1/2 /H<k¢, (tQ) Py} (De(x + y), Q'/*h) Nig(dy).
(3.3.10)
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By using the Holder inequality we find

(D2 Prp(a)h, )P < /H (&, (6Q)~/24) PN (dy)

1 lell? olhI? K%,

which yields (3.3.8). O
We now prove that Déu(t, x) is of trace class, see L. Gross [138].

Theorem 3.3.7 Assume that ¢ € C}(H). Then the operator D%u(t,:n) is
of trace class for any t >0, x € H, and

TriDdutta)] = § [ (0. Dol + ) Nig(d). (3:3.11)
Moreover

| Tr[Dju(t,2)]| < — (Tr @' Dello (3.3.12)

<=

and the heat equation holds:
1
Dyu(t,z) = 3 Tr[Dju(t,z)], t>0, z € H. (3.3.13)

Proof. It follows from (3.3.10) that for k € H
Dju(t, )k = t~112Q1* /H Dep(x +y)(h, (1Q)™*y) Nig(dy) := Q'*Gip(x).

Since Q/2 is a Hilbert-Schmidt operator, in order to show that D%u(t, x) is
of trace class it is enough to prove that G is also a Hilbert-Schmidt operator.
Note that

oo

1
G2y = 5

ij=1

2
/H (ej, Dp(x +y)){es, (1Q) ™ *y) Nig(dy)|

where (e) is an orthonormal and complete basis in H. The sequence
((ex, (tQ)~Y/2(+))) is orthonormal in L?(H, N;g) and therefore by the Parse-
val identity,

1 [e.e]
Gl < 5 3= [ (e Dot + )Nl
7=1
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Consequently
1
Gl < 5 [ IDe(e+9)FNiglay),
and

1
1DZult, )l Ly < NQY M2y G L2y < 7 (Tr Q)2 D¢lo-

In this way inequality (3.3.12) has been established and in particular D%u(t,
x) is a trace class operator. To show that (3.3.11) holds we use (3.3.9). If
(ex, Ak) is an orthonormal sequence determined by @, then

(o.]
Z DQu (t,x)eg, ex)
k=1

— Z (tQ) " 2ex, y)(Dp(x + 1), Q" *er)| Nig(dy)
H k=1

1 =1 1
:\/Zﬂkzlﬁm<ek,y><Ds@(w+y),\/EekWtQ(dy)

1

= /H (y, Dp(z + 1)) Nig(dy)

and (3.3.11) holds. Since u(t,z) = fH o(x + Vty)Ng(dy), we have

Do) = [ (Do + Vi) 52w Notan)

1
T2t

and then the equation (3.3.13) holds by (3.3.11). O

<Ds0(x+\fy) \fy> No(dy) = 2175/ (Dop(x +y), y)Nig(dy),

Remark 3.3.8 It is known, see R. R. Phelps [185], that the set of all points
where a Lipschitz continuous function on a Hilbert space is not Gateaux dif-
ferentiable is of measure zero with respect to any nondegenerate Gaussian
measure. Using this result one can extend Theorem 3.3.7 to Lipschitz con-
tinuous ¢, see L. Gross [138] for a different proof.
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We conclude this section by giving examples showing that the generalized
solution is not regular if the dimension of H is infinite. The following result,
due to J. Zabczyk [220], which extends a previous result of E. Priola [190],
shows that if dimH = oo and ¢ > 0, then P,p ¢ UC}(H) for some ¢ €
UCy(H). If v € UCy(H) then D, (x) will denote the directional derivative
of ¢ at x in the direction v.

Proposition 3.3.9 Assume that dim H = oo, and that Q € L (H). Then
for arbitrary sequences (ti) in (0,4+00) and (x,,) in H, there exists ¢ €
UCy(H) such that functions Py, ¢ are not Lipschitz continuous in any neigh-
borhood of any point x,,, m € N.

Proof. Let ¢ € UCy(H), let z € H, and v € Q/2h. Then we have
1
DuPipla) = 2 [l +9)(Q 20, (1)) Nig(dy).
Vit Ju

Let (vy) be a sequence in QY/2(H) such that |v,| = 1 and lim |Q~?v,|
n—oo

= 00. For each t > 0 and = € H define the following linear functionals ) g
from UCy(H) into R :

Fﬁ,m(@:;i /H (@ + )@ 2o, (1Q)V2y) Nig (dy).

Then we have
1 _ _
IE*| = \/%/HKQ Y20, (tQ) 7 2y) | Nig (dy).

Since, for each h € H, y — (h,Q~"/?y) is a Gaussian random variable on
L*(H, Ng) with mean 0 and covariance |h|?, one easily gets that

Tt _
|Fen = 2 1Q 20,

Therefore, for arbitrary ¢ and z, it results that lim ||F*| = oo . Conse-
n—oo

quently by the Banach-Steinhaus principle of the condensation of singulari-

ties , there exists p € UC,(H) such that for any t; and x,,,

sup | Dy, Py p(xm)| = sup | Fpe" ()| = oc. (3.3.14)
neN neN

Assume that for some ty, z,, the function P, ¢ is Lipschitz continuous in a
neighborhood of x,,. Then there exists 4 > 0 such that for ¢ = P, ¢

[h(xm +y) = Y(xm)| < Cly| if Jy] <6
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Let o, > 0 be such that o, < § and

V(@ + onvn) — P(Tm)]

On

1

Then

Clopvn|

1
§|Dvn1/}(9«“m))\ S S C’ ne N7

n

a contradiction with (3.3.14). O

We will show that for arbitrary ¢ > 0 and © € H there exist initial
functions ¢ € UC(H) such that the generalized solution u of the heat
equation in the form (3.3.13) is not satisfied at (¢, ).

The following result is taken from J. Zabczyk [220].

Proposition 3.3.10 Assume that dim(H) = oo, and Q € L] (H). Then for
arbitrary sequences (tx) € (0,+00) and (z,,) C H, there exists p € UCy(H)
such that operators DéPtkgo(xm) are not of trace class.

Proof. Let (g,) be a complete orthonormal basis in H. Then

DyPigt@ga) =5 [ [0 0Q PP = 1] pla + n)Niglay).

For ¢ € UCY(H),t >0, x € H, and n € N, we define

n

Fi™ (@) == > _(DAPip(x) gk gr)
k=1

= [ 3 [t Q)P 1] e+ y) N,
H k=1

Then for fixed t > 0,2 € H, and n € N, the norms of the functionals F;”
on UCy(H) can be easily computed as

1
|FLe) = = /
t Jg

Let n;(y) = @,/\977)2_17 j=1,2,... ,y € H. Then the sequence (7;) consists of
J

n

> [l 0@ 22 1]

k=1

Nig(dy).

independent random variables on L?(H, Ng), identically distributed, with
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mean value 0 and finite second moment. Therefore it follows easily, for
instance by the central limit theorem, that

lim ||F.*®
n—oo

| = lim / Im + - 4+ u|Neg(dy) = oo.
n—oo H

Consequently for arbitrary sequences (tx) and (x,,), there exists a function
¢ € UCy(H) such that sup, |Fit**™| = 400. This means that for all such
(tx) and (z,,,), the operators DéPtkgo(a:m) cannot be of trace class. O

3.4 Comments on the Gross Laplacian

We describe here the relationship between the (Q-derivatives and the Gross
Laplacian introduced in [138]. The results of this section are not used in
what follows.

Let (B, ||-||g) be a separable Banach space and G a linear dense subspace
of B equipped with a scalar product (-, -)g and the Hilbertian norm: ||g||¢ =
V1{9,9)c, g € G. It is assumed that (G, || - ||¢) is a separable Hilbert space

and for some ¢ > 0

lglls < cllglle, g€G. (3.4.1)

Identifying G with its dual G* and taking into account that the embedding
G C B is continuous one can identify B* with a subset of G. Thus

B*CG"=GCB. (3.4.2)

Let E be another Banach space and u a transformation from B into E. If
there exists 1" € L(G, E) such that

lu(z +9g) —u(z) ~Tylle _
lgli—0 lglla

then T is called the G-derivative of u at x and it is denoted by Dgu(z).
Replacing the space E with L(G, E), one can define in the same way D3 u(x)
as an element of L(G, L(G, E)). Identifying L(G, L(G, E)) in the usual way,
with the Banach space L?(G, E) of all bilinear transformations from G into
E, one gets that Diu(z) € L*(G,E). In a similar way, D%u(x) can be
defined and if DZu(x) exists then Dgu(x) € L™(G, E).

If E =R, then Dgu(z) and D%u(z) will be identified with elements of
G and L(G) respectively.
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If DZu(z) is an operator of trace class on G, then the Gross Laplacian
A¢ is defined by the formula

Agu(z) = Tr Diu(x) = Z<Déu(x)gm79m>Ga

m=1

where (g,) is an orthonormal basis on G.
Let now B be a separable Hilbert space H and ) : H — H a self-adjoint
nonnegative operator of trace class. Define G = Q'/2(H) and

(g1,92)c = (QV%q1,Q 290 m, 91,92 € G.

Then H* € G* = G € H and H* = Q(H) = Q'/?(G) with the induced
norms. Assume that v : H — R is twice Fréchet differentiable at x € H with
Du(zx), D?u(x) its first and second Fréchet derivatives. Then for arbitrary

9,91,92 €G
(Du(z), 9)r = (Dgu(zx), g)a,

and
(D*u(2)g1, 92) 1 = (DEu(2)g1, 92)z,s

where the bilinear forms D?u(z), D%u(z) were identified with linear opera-
tors on H and G respectively. Since

(Dgu(z), 9)e = (QV*Deu(r), Q" ?g)u,

and
<D%~U(l‘)gl, g2>G = <Q_1/2D20U(Z)gl, Q_1/2g2>Ha

one arrives at the following relations:
Dgu(z) = QDu(z), DZu(z) = QD*u(x).

Moreover if (hy) is an orthonormal basis in H then g, = QY2h,,, m =

1,...,is an orthonormal basis in G and
AGu(x) = Z (D?;u(w)gm,gm)(; (3‘4'3)
m=1

Q7 V2QD*w(2)QY %Ry, Q72QY?hn)

I
Nk

1

3
Il

(Q2D*u()Q" *hum, han) -

[
WE

1

3
I
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Therefore
Agu(z) = Tr[QY?D%u(z)QY?, (3.4.4)

and for regular functions v the Gross Laplacian is identical, up to the con-
stant 2, with the operator in the right hand side of the heat equation .
Note that if G = Q'/?(H) then

Dou(x) = Q71/2DGu(x), D%u(az) = Qil/zDéu(x)Ql/Q.

3.5 The heat semigroup and its generator

We are here concerned with the heat semigroup

Pip(x) = /Hcp(x +y)Nig(dy), @eUCy(H), z€H. (3.5.1)

Let us first prove that (P;) is strongly continuous on UCy(H).

Proposition 3.5.1 Let Q € L{(H). Then the heat semigroup (P;) is a
strongly continuous semigroup on UCy(H).

Proof. Let ¢ € UCy(H). Since

Pro(a) = /H o(z+ Vi 2)Ng(d2),

we have

|Prola) — ola)] = \ [ et + Vi) - ol No(d2

< [ woViaNg(da),

where w,, is the uniform continuity modulus of ¢. Therefore the conclusion
follows letting ¢ tend to 0. O

As we said before, even when the space H is finite dimensional, P; is not
strongly continuous on Cy(H). This is the reason why we are considering
the heat semigroup on UCy(H).

Moreover, if dim H < oo the heat semigroup is continuous on (0, +00) in
the operator norm and it is even analytic. It follows from the next theorem
and basic results on semigroups theory, see e.g. E. B. Davies [104], A. Pazy
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[180], that neither of those properties holds if dim H = co. The following
proposition, due to W. Desh and A. Rhandi [105], extends a previous result
due to P. Guiotto [140]. The present proof is taken from J. van Neerven and
J. Zabczyk [174].

Proposition 3.5.2 If dim H = oo and Ker Q = {0} then the heat semi-
group is not continuous on (0,+00) in the operator norm.

Proof. If ¢ # s the operator t_Ts I is not Hilbert-Schmidt and by the
Feldman-Hajek theorem (see Example 1.3.8), the measures N(z,tQ) and
N(z,sQ) are singular. Consequently

|[Pe— Pl = sup [P — Py
peUCH(H)
llello<1

= gtép ‘/ Ny iq(dy) — /Hﬂﬂ(y)Nm,tQ(dy)‘
S
olest

= VaI‘(NLtQ — Nx75Q) = 2,

where “var” stands for the variation. O
Since the semigroup (P;) on UCy(H) is strongly continuous, it is deter-
mined by its infinitesimal generator Ag. In particular if ¢ € D(Ag) then
the equation
Dyu = Agu, u(0) = ¢,

has a unique solution in UCy(H) given by u(t) = Pp.
We study now some properties of the infinitesimal generator Ag of (F),
and its relations with the differential operator

1
Lo = ;Te[Dgy], ¢ € UCH(H).

Let us recall, see e.g. A. Lunardi [162], that when H = R? and det Q > 0,
then the domain of Ag is given by

D(Ag) = {(,0 EW2P: p>1, Ape UC’b(Rd)}
Moreover we have that
D(Ag) CUCE=(RY), e€0,1), (3.5.2)

and only if d = 1 do we have that D(Ag) = UCZ(R?).
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We shall prove that for ¢ € UCZ(H) one has Agy = Lp. However, if
dim H = oo, the space UCZ(H) is not dense in UCy(H), see §2.2. Therefore
we introduce a natural extension Ag g of L, which has a dense domain on
UCy(H).

We set, that is,

Boqpl(r) = § THDAe(x)], 7€ H, ¢ € D(Bug), (3.5.3)
where
D(Aoq) ={p € UCH(H) : D} € UCy(H, Ly(H))}. (3.5.4)

If (eg, A\k) is the eigensequence determined by @, then

1 o0
Nogp(x) = 5 Y (Dhp(a)er, ex) Z)\katp veH. (3.55)

[\)

We are going to prove that D(Ag ) is dense in UC,(H) and that Ag is an
extension of Ag g.

The following result is due to E. Priola [189], we here present a proof
given in J. Zabczyk [220].

Theorem 3.5.3 Let Q € LT (H) and let (P;) be the heat semigroup defined
by (3.5.1), and Aq its infinitesimal generator. Then Ag is an extension of
Ao,g. Moreover D(Agg) and D(Agg) NUCL(H) are cores for Ag. (©)

Proof. We will show that for ¢ € D(Agg), t > 0 and = € H, we have

Pip(x /P (Ao ) (x)ds. (3.5.6)

Since Ps(Ao,gp) — Ao,y as s — 0 in UC,(H), this identity implies that
e D(AQ) and AQQQO = AQQO.
Define

n

Rpx = Z<CL', er)er, Qnr = Z Az, ep)e, x € H.
k=1 k=1

Let (P;) be a strongly continuous semigroup on a Banach space E, and let L : D(L)C
E — FE its infinitesimal generator. A subspace Y of D(L) is said to be a core if it is dense
in D(L) endowed with the graph norm. A sufficient condition in order that a subspace Y’
is a core is that it is dense in E and invariant for P;, ¢ > 0, see [104]. The generator is
uniquely determined on a core.
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Let (P}") be the heat semigroup corresponding to @, and Af) its infinitesimal
generator. By the finite dimensional theory, D(Ag q) C D(Af) and

<Wﬂw=M@+Aszwmw&

Moreover, for ¢ € UCy(H),

Wmmzﬁy@+&mmm@x

and consequently Pp(x) — Pyp(x) as n — oo. Note also, that
t ¥ P

N 1 & 1 &
o) = B Z DQn T)ey, ex) = B Z<D2280(37)€k, €k)
k=1 k=1

1 o
- 9 Z(DéSO(x)@kv e) = AO,QQD(CU), as n — oo.
In addition,
- 1
AB () 23Dwvwst5w%wwmm% (3.5.7)
k=1
as for self-adjoint operators S and arbitrary orthonormal basis (f%),

Z| S, i)l < SN,
)

with the identity holding if (fx) is determined by S. Thus the sequence
(A%¢) is uniformly bounded. To establish (3.5.6) it is enough to prove that

lim P ’é(p)(x)ds:/o Py(Aggp)(x)ds.

n—oo 0

Since the sequence of functions Pj'(Afp)(z), s € [0,t], is bounded it is
sufficient to verify that for s € [0, ],

lim PIAGe)(x) = Pu(Boqp) ().
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However,

[P (Ade)(z) — Ps(Aoqep)(z)|

< [PHAGe) () = Ps(Age) (@) + [Ps(Age) (x) — Ps(Ro,qp)(2)|

g‘ [ et + ) - 5w<x+y>]NsQ<dy>\

'/ op(r+y) — Ao,QsO(ery)}NsQ(dy)‘ <L+

The term Iy converges to zero by the dominated convergence theorem. By
an obvious generalization of (3.5.8), for arbitrary =,z € H and n € N,

n n 1
|[AGe(@) — Al + 2)| < 5 [1DGe(w) — Dyl + 2)]1-

Since D%gp € UCy(H, L1(H)) by the same theorem, also I; — 0, so that the
proof of the first part of the theorem is complete.

We pass now to the proof of the second part. The resolvent of Ag is
given, from the Hille-Yosida theorem, by

+o0
RN\, Ag)p(x) = / e M Pup(z)dt, A > 0.
0

We first show that if ¢ € UC}(H), t > 0, and A > 0 then
Pip € D(Ag o) NUC, (H).

It follows from the statement and proof of Theorem 3.3.7 that
HDéPtSD(l‘)HLI(H) <00, x € H and

1D Pio(z) — D Pro(2)l| o1y
1 1/2 2
< — (Tr Q) [De(x +y) = De(z + y)|"Nig(dy).
Vi "
So Pip € D(Ag ). Since
DPip(x / Do(x +y)Ng(dy), =€ H,

Pip € UCE(H) as well. Consequently D(Ag,g)NUCL(H) is invariant for P;.
One shows in exactly the same way that R(\, Ag)e € D(Ag o) NUCE(H).
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Let us prove now that D(Agq) N UCE(H) is dense in UC,(H). Take ¢ €
D(Ag) and set ¢ = ¢ — Agy. Since UCE(H) is dense in UC,(H) (see
Theorem 2.2.1), there exists a sequence (g,,) C UCL(H) such that g, — g
in UCy(H). However,

¢n = R(1,A¢Q)gn € D(Ag o) NUCL(H), neN.
Since
v =R(1,Aq)g = lim R(1,Aq)g, = lim ¢y,

the density of D(Ag o) NUCE(H) in D(Ag) and therefore also in UCy(H)
follows. This implies that D(Ag ) NUCE(H) is a core for Ag g, see e.g.
E. B. Davies [104]. Consequently the set D(Ag ) is also a core. O

The following result generalizes (3.5.3).

Proposition 3.5.4 For any 6 € (0,1) the following inclusion holds:
D(Aq) CUCHY(H). (3.5.8)

Proof. By Theorem 3.3.7 we have

V2
IProllo < llello, HDéthHo < e llello-

Therefore by Theorem 3.3.2 we have

146 146

IDSPpllivo <272 72 [lgllo.

Therefore o
IR AQ)llisng < 23T -6)N. O

Concerning the spectrum of Ag we have the following result due to G.
Metafune, A. Rhandi and R. Schnaubelt [173].

Proposition 3.5.5 The spectrum o(Ag) of Ag coincides with the half-
plane Re A < 0.

Proof. Let us identify H with ¢2, and define for each n and \ with negative
real part

nooAT1g2
gula) = MeneTim 5,

where .

n
Cn = E )\;1 — 0,
=1
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as n tends to co. By a direct calculation we have

(Agn—Aan)(x) _ _4)\2 2 Z)\ 1 2 )\cn J 1)\;133]2 :fn(x),
_ 4|55'|2 -1
||an0 - |Re)\| Cnt N

Assume in contradiction that A belongs to the resolvent set of Ag, then
R(X, AQ) fn = gn. Since ||gnllo = 1, we have

IR AQ) fullo o 1
[ Fnllo — I fnllo

a contradiction. Thus 0(Ag) D {\ € C: Re A < 0}. The proof of the result
is complete. (I

We note that if H is finite dimensional and @) > 0, then the spectrum
o(Aq) of Ag is equal to the interval (—oo,0].

17X, AQ)[ =

— 400,
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Poisson’s equation

As before, H represents a separable Hilbert space, () a symmetric nonnega-
tive operator of trace class with Ker @@ = {0}, (ex) an orthonormal basis in
H, and (\g) a sequence of positive numbers such that Qer, = Agex, k € N.
We consider the heat semigroup (F%) defined by (3.5.1). We recall that (/)
is strongly continuous in UC,(H) and that its infinitesimal generator A is
the closure of the operator Ag g defined by

{ Noqp(x) = 5 Te[DEe(x)], x€H, ¢ € D(Agq),
D(Aoq) = {p € UC](H); D@y € UCy(H; L1(H))},

see Proposition 3.5.1 and Theorem 3.5.3. This chapter is devoted to studying
existence, uniqueness and regularity of solutions for elliptic equations related
to Ag and Agg: §4.1 concerns existence and uniqueness, §4.2 Schauder
estimates , and §4.3 potential theory .

4.1 Existence and uniqueness results

We are here concerned with the elliptic equation on H,
1
Ne(w) — 5 Tl Dp(e)] = g(x), = € H, (4.1.1)

where A\ > 0 and g € UCy(H). The case A = 0 will be studied in §4.3.
Following tradition equation (4.1.1) will be called the Poisson equation.

A function ¢ is said to be a strict solution of (4.1.1) if it belongs to the
domain of Ag g and fulfills (4.1.1).

It is well known that, even if H is d-dimensional (with d > 1), there does
not exist in general a strict solution of (4.1.1). One has to look for weak

76



Poisson’s equation 77

or generalized solutions . By a generalized solution of equation (4.1.1) we
mean a function ¢ that belongs to the domain of Ag and fulfills

Ap—Agp =g. (4.1.2)

Proposition 4.1.1 For any A > 0 and g € UCy(H), equation (4.1.1) has a
unique generalized solution ¢ given by

+oo

o(x) = R\, Ag)g(x) = /0 e MPyg(z)dt, zcH. (4.1.3)

Moreover there exists a sequence (gn) C UCy(H) converging to g in UCy(H)
such that the equation

1
Ao () — §TT[D229071($)] = gn(7)
has a strict solution @, for any n € N and ¢, — ¢ in UCy(H).

Proof. Since (P;) is a strongly continuous semigroup in UCy(H), the first
statement is an immediate consequence of the Hille-Yosida theorem. The
last statement follows from the fact that D(Ag ) is a core for Ag,

see Theorem 3.3.3. O

Obviously the function ¢ = R(X, Ag)g is not a strict solution of equation
(4.1.1) in general because

(i) ¢ does not belong to Cé(H ) in general when the dimension of H is
greater than 1,

(ii) even if p € C’%(H ), in the case of infinite dimensional H, Dégp is not
necessarily of trace class.

In order to have a strict solution of (4.1.1), we need stronger conditions
on g. A sufficient condition is given by the following result.

Theorem 4.1.2 If X > 0 and g € UC}(H) then ¢ = R(X\,Aq)g is a strict
solution of (4.1.1).

Proof. By Theorem 3.3.7 we have

+oo
o(z) = / e Mu(t,z)dt, = € H,
0

where u is the solution of the problem

1
Du(t,x) = §Tr[Déu(t,x)], u(0,2) =g(z), t >0, x € H.
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Since, by Theorem 3.3.7, Déu(t, x) is of trace class and
IDEu(t, )| Loy <t Y2 (Tr Q)2 ||Dyllo, = € H,

one can easily show that
+o0
Dégp(x) = / e_MDéu(t, x)dt, z € H.
0
Moreover D2Qg0(a:) is of trace class and

—+00
Tr[Dp(z)] = /0 e MTr[Du(t,z)|dt, x € H.

Consequently
1 2 Lo T ox 2
iTr[Dng(ac)] = 3 hrr(l) e "Tr[Dgu(t, =)]dt
Ti_jkoo s

T
= lim e MDyu(t, z)dt
s—0 s

T—+o0

= lim [ e Mu(t, x)
s—0

T—+o00

T T
-1—)\/ e)‘tu(t,x)dt]

S

= —g(x)+ Mu(z). O

4.2 Regularity of solutions

In this section we investigate the regularity of generalized solutions ¢ of
(4.1.1). First we show that ¢ is always of class nge(H), 6 €0,1).

Proposition 4.2.1 Let A > 0 and g € UCy,(H), and let ¢ = R(\,Ag)g be
a generalized solution of (4.1.1). Then ¢ € C'gra(H), for all 0 € [0,1), and
there is Cy > 0 such that

2

—0)
plire.Q < CoA lgllo- (4.2.1)

Proof. Set u(t,z) = Pip(x). By (3.3.5) it follows that

e T
[ e pautt.lar <[5 el = € 1.
0
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Consequently it is easy to see that ¢ € Cé? (H) and
o0
(Dgy(z), h) —/ e M(Dgul(t, ), hydt, h,x € H.
0
Moreover by the interpolatory estimate (3.3.2), there exists C' > 0 such that

1-0 140
[ut, ivo.q < Cllult, )llo* lult, )5
which yields, thanks to (3.3.6),

1+6

\/i 2
[u(t, )l1+00 < C <t llllo-

It follows that

> A 110 o0 A 146
/0 e t||u(tw)||1+e,th§Cf2/0 e M T gt

Consequently ¢ € CCIQJFQ(H ) as required. O

Proposition 4.2.2 Let A > 0, 0 € (0,1), g € C’g?(H) and ¢ = R(\, AQ)g.
Then ¢ € UC%(H), and

|D3e(@)] <27 T0/2A7% gl (4.2.2)
where I" is the Euler function. Moreover Décp(m) € Ly(H) and
|D30(@) o) < T = 0)2"°A7% gl (423)
Proof. By Proposition 3.3.6 we have
1D Pg(@)| < t72 glliq, « € H. (4.2.4)
Moreover by (3.3.6), we have
ID3Pg(@)l| < V3t llgllo, @ € H. (12.5)

By a straightforward generalization of Theorem 2.3.3 we see that ng (H) is
an interpolation space between UCy(H) and U C’é(H ), and
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therefore by (4.2.4) and (4.2.5), it follows that
2 =0, _148
DG Prg()| <2727 2 lgllo.q-

Now (4.2.2) follows by taking the Laplace transform. Finally, (4.2.3) follows
from Theorems 3.3.5 and 3.3.7, by applying interpolation again. (I

We now establish regularity results in the form of Schauder estimates .
We follow P. Cannarsa and G. Da Prato [31].

Theorem 4.2.3 Let A >0, 6 € (0,1) and g € C%(H). Then
¢ = R(\Ag)g € C5(H)
and there exists C > 0 such that

lella+o.@ < Cllglle.q- (4.2.6)

For the proof we need some information about the interpolation spaces be-
tween D(Aq) and UCy(H). Let D, (0,00), 6 € (0,1), be the interpolation
space (UCy(H ), D(AQ))y o - We recall, see Appendix A, that

DAQ (9,00) = {u S UCb(H) : [(p]gpo < OO},

where
[90]0,00 = iulgt_enpt@ - 90”0’ Y e DAQ (07 OO)
>

Moreover
1Pl DA 0.00) = lPllo + [Plo,0os ¢ € Dag(8;00).

The following result is due to A. Lunardi, see [163].

Proposition 4.2.4 For all 6 € (0,1/2) the following inclusion holds:
D, (0,00) C CH(H).

Proof. Let ¢ € Da,(f,00). Then from the obvious identity

+0o0o
AGRO Ag)p = A / e (Prp — p)dt = AR(A, Ag)p — ¢,
0

it follows that

1AQR(A, Ag)¢llo < T(L+6)[wlg.cr™’, A > 0. (4.2.7)
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Let z,y € H. By the inequality (4.2.7) and
P(Q'%2) —p(Q'Py) = —AQR(\ A)(w(Q"x) — p(Q'/?y))

FAR(N, AQ)(0(QY%x) — 0(Q'2y)),

it follows that

P(Q?z) — p(QPy)] < 20(1+0)[plp oA~
HIQZDARN, Ag)p)llolz —yl.  (4.2.8)

Let us estimate ||Q/2D(AR(\, Ag)¢)|lo. Since

A d
AR(OLAg) = R(LAg) = [ - (uR( Ag))d

A
_ _/1 AQR (1, Ag)d,

it follows that

AQY2(DR(NAg)p) = QY2DR(1,Aq)¢

A
- [ Q'2DIR(1, Aq)AR(1 Aq)eldn.
Thus, using the estimates (4.2.1) and (4.2.2), we have

IAQV2(DRO, Ag)o)ls
W(\wllo+ 1/2\AQR<u,AQ>w||odu)

NG [||80|0 O )y Aw—ﬂ | (4.2.9)

Substituting (4.2.9) in (4.2.8) yields

p(QY2z) — p(QY%y)] < 2T(1+0)A[¢]o,00

1+46 _
v [l + 2 el 2~
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It is enough to consider the case when |z — y| < 1. In this case we have

|p(QY?2) = p(Q'?y)] < 2T(1 + O)A[plpc

2T (1 + 6)

1 _ 29 [90]9,00)\1/279‘37 - y‘ :

+V [lellole =yl +

Setting A = |z — y|~2 the conclusion follows. [

We are now ready to prove the main result of this section.
Proof of Theorem 4.2.3. By Proposition 4.2.2 we know that ¢ € UC’% (H)
and for any «, 0 € H we have

(Dyp(z)ar, B) = / e N Pg(a)or, Bdt, @ € H.
0

If we set h(z) = (Dégp(az)a,m, x € H, then there exists a constant ¢y > 0
such that Hh||DAQ(9/2,OO) < cgla| 18] ||g]lo,o- We have in fact

Peh(x) — h(x)

+o00 +o0

:/ e‘”Pg(D%Ptg(x)a,@dt—/ e_’\t(DéPtg(:U)a,ﬁ)dt
0 0
T a2 T Xty

= [ eMDE ey Bt~ [ e M DE Pgla)a
0 0

+oo y 3
= (5 — 1) /0 e (D Prg(w)ar, B)dt — e /0 e (DY Prg(w)ar, B)dt.

It follows by (4.2.2) that

+o0
|Peh(z) — h(z)] < {(af—l) / e”t"/“dt] o] 18] lllo.

¢ dt
et [ 5%z lal 191 Il

where c is a suitable constant. Therefore there exists a constant ¢; > 0 such
that if £ € (0,1)

|Peh — hlo < C16"|al 18] glloq, &> 0,
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and the conclusion follows. Thus, by Proposition 4.2.4, we have
h € Da,(0/2,00) C CH(H),
which yields our thesis. [J

Remark 4.2.5 Notice that we are not able to prove that D%¢(z) € L (H).
However, one can show, see E. Priola and L. Zambotti [197], that (under the
assumptions of Theorem 4.2.3) Dégp(x) € Ly(H) and there exists C’Clw\ >0
such that

1D3(Q"?x) — Dye(Q'*y)l r2my < Canl(x —y)l’, @,y € H. (4.2.10)

4.3 The equation Agu =g
It is well known that if H = R™, n > 3, and g € UCy(H) has a bounded

support then there exists a unique function (up to an additive constant)
wE C;JFG(H),G € (0,1), such that

1
—§A<p =g, (4.3.1)

in the distributional sense. Moreover,

p(r) = / Pig(x)dt = Cy % dy, = € H, (4.3.2)
0 rn |7 =yl
where .

The function ¢ is called the potential of g.

If n = 1,2 then equation (4.3.1) does not necessarily have a solution even
if g is of class C'*° with bounded support.

From now on we shall assume that H is an infinite dimensional space.
Then we can still define, following L. Gross [138], the potential of any func-
tion g € UCy,(H) having a bounded support. For this we need a preliminary
result on the asymptotic behavior in time of P.g,g € UC,(H).

Lemma 4.3.1 Let g € UCy(H) having bounded support K. Then for all
N € N there exists a constant Cy = Cn(K) such that the following hold.
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(i) The following estimates hold.

|Pg(x)] < Cnt™N2|glo, = € H, (4.3.3)
|DoPg(z)] < Ont NtV g0, z € H, (4.3.4)
IDgPg(z)| < Cn = WNE22)1gll0, = € H. (4.3.5)
7 € then
(it) If g € UC}(H), th

D3 Pg(z)]| < Cy t= N2 g]1 . (4.3.6)

(i1i) If g € C%(H), 6 € (0,1), then
1D Pg(2)| < Cn2 2t~V +2=072| g1y . (4.3.7)

Proof. We first prove (4.3.3), following H. Kuo [149, Lemma 4.5]. Let us
start from the identity

Pig(x) = /Hg(ery)NtQ(dy) = /Kg(y)Nx,tQ(dy), z e H.
It follows that
Pig()] < llgllo /K Noso(dy), = € H.

Set L =sup,cp{l[(z,ex)|: k=1,... Nand A={x e H: |z <L, k=
1,...,N}, where 2 = (z,ex). (}) We have clearly K C A. Since A is a
cylindrical set, one finds easily

_ lyg —zpl?

N N L
/ Nesq(dy) = (2mt) M2 [T 02 T / e T dy,.  (4.3.8)
A k=1 k=17-L

Thus

N

P < N du) < (2L)N N2 A\L/2
Rg@) < lallo | Newa(@) <l o5 ¢ TTA

and (4.3.3) follows.
Let us prove (4.3.4). By (3.3.3), we have

<DQPtg<m>,h>=¢1£ /H (h. (tQ)"2y)g(x + y)Nig(dy), h € H.

!We recall that (ej) is an orthonormal basis in H and () a sequence of positive
numbers such that Qer = Arer, k € N.
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Consequently, by the Holder inequality it follows that

(DoPg@. )P < 1 [ 1 (@) 2 PNigldy) [ o+ »)Nig(ds),
H H

C
< SIE [ )N, he .
Therefore )
IDoPig(a)f* < 7lsll | Nesoldn)

Now (4.3.4) follows from (4.3.8). The proof of (4.3.5) is similar, using (3.3.4).
Also (4 .3.6) follows in the same way, starting from the formula

DPyg(x / Dyg(x + y)Nig(dy) = / Dy (y) Nz tq(dy).
Finally (4.3.7) follows by interpolation. O
We are now ready to prove an existence result.

Proposition 4.3.2 Let g € UC}(H) with bounded support and let

+o00
o(x) = / Pg(x) dt, x € H. (4.3.9)
0
Then u belongs to the domain of Ag g and
1
5Tr[Déu(g;)] =—g(z), v € H. (4.3.10)

Proof. The proof is similar to that of Theorem 4.1.2 and uses the same
notations. From Theorem 3.3.7 it follows that

1/2
1D3Prg ()| i) < £V (T Q)12 [ [ 1pata 4Nt

Therefore if the support of g is included in Bg = {z € H : |z| < R}, we
have

1D Pig (@)l (mry < t1/2 (Tr Q)'? | Dgllo N s (Br).
By Lemma 4.3.1, for any N € N, there exists C such that
Nu1q(B(0,R)) < Cnt™N.

Therefore
D3 Peg ()| 1,y < t~ VD2 (Tr Q)2 || Dyllo,
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and consequently it is not difficult to show that ¢ € UC%(H ),

Décp(az) = DéPtg(x)dt, x € H,
0

and

+o0
Tr[DZ?gp(a:)] = /0 Tr[D%Ptg(a;)]dt, x € H.

Now, in order to prove that ¢ satisfies (4.3.10) we can proceed as in the
proof of Theorem 4.1.2. I

Theorem 4.3.3 Let g € CY(H), 0 € (0,1), have bounded support and let

+oo
o(z) = / Pg(z)dt, x€ H. (4.3.11)
0
Then
(i) ¢ € D(Aq) and Mgy = —g,

(ii) ¢ € CHTO(H).

Proof. Let us prove (i). We have

+oo +o00
Pip(z) —p(x) = /0 Pisg(z)dt —/0 Pg(z)dt

_ —AZ@@Mt

Consequently there exists the limit limg_,g %(Psgp — ) = —g, and we have
Agy = —g. So (i) is proved. To prove (ii) fix A > 0. Then we have
Ap — Ay = Ap —g =: g1.

Since g € C%(H) and ¢ € D(Aq) C C’é;ra(H) by Proposition 3.5.4, we have
that g1 € C% (H). Therefore we may apply Theorem 4.2.3 and conclude that
peCH(H). O
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4.3.1 The Liouville theorem

We notice that constant functions are always solutions of the equation
1
§TI[D2Qg0(x)] =0, reH. (4.3.12)

In this subsection we want to see whether they are the only solutions.
Note that for any strongly continuous semigroup (7;) with generator
A, an element h € D(A) satisfies Ah = 0 if and only if T;h = h for all
t > 0. If Aa = 0, then a is called harmonic. We have therefore the following
definition.
A Borel bounded function ¢ is said to be harmonic if

Pp(z) =¢(z), xze€H, t>0. (4.3.13)

We can prove the following generalization of the classical Liouville the-
orem .

Theorem 4.3.4 The only continuous harmonic functions are the constants.
Proof. We will present here two different proofs.

First proof.
Let ¢ € Cy(H) be such that P,y = ¢, t > 0. Then by Theorem 3.3.3 it
follows that ¢ € Cé(H) and

1
D < — , t>0, z€H.
|Dop(z) \/EHwHo

Letting ¢t — oo we see that Dgy(x) = 0 for all z € H. This implies that ¢
is constant in the directions Q/2h for all h € H. Since ¢ is continuous and
Q'/2(H) is dense in H, it follows that ¢ is a constant as required.

Second proof.
We will prove first that if a — b € Q'/2(H) then

_ 1/2
Var(Naq — Nyo) < (e|Q V2 (a-b)F _ 1) . (4.3.14)
By the Cameron-Martin formula we have

dN Q- B
bQ(y) 1| 1/2(a—b)2+(Q /% (y—a),Q /2 (b a)>’ Y € H.
d“a,@

Moreover
dNy
Var(Nag — Npg) = /‘1—dNZ ‘dNaQ(dy)

[ 1 ey

2

IN

1/2
Na,cz(dy)] :
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Since the law of (Q~Y/2(y—a),Q7/2(b—a)) is Ny jg-1/2(_q)2, therefore
(4.3.14) follows.

Assume now that ¢ € Cy(H) is such that (4.3.13) holds. It follows from
(4.3.14) that

110-1/2(g— 1/2
$(a) = p(B)] = [Pip(a) = Pip(b)] < ligpllo (eF19 @0 — 1),

Letting ¢ tend to +oo gives p(a) = (b). As ¢ is continuous and Q'/?(H) is
dense in H it follows that ¢ is constant. O

If ¢ is not continuous the conclusion of Theorem 4.3.4 does not hold.
We have in fact the following result proved by V. Goodman [132], with an
elementary proof.

Proposition 4.3.5 There exists a nonconstant harmonic function.

Proof. We will first prove that there exists a Borel linear subspace Hy of
H different from H such that

Nyo(Ho) =1, t > 0. (4.3.15)

Let us choose a nondecreasing sequence () of positive numbers such that
ap 1 400, and > "7 apA; < +00, and define

oo
Hy = {x € H: Zak|xk|2 < —i—oo}.

k=1

This is certainly possible. For instance choose an increasing sequence (V)
of natural numbers such that

> <2 meN,

k>Nm,
and define
- 0 ifn < Nl,
no mlme§n<Nm+l
Then

i apA, = Z Z anAp
n=1 =
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One can check easily that Q'/2(H) C Hy. Moreover N;g(Hyp) = 1 since

o0 oo
/ Zak|$k|2NtQ(dI) = tz oA < +00.
H =1 k=1

Therefore the set Hy has the required properties.
Since for x € Hy, Hy + x = Hy, and for x ¢ Hy, (Hy + z) N Hy = (), the
function ¢ = x g, is harmonic. O



Chapter 5

Elliptic equations with
variable coefficients

This chapter is devoted to studying the equation

Nole) — 3 THQ) DPp(a)] = g(a), € H,

when the diffusion operator Q(z) € L(H) depends on x.

Here H is a separable Hilbert space, g € UC,(H) and A > 0. The idea is
to exploit the results of Chapter 4, which concerns equations with constant
coeflicients, using perturbation results.

The first case, which we consider in §5.1, is when Q(z) is a small per-
turbation to Q(0). In §5.2 we allow “large” perturbation by using Schauder
estimates .

5.1 Small perturbations

Let us first recall some classical results when dim H = d < +o0o. Consider
the following equation:

Nolw) — 5 THQ) D(a)] = g(a), w € H, (5.1.1)

where A > 0, g € UCy(H), and Q € UCy(H; H). Assume moreover that the
ellipticity condition

(Q2)€,€) = vIEP, Va,€ € H,

90
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holds for some v > 0. Now we set Q(0) = @ and assume for simplicity that
@ = I. Then we rewrite equation (5.1.1) in the form

No(z) — %Agp(:p) - %Tr[F(x)D%(x)] — g(x), x € H, (5.1.2)

where F(z) = Q(x) — 1.
Moreover we set ¢ = A\p — $Ap, so that equation (5.1.2) becomes

Y =) =g, (5.1.3)

where
() (z) = %Tr [F(m)DzR ()\, ;A> w(x)} , v € H. (5.1.4)

Notice that if d > 1 the mapping v does not map UCy(H) into itself, since
the domain of the Laplacian is not UCZ(H), but for any 6 € (0,1/2) it
maps CY(H) into itself, provided F' € C{(H; H), in view of the Schauder
estimates . Consequently if we assume that F € C’g (H; H) and that the
norm ||F Hch( m;m is sufficiently small, we have that 7 is a linear bounded
application of Cg (H; H) into itself with norm less than 1. By the Banach-
Caccioppoli fixed point theorem it follows that equation (5.1.4) has a unique
solution ¢ € C?(H). Consequently equation (5.1.1) has a unique solution
p e CH(H).

Summarizing we can say that equation (5.1.1) has a unique solution pro-
vided Q(x)—1 is small in norm C?(H; H). It is well known that this condition
(usually called the Cordes condition) implies that all the eigenvalues of Q(z)
are close to 1.

Let us try to repeat the above argument in infinite dimensions choosing
Q(x) of the following form: Q(z) = Q'/2(1 + F(x))Q'/?. We write equation
(5.1.1) as

Ap(z) — Agep(x) — éTr[F(x)Décp(x)] =g(x), x € H, (5.1.5)

where the operator Ag is the infinitesimal generator of the heat semigroup
defined by (3.5.3)-(3.5.4). Setting 1) = Ap — 2Ap, (5.1.5) becomes

Yv—) =g, (5.1.6)

where

V() () = %Tr[F(x)DéR(A,AQ)z/J(a:)], ve . (5.1.7)
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Similarly to the finite dimensional case, we want to prove that ~ maps
Cg (H) into itself. But in this case it is not enough to assume that the norm

CY(H;H) of F is small (for instance F' = eI, with ¢ small), because the
operator F' (-)DéR(A, A@)1 is not necessarily of trace class. Therefore we
shall choose F(z) € Li1(H), = € H, and such that its L;(H) norm is small.

Let us introduce some notation. We denote by UCy(H; L1(H)) the Ba-
nach space of all mappings F' : H — Ly(H) that are uniformly continuous
and bounded endowed with the norm

1Fllo = sup [[F'(z)]|, (rr)-
zeH

Moreover, for any 6 € (0,1) we denote by C%(H;Ll(H)) the space of all
mappings F' € UCy(H; L1(H)) such that

o 1) = PO,
e Q=)

C’%(H; L'(H)), endowed with the norm

[Flo.g ==

i3

0,0 = [IFllo + [Flo.q
is a Banach space.

Theorem 5.1.1 Let § € (0,1), A >0, g € CH(H) and F € CH(H; L1(H))
be such that I + F(z) € LT (H) for all x € H. There exists €y > 0 such that
if | Fllo,@ < €0, then there is a unique ¢ € C'?;e(H) N D(Aq) such that

No(w) — Bgp(a) — S THF()Ddpe)] = g(e), w € H (5.18)

Proof. As we have noticed before, equation (5.1.8) can be written in the
form (5.1.6). By Theorem 4.2.3 one can easily check that v € L(C’gz(H))
and

||7||L(UC%(H)) < Col[Fllo,0-

Therefore the conclusion follows again from the Banach-Caccioppoli fixed
point theorem. [J

Remark 5.1.2 By a result due to L. Zambotti [223], it follows that, under
the assumptions of Theorem 5.1.1, there exists a unique martingale solution
to the differential stochastic equation

dX = \JQU2(1 + F(X))QV? dW(t), X(0) =« € H,
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where W is a cylindrical Wiener process taking values on H.
Note that the operator

Lo(x) = STr(1+ F(x) Dypla)], o € H,

is a natural candidate for the generator of the solution.

5.2 Large perturbations

Here we are looking for a solution ¢ € 062;9 (H)ND(Ag) of equation (5.1.5)
under the stronger assumption that F' € C¢(H; L'(H)) but without assu-
ming that the norm of F' is small. We shall extend to infinite dimensions
a well known procedure, see for instance A. Lunardi [162], based on the
maximum principle, localization and the continuity method. We shall follow
P. Cannarsa and G. Da Prato [31].

We need a last notation. We denote by C?(H, L*(H)) the Banach space
of all mappings F € UCy(H; L'(H)) such that

1 (z) = F(y)llz,
Flg := su
[ ]6 x,yEI}J |3j - y|0

< 00

If Fe C’gg(H, LY(H)), we set
1Ello = [[Fllo + [Flo-
The main result of this section is the following, see [31].

Theorem 5.2.1 Let 6 € (0,1), A >0, g € C%(H), and F € CY(H; L1(H))
be such that I + F(z) € LT (H) for all x € H. Then there exists a unique
solution ¢ to the equation (5.1.5).

The proof is split into three parts: uniqueness which is a consequence of
the maximum principle (Proposition 5.2.2) , localization (Proposition 5.2.3)
and a classical continuity argument.

Proposition 5.2.2 Let ¢ € D(Ag) N C’éJro(H) be a solution of (5.1.5).
Then we have

1
llello =+ llgllo- (5.2.1)
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Proof. It is enough to prove the proposition when ¢ > 0. Recall that Ag g
is the linear operator defined by (3.5.3)-(3.5.4).

Step 1. If ¢ € D(Ag @) N CE™(H) then (5.2.1) holds.

Let ¢ € D(Apg) N CéJrG(H). By Lemma 3.2.6 for any € > 0 there exists
e € UC,(H) such that

(i) . attains a maximum in H,

(i) ¢ — e € D(Ao,Q) and [[Aoq(p — ¢e)llo <.

Then we have

Moo — STH(L+ F(@)Dhe] = g+ Alpe )

_%Tr[g + F(x)) Dy — )],

If . is a maximum point of ¢., we have clearly

Tr[(l + F<x)) D%‘Ps(xe)] = Z )\kD]%‘Pe(xe) <0,
k=1

where (\;) are the eigenvalues of QY/2(1 + F(z))Q/?, and so

ST+ (@) D)) < 0.

Consequently A|l¢cllo < |lgllo + o(€), and the conclusion follows letting e
tend to zero.

Step 2. General case.
Given ¢ € D(Ag) N Cg;a(H) we set ¥ = ¢ — Agep. Let € € (0,6), and
let (¢,) C UC}(H) be such that
lim 1, = v in CY(H),

and set ¢, = R(\, AQ)ty. Then by Theorem 4.1.2 we have ¢, € D(Ag ).
Moreover

lim ¢, =¢ in Cé+9_5(H),
n—oo
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by Theorem 4.2.3. Now

Non = 5 THl(1+ F()D3gal = g+ Apn — ¢)

1
~ ST+ FO) D0 — 2l
By Step 1 we have
1
lenllo < 5 (llgllo + o(n))

and the conclusion follows letting n tend to infinity. O
Let us prove an a priori estimate by localization.

Proposition 5.2.3 Let A > 0 and § € (0,1). There exists a constant C =
C(A\,0) > 0 such that if g € C%(H) and ¢ € C’éJre(H) is a solution to
equation (5.1.5), we have

lell2+0.0 < Cllgllo.q- (5.2.2)

Proof. Let o € C3°([0,400);[0,+00)) be such that 0 < o <1, a(r) = 1 if
0<r<1,and a(r) =0if r > 2. Set

|z — 2|

mﬂ@=a<

Then there exist L1, Lo > 0 such that

), x,z € H, r €0,1].

r

L L
Dpar()| < 5 1D%par(2)| < 5, @,z € H 1w >0,

Now for any z € H we set 1) = p, ¢ and look for the equation fulfilled by
1. We have

Dgﬂ/} = @Dépz,r + pac,rD%(P + 2Dpr,r &® DQQO,
which implies
TH[(1 + F (@) D4] = ¢ Tel(1 + F (@) Ddps]
+pzr Tr[(1+ F(2)) D3] + 2((1 + F(2)) Dgpar, Dop).-
It follows that

b — %Tr[(l + F(x0)) D3] = g1 + 0o, (5.2.3)
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where
g1 = 5 TH(F(2) = F(a0)) D3y,

and

g2 = 2{(1 + F(2))D@par, Dog) + ¢ Tr[(1 + F(2)) D3 par] + parg-

We first estimate ¢;. In the proof we shall denote by Ck, k& € N, differ-
ent constants depending only on A, @, F. We recall that, by the maximum
principle (Proposition 5.2.2), we have ||¢|lo < C1||gllo. Moreover

llgillo < Call?ll2,0, (5.2.4)

and, recalling that ¢g; vanishes outside B(zg,2r), it follows that

1
[g1le.q < §[F]9H¢H2,Q

1
t5l¥llaroe  sup  |[F(z) = F(zo)| Ly ().

z€B(xo,2r

Now, taking into account that F' € CY(H; L1(H)) we find

lgrllo.e < C3(rl[¥ll2+0.0 + I¥ll2.Q)- (5.2.5)

Moreover, by the interpolatory estimate (3.3.2) and by (5.2.5) we find that

_2 _0
lgrllog < Calr’llellz+o. + KlI¥lG™ [11575,0)-

From Young’s inequality, (1) we get

_p2
0.0 < C5(r?|1Yll210.0 + 77 /1%]lo).-

g1

Using the maximum principle again we end up with the estimate

92
lg1llo.0 < Co(r®1¥ll2ra.0 +77%"*[gll0)- (5.2.6)

As far as the estimate of g is concerned, we have

1 1 1
<C7| - - — . 5.2.7
lozlo < Cr (Helhsaa + 5iglalo+ glalac). (27

T,y >0, pg>1,and 1/p+1/q =1, we have zy < %—&—%.
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In conclusion, from (5.2.5), (5.2.7), and the Schauder estimates we find

[¥ll246.0 < cllgr + g2llo.0

1 1 1
< Cs (r? —0*/2 - - — .
< G (Iollzsog + gl + 1elhsag + g lallo + gl

(5.2.8)

We fix now once and for all r € (0,1] such that Cgr? < 1. From (5.2.8) we
find

[¥ll2+0.0 < Colllelliveq + llglle.q),

which implies
Il s(appy < Colllelizo + llglloe).

and, due to the arbitrariness of x,

llell2+0,0 < Colllellito,.0 + ll9llo.Q)-

Using once again an interpolatory estimate, we obtain

1+6 1

lell2ro.0 < Crolliells™ llellste.q + lalleq).

By Young’s estimate, we find that for each € > 0 there exists a constant
C(e) > 0 such that

lell2+e. < Criellellzroq + Cle)lglloq)-

Choosing finally € such that eCy; < %, we have

lell2ro.0 < Cizllgllog- O

Proof of Theorem 5.2.1. We use the classical continuity argument. Fixing
A > 0, we want to prove that for any g € C’g(H), 0 € (0,1), there exists a
unique solution ¢ to the equation (5.1.8).

For any « € [0,1], we consider the equation

«
Ap — Agp — 5 Tr[F(ac)Dégp] =g, (5.2.9)
and we set

A={ae]0,1]: (5.2.9) has a unique solution in Cé+9(H)}.
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We now prove that the set A is open and closed in [0, 1], which will imply
A =[0,1]. In fact that A is open in [0, 1] follows from Theorem 5.1.1. Let
us prove that A is closed.

Let (o) C A be convergent to @, and set ¢, = Ty, g, so that

Aupn — Agpn — % Te[F(2) Dyon] = g. (5.2.10)
Then we have
Mpn=om) = Dolpn = pm) = 55 T[F(@)D(pn — om)]
Ay, — Qi

By Theorem 4.2.3 it follows that

C
lon = emllz+o.0 < 5 lam — anl [ Fllollonl2+0.0,

and also )

C
len = emll21o.0 = -lom — anll Fllellgllo.q-

Consequently, there exists ¢ € CéJrQ (H) such that ¢, — ¢ in UC’C?;Q(H ).
Letting n tend to infinity in (5.2.10), we find that ¢ is a solution to (5.2.9)
with o« = @ and the conclusion follows. O



Chapter 6

Ornstein-Uhlenbeck
equations

In this chapter we consider the following parabolic equation on a separable
Hilbert space H: (1)

{ Dwu(t,z) = 3Tr[QD?u(t,z)] + (Az, Du(t,x)), t> 0,2 € D(A),
u(0, z) = p(x), z€H, pc UCY,(H).
(6.0.1)

Here A : D(A)CH — H is the infinitesimal generator of a Cy semigroup e*4,

t>0,and Q € LT (H).

Our basic assumption is

Qi€ Ly(H), t>0, (6.0.2)
where

t
Qix = / Qe N v ds, xeH, t>0. (6.0.3)
0

This assumption is needed in order that the problem is well posed, see §6.1
below. Notice that, unlike the case A = 0 studied in Chapter 3, the choice
Q@ = I is allowed for a suitable A; it is enough that fg Tr[es4es4™] ds < +oo.

Of the sections, §6.1 and §6.2 are devoted to existence and uniqueness of
strict and classical solutions respectively, §6.3 to properties of the semigroup
corresponding to the evolution equation (6.0.1), and §6.4 to the elliptic
equation

Ao(z) — %TI‘[QDQQO(QC)] + (Az,Dp(z)) = g(z), t>0, z€ D(A), (6.0.4)

I'We set everywhere D, = D.

99
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where A > 0 and g € UCy(H). Finally §6.5 and §6.6 are devoted to the
following perturbed equations:

{ Dyu(t,z) = $Tr[QD?u(t,z)] + (Az + F(z), Du(t,z)), t > 0, x € D(A),

u(0,z) = p(x), =€ H,
(6.0.5)

and

Nolw) — 5 THQD o(w)] + (A + F(x), Dp(x)) = g(x), 1> 0, v € D(A)
(6.0.6)

where ¢, g € UCy(H) and F : H — H is continuous and bounded.

6.1 Existence and uniqueness of strict solutions

We are here concerned with the parabolic equation (6.0.1) under the basic
assumption (6.0.2).

In order to study (6.0.1) it is useful to consider an auxiliary problem, see
Yu. Daleckij and S. V. Fomin [63] and P. Cannarsa and G. Da Prato [31]:

{ Dw(t,z) = iTr[e!1Qe!" D%v(t,z)], t >0, € H,

v(0,x) = p(x), =€H, (6.1.1)

where ¢ € UCy(H). As we shall see, the solutions of problems (6.0.1) and
(6.1.1) are related by the formula

u(t,z) = v(t,e?z), t>0, z e H. (6.1.2)

We will start by proving that, if ¢ is sufficiently regular and a natural
additional condition is fulfilled, then there exists a unique strict solution of
(6.0.1).

A function u(t,x), t > 0, x € H, is said to be a strict solution to equation
(6.0.1) if

(i) w is continuous on [0,400) x H and u(0,-) = ¢,

(ii) u(t,-) € UCE(H) for all t > 0, and QD?u(t,z) € L1(H) for all z € H
and t > 0,

(iii) for any = € D(A), u(-,x) is continuously differentiable on [0, +00), and
fulfills (6.0.1).
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Similarly, a function v(¢,z), t > 0, x € H, is said to be a strict solution
to (6.1.1) if

(i) v is continuous on [0, +00) x H and v(0,-) = ¢,

(i) v(t,-) € UCE(H) for all t > 0, and e Qe!" D2u(t, ) € Ly(H), for all
x € H and t > 0,

(iii) for any « € H, u(-,x) is continuously differentiable on (0,400), and
fulfills (6.1.1) for ¢ > 0.

Let us first consider the auxiliary problem (6.1.1). It is similar to problem
(3.1.6). Thus we will proceed as in Chapter 3. If H is finite dimensional
then one can easily solve problem (6.1.1). It is in fact a parabolic equation
with coefficient depending on time but not on space. We find, after some
straightforward calculations,

v(t,x) = /Hgo(x +y)No,(dy), € H, t>0, (6.1.3)

where @) is defined by (6.0.3). This formula justifies our basic assumption
(6.0.2).
We say that v(t, z), defined by (6.1.3), is a generalized solution to (6.1.1).
The following result can be proved as Theorems 3.2.3 and 3.2.7.

Lemma 6.1.1 If ¢ € UCZ(H), then problem (6.1.1) has a unique strict
solution v given by formula (6.1.3).

We now prove the result.

Theorem 6.1.2 Assume that assumption (6.0.2) holds. Let o € UCZ(H)
be such that QD?*p € UCy(H; Li(H)). Then problem (6.0.1) has a unique
strict solution u given by the formula

u(t,z) = /Hga(etAx +y)Ng,(dy), t>0, z€ H. (6.1.4)

Proof.
Existence.

We check that u, given by the formula (6.1.4), is a strict solution of
(6.0.1). First it is clear that u has the required regularity properties. Thus
we have only to show that, if x € D(A), then (6.0.1) is fulfilled; but this
follows from a straightforward verification.
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Uniqueness.

We assume here that u is a strict solution of (6.0.1), and prove that it is
given by formula (6.1.4).

We proceed in two steps. First we assume that A is bounded. Then
setting v(t, ) = u(t,e *z), we see that v is a solution of (6.1.1). Thus by
the uniqueness v is given by (6.1.3) and consequently u by (6.1.4).

Consider now the case of a general operator A. We start from the obvious
identity,

Duwu(t,z) = 3Tr[QD>u(t,z)] + (Anz, Du(t,z))
+{(A — Ap)x, Du(t, z)),
u(0, z) = ¢(x), x € H, o € UCy(H),

where A, = nAR(n,A), n € N, are the Yosida approximations of A. It is
not difficult to show that u is given by the variation of constants formula,

u(t,r) = /Hw(etA"ery)NQg(dy)

t
[ [(a= Anelt s, Dulelt= s+ )Ny (),
0 JH

where .
Qix = / Qe ds , v e H, t >0, n e N.
0
Now the conclusion follows letting n tend to infinity. O
Remark 6.1.3 If Q € L (H) the conclusions of the theorem hold assuming
only that ¢ € UCZ(H).

Remark 6.1.4 It is interesting to notice that (6.0.1) is the Kolmogorov
equation corresponding to the linear stochastic equation

dX = AXdt + QY2dW (t), X(0) =z, (6.1.5)

where W is a cylindrical Wiener process on H, see G. Da Prato and J.
Zabczyk [101] and Chapter 7 below.

Let us recall that, in virtue of assumption (6.1.2), equation (6.1.5) has
a unique mild solution given by

t
X(t,z) = ez +/ =4 aw(s), t>0. (6.1.6)
0
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The corresponding transition semigroup, called the Ornstein- Uhlenbeck semi-
group, is defined as

Rip(z) = / o(e'z +y)Ng,(dy), =€ H, t>0, (6.1.7)
H

where Q¢ is given by (6.0.3).

6.2 Classical solutions

We assume here that (6.0.2) holds and, given ¢ € By(H), we consider the
generalized solution wu,

u(t,z) = / o(ez +y)Ng,(dy), =€ H, t>0, (6.2.1)
H

of equation (6.0.1).
It is convenient to write problem (6.0.1) in the following form:

Dwu(t,z) = 3Tr[QDu(t,z)] + (x, A*Du(t,z)), t>0, z € H,
w©,2) = (), veH,

(6.2.2)

where A* is the adjoint operator of A.

As in Chapter 3, it is not true in general that a generalized solution
u(t,x) is Fréchet differentiable for ¢t > 0, but it would be possible to prove
differentiability in special directions as in §3.3. However, we limit ourselves
to considering a class of equations for which generalized solutions are Fréchet
differentiable for t > 0, for each bounded Borel initial function ¢. (?)

A function u(t,z), t > 0, x € H, is said to be a classical solution to
(6.2.2) if

(i) w is continuous on [0,400) x H and u(0,-) = ¢,

(ii) u(t,-) € UCE(H), for all t > 0, and QD*u(t,z) € Li(H), for all
re H, t>0,

(iii) Du(t,x) € D(A*) for allz € H, t > 0,

(iv) for any © € H u(-,x) is continuously differentiable on (0,+00), and
fulfills (6.2.2).

2We denote by By(H) the set of all Borel mappings from H into R.
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Classical solutions will exist under the following assumption, called the
controllability condition, see J. Zabczyk [215]:

eA(H) c Q*(H), forallt>0. (6.2.3)
We will assume (6.2.3) from now on and we will define

Av=Q e ¢>0, (6.2.4)

where @, /2 denotes the pseudo-inverse of Qi /2 1t follows from the closed
graph theorem that A; is a bounded operator in H, for all ¢ > 0.

Remark 6.2.1 Hypothesis (6.2.3) is equivalent to null controllability, see
Appendix B, of the deterministic system

¢ = At +QY2%u, £(0) = &. (6.2.5)

If hypothesis (6.2.3) holds, then for any ¢ > 0 there exists a constant ¢; > 0
such that

Qr > cpet et (6.2.6)

Since Q; is of trace class, this implies that !4 € Lo(H), for all t > 0. Also
we have

A (H) c QY (H), s < t. (6.2.7)

For the proof of all these facts see Appendix B.

First we study regularity properties of the generalized solution , and then
we show existence and uniqueness of a classical solution.

The controllability condition is closely related to the regularity of the
generalized solution and of the strong Feller property for the transition semi-
group (Ry), see G. Da Prato and J. Zabczyk [101].

Theorem 6.2.2 Assume that (6.0.2) and (6.2.3) hold. Then for any ¢ €
By(H) and any t > 0 we have Ryp € UCY°(H).
In particular for any g, h,x € H, we have

(DRyp(x),g) = /H (Ao, Qi ) + ) Ng, (dy), (6.2.8)
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and

(D?Ryp(x)g, h)

— /H [(Arg, Q; Py (Meh, Q) — (Avg, M) p(e e + y) N, (dy).

(6.2.9)

Moreover the following estimates hold:
IDRip(x)] < ||A¢l| l¢llo, t>0, z € H, (6.2.10)
ID?Rep(x)| < V2 A ello. t>0, x € H. (6.2.11)

If conversely Ryp € Cy(H) for any ¢ € By(H) and any t > 0, then
assumption (6.2.3) holds.

The first statement of the theorem implies that (R;) is strong Feller.
Proof of Theorem 6.2.2. Assume that (6.2.3) holds. Let ¢t > 0, ¢ € By(H)

and x € H. Since ez € Qiﬂ(H), the measures N, o, and Ng, are
equivalent and the corresponding density pi(z,-) is given by the Cameron-
Martin formula (see Theorem 1.3.6):

dNyay o,

= H
dNQt (y) pt($7 y)a Yy e )

where e
pt(x’ y) — e<Atx7Qt y>7%‘At$‘27 y c H.

Therefore we have
= =1/2 \ 1 =2
Ryp(x) = /Hw(y)emt QTN NG (dy).

Now, proceding as in the proof of Theorem 3.3.3, we see that Ryp(x) is
differentiable an arbitrary number of times. In particular, for g,h € H,
(6.2.8) and (6.2.9) follow. Let us prove (6.2.10). Using the Holder inequality
we find from (6.2.8) that

[(DRyp(x),9)* < ||s0\|3/H|(Atg,Qt1/2y>\2NQt(dy) = llli5lAgl®.

Therefore (6.2.10) follows; (6.2.11) can be seen similarly.
Let us prove the last statement. Assume in contradiction that for ar-
bitrary ¢ € By(H), Rip is a continuous function but nevertheless for some
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ro € H, etaqy ¢ Qtl/Q(H). Then, for all n € N, the measures N1 4, o,

and Ng, are singular by the Cameron-Martin theorem. Consequently, for
arbitrary n € N there exists a Borel set K, C H such that

N%etAa:O,Qt (Kn) =0, NQt (Kn) =1,
and if K = (2, K, then

NletAxo,Qt (K) - 0, NQt(K) = 1

n

If ¢ = Xk, then Ryp(72) =0, n € Nand Ryp(0) = 1. Therefore the function
R is not continuous at 0. O

Exercise 6.2.3 Prove that for all n € N there exists a constant C,, > 0
such that

| D" Rep()|| < CnllAel|™l¢llo, n €N, t >0, x € H. (6.2.12)

Our aim now is to prove the following existence and uniqueness result.

Theorem 6.2.4 Assume that (6.0.2) and (6.2.3) hold, that the operator
A+A has a continuous extension to H and QY?A; € Ly(H), t > 0. Then
problem (6.2.2) has a unique classical solution.

Proof. Existence will follow from Propositions 6.2.5 and 6.2.8 below and
uniqueness from Theorem 6.1.2 since the restriction of a classical solution
to [e,4+00) x H is clearly a strict solution on [e, +00) for any e > 0. O

We show first that, under appropriate assumptions, DRip(z) € D(A*)
for any t > 0 and any ¢ € By(H).

Proposition 6.2.5 Assume that (6.0.2) and (6.2.3) hold and moreover that
the operator Ay A has a continuous extension AyA to H, ¥t > 0. If p € By(H)
and t > 0 then DRyp(x) € D(A*) for all x € H, and it results that

(A*DRyp(x), h) = /H (KA b, Q; 2y) o5 + y)Noy (dy), h € H.
(6.2.13)
Moreover

IA*DRipllo < 1A:A]l [lello (6.2.14)

Proof. The conclusion follows easily from (6.2.8). O
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Remark 6.2.6 If !4 is a differentiable semigroup then A;A is closable and
its closure is given by

MNA = Q;l/Qet/QAAet/2A‘
Thus A¢A is bounded in view of (6.2.7).

To show that, under a suitable assumption, D?R;o(z) is of a trace class
for any t > 0, we need a lemma due to J. Zabczyk, see [220].

Lemma 6.2.7 Let u = Ng be a Gaussian measure on (H,B(H)) and let
Y € By(H). Define a linear bounded operator Gy, in H by

(G, B) = /H (, RY25)(8, R™Y2y) — (0, B)(y)u(dy), o, € H.
(6.2.15)

Then G € Lo(H) and

G0y < 2llello- (6.2.16)

Proof. Let (e), (A\x) be eigensequences relative to @, and set yp, = (y, ep),
y € H and h € N. Then for any h, k € N we have

V2 (e, )2 iR =k,
<G6h, 6k> =
(s Chp) 2y  iEh#F,

where

m(y) =272 R - 1] Gur(y) = Ow) ™ Py, y € H.

By a direct verification we can see that the system of functions on L?(H, 1),
Mhs Chk, h,k €N, is orthonormal. Therefore, from the Parseval equality
it follows that

> Gener)? < 2 Keom)rzarwl> + Y 1@ Cukdr2aml®
hok=1 h=1 hom1

IN

2/l0lI3,

and the conclusion follows. O
We are now in a position to prove, following J. Zabczyk [220], the result,
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Proposition 6.2.8 Assume that (6.0.2) and (6.2.3) hold and moreover that
p
QY2A; € Ly(H), t > 0. If p € By(H) and t > 0 then QD*Ryp(z) € Ly (H)

and

TI“[QDQRt(p(.%')] = (Ql/zAt)*Gw(etAz+,)Ql/QAt, (6217)

where G is defined in Lemma 6.2.7. Moreover
1QD? Rep(@) | 1y < 21Q > AdllF oy lollo, = € H. (6.2.18)
Proof. By (6.2.9) it follows that

<D2Rtg0(a:)Q1/2h, Q1/29>
= [ 8@ 20,0 ) Q2. ) — (3Q 2. Q)

X@(CtAx + y)NQt (dy) = <G80(eiAx+')AtQ1/2h7 Ath/zg>‘
Therefore
Q'2D?Ryp(2)Q'/? = Ql/zA:G@o(emm—&-')Ath/Q’

and the conclusion follows from Lemma 6.2.7. O
The following estimates of the second derivative D?R;¢ will be useful in
the sequel.

Proposition 6.2.9 Assume that (6.0.2) and (6.2.3) hold. Then for any
¢ € UCL(H), t >0 and any z,h,g € H we have

(DRip(a).h) = [ (De(ea +3). )N, (), (6:219)
and
(D*Replalhg) = [ (819.Q; 5} (Dile! e+ 3). ') Ny (dy). (6:220)
Moreover
1D Rep ()| < [l [ Aell ol (6.2.21)
Finally, if Q'2?A; € Ly(H), for allt > 0, we have QD*Ryp(z) € Ly(H),

Tr[QD?Ryp(x)] =/ <Q1/2A*Q Y2y QY2 Dy (et $+y)> No, (dy),
(6.2.22)
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and the following estimate holds:

1QD*Rip ()| Ly < 10Qe™ | Ly llipllns « € H. (6.2.23)

Proof. Let ¢t > 0 and z € H. By (6.2.19) and Theorem 6.2.2 we easily find
(6.2.20). Moreover we know by Proposition 6.2.8 that QD?Ryp(x) € L1(H).
Now (6.2.22) follows from (6.2.20). We have in fact, denoting by (e) a
complete orthonormal basis in H,

Tr[QD?Ryp()]

= /H<AtQ1/2ek, Q; Py)(Dy(e e + y), QY 2er) Ny, (dy)
k=1

B /H<etAQA:Q; Y2y De(ez + y)) No, (dy).

Now, by the Holder inequality, we have
2 *—1/2
QD Ris(@ < el [ 1e1QA7Q; i No (dy)

= [lelf Tr [ QAT AQe ],
and (6.2.23) follows. O

Exercise 6.2.10 Prove that for all n € N there exists a constant Cy, > 0
such that

ID"Rep(@)| < Crn 1] 1A lipll, n €N, ¢ >0. (6.2.24)
We end the section with an example.

Example 6.2.11 Let (ey,) be a complete and orthonormal basis in H, and

assume that Ae, = —ape,, Qen = Ynen, n € N, where ay,, v, > 0,
n € N and a, T +00. Then we have
Qien = 7—”(1 —e 72ty >0, neN.
200,

Therefore the basic condition (6.0.2) is equivalent to

o0

3 T < 400, neN. (6.2.25)
(%

k=1

n
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Concerning the controllability condition (6.2.3), since

2c
Ney—=—29" 4> 0 neN
ten ’yn(ezo‘nt _ 1)7 ZUn )

it is equivalent to

2
|A¢]|*> = sup -

SUp S ledant —qy 1o t=0 el (6.2.26)

We come finally to conditions for the existence of a classical solution; they
are fulfilled provided

2 3
HAtA||2 = 8161113I ﬁ < +oo, ¢ > O, n e N, (6227)
n n
and, since
2% 1/2
Ath/zen = |:62atn—2|_:| €n, t Z 0, n e N,
if
o0
1A QY21 = Z e2a M <400, t20,neN. (6.2.28)

It is interesting to notice that the condition A;Q'/? € Ly(H) involves only
the operator A and not the covariance operator Q.
Finally we consider the particular case where

an=n% Y,=n""7, neN, (6.2.29)
where «, are positive numbers. In this case the basic condition (6.0.2) is
equivalent to o+ > 1. In this case the controllability condition holds since

2ntY
2 _
[A]" = SUD g < 00, t>0,neN.

It is easy to see that there exists C' > 0 such that

~

1Al < CH 55, t>0. (6.2.30)
Also conditions (6.2.27) and (6.2.28) are fulfilled and

IAA| < Ot %, t>0, (6.2.31)
IAQY2| < Cot~ i, t>0, (6.2.32)

for suitable constants C'y and Cb.
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6.3 The Ornstein-Uhlenbeck semigroup

We are here concerned with the family (R;) of linear bounded operators on
UCy(H) defined by Ry = I and

Rip(x) = /H p(edz +y)Ng,(dy), x€H, t>0, pcUC,(H). (6.3.1)

As we shall see, (R;) is a semigroup of linear bounded operators on UCy(H).
However, it is not strongly continuous, unless A = 0, see S. Cerrai [35]. We
have in fact

Rion(x) = Re[ei<etAx’h>e_%(ch’h)], if op(z) = Re(e"™™) z,h € H,

and consequently the limit lim; .o Reop(z) = Re(e*™)) is not uniform on
x e H.

We are going to find a characterization of the maximal subspace of
UCy(H) where (R;) is strongly continuous. For this it is useful to intro-
duce an auxiliary family (Gy):>o of linear operators on UCy(H) (which is
not a semigroup),

Giota) = [ ¢)Naguldn), 20, ¢ UCKH).
Clearly we have
Rip(x) = (Gep) (), >0, ¢ € UCH(H).
Then we prove the following result.

Proposition 6.3.1 Let ¢ € UCy(H). Then the following statements are
equivalent.

(i) }in%Rt«p = in UCy(H).
(i1) %in% o(e ) = o(x), uniformly on = € H.

Proof. We show first that for any ¢ € UC,(H) we have

%ir% Gip=¢ InUCy(H). (6.3.2)
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In fact since ||Geello < ||¢llo, ¢ € UC,(H), it is enough to prove (6.3.2) for
¢ € UC}(H). In this case we have

Guplz) — p(@)P < /H oz +y) — () Ng, (dy)

< Jel? /H W2 No, (dy) = TH(Qd),

and the conclusion follows letting ¢ tend to 0.
We now prove that (i) = (ii). We have in fact

lp(ez) — p(2)| < [p(ez) — Grp(e ) + |Rup(x) — ().

It follows that
lim o(e"2) ()| = lim | Rup() — ()] = 0.

The implication (ii)=(i) can be proved in a similar way. O

The semigroup (R;) belongs to a special class of semigroups of linear
bounded operators on UCy(H ), called 7-semigroups, introduced and exten-
sively studied by E. Priola [189]. In the following subsection we collect some
results on 7-semigroups needed in what follows.

6.3.1 m-Convergence

We first introduce the notion of m-convergence. It arises systematically as
bpc-convergence in the book by S. N. Ethier and T. G. Kurz [112]. A se-
quence (p,,) C UCy(H) is said to be w-convergent to a function ¢ € UC,(H)
(and we shall write ¢, — ¢) if for any x € H we have HILHgO on(z) = p(x)

and if sup, ¢y [|¢nllo < +oo.

A subset A of UCy(H) is said to be w-dense if for any ¢ € UCy(H) there
exists a sequence (¢,) C A such that o, 5 .

Now we introduce the space E(H ) of all exponential functions in H. E(H)
is the linear subspace of UCy(H) spanned by the set of all real parts of the
functions (™), cp. In some cases it will be useful to consider also the
space E4(H) of all real parts of the functions (ei<m’h>)heD(A*), where A* is
the adjoint of A.

Let us prove an approximation result.

Lemma 6.3.2 For any ¢ € UCy(H) there exists a multi-sequence (¢n, nyns)
in Eo(H) such that
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(Z) ||90n1,n27n3‘|0 < H@HO: fOT’ all n1,n2,n3 € Na
(i) we have

lim lim lm @n, pens(z) = @(z), Vo € H.

n1—00 N2 —00 N3 —00

Proof. Let ¢ € UCy(H) and let (P,) be a sequence of orthogonal finite
dimensional projectors strongly convergent to the identity. Set

(pnl(x) = ¢(Pn1<m))a r € H, n; €N,

Fix ny € N. Since the range of P, is finite dimensional, it is not difficult
to construct a sequence (¢p, n,) € E(H) such that |[¢n, n.llo < |l¢llo and
limy, 00 ©nyme () = ¢n, (), Vo € H. Now it is easy to check that the
sequence

Pnynams (T) = Pny ny (3 R(ns, A)z), = € H,
fulfills the required conditions. [J

Remark 6.3.3 One can introduce locally convex topologies on UCy(H) for
which the convergence of sequences is identical with m-convergence, see E.
Priola [189]. Other locally convex topologies on UCy,(H) are investigated in
B. Goldys and B. M. Kocan [130] and F. Kithnemund [151].

6.3.2 Properties of the m-semigroup (R;)

Proposition 6.3.4 Let (R;) be defined by (6.3.1) fort >0 and Ry = 1.
(i) (Ry) is a semigroup of linear bounded operators on UCy(H). Moreover

[Rello < [lello, o € UCy(H), t > 0.

(i) If on = @ in UCy(H) then Rypn — Ryp in UCy(H) Vt > 0.
(iii) For all ¢ € UCy(H) and for all x € H the function [0,+00) —
R, t — Rip(z) is continuous.

Proof. It is easy to see that R, € L(UCy(H)) for all ¢ > 0, and that
|IR:pllo < |l¢llo, for all ¢ > 0. The semigroup law, Ry1s = RiRs, t,s > 0,
follows from classical properties of Gaussian measures. Here is a different

proof. In view of Lemma 6.3.2 it is enough to prove the result for ¢p(z) =
Re(e“®M) h € D(A*). In this case we have

Ripp(z) = Re |l mh—g(@hh)| >0 2eH.
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Consequently
RsRipp(z) = Re ei<e(t+s)Am’h>_%<(Qt+etAQSetA*)h’h>] , t>0,reH.

Since Q; 4 €1 Qse!” = Qi44, (i) is proved. Part (ii) follows easily using the
dominated convergence theorem. Finally, let us prove part (iii). We only
verify continuity of Ryp(x) at 0. Let first p € UC}(H), then we have

Rip(a) — plz) = /H (s + 1) — p(@)|No, (dy), t>0, z € H,

and so
|Rep(x) — o(x)| < |lglhles — x| + /H | Ng, (dy).

Since

[/H |y|NQt(dy):|2S/I{|y’2NQt(dy) Tr Q.

(iii) also follows.
In the general case it is enough to approximate ¢ by a sequence p, — @
in UCb(H ) U

Remark 6.3.5 We could replace m-convergence by stronger notions of con-
vergence requiring for instance uniform convergence on compact or on
bounded sets, see S. Cerrai [35], E. Priola [189], B. Goldys and B. M. Ko-
can [130], and G. Tessitore and J. Zabczyk [209]. Also one could replace in
several places UCy(H) with Cy(H) but, for the sake of simplicity, we limit
ourselves to m-convergence in UCy(H).

6.3.3 The infinitesimal generator
Following E. Priola [189], we define the infinitesimal generator L of (R;) by
{ D(L) = {p € UCy(H) : F € UCK,(H) : App = ) as h — 0},
Lo =1,

where A, = + (R — I), h > 0. It is easy to see that D(L) is m-dense on
UCy(H), and that if ¢ € D(L) then Ryp € D(L),¥t > 0and LRy = R;Lep.
Moreover if ¢ € D(L), then Ryp(z) is differentiable V ¢ > 0, and

d
aRtSO(x) = LRyp(x) = RiLp(z), x € H.

The following result is due to E. Priola [189].
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Proposition 6.3.6 The resolvent set p(L) of L contains (0,+00) and its
resolvent is given by

RO\, L)g(x) = / e MRug(x)dt, g € UC,(H), \>0, 2 € H.  (6.3.3)
0

Moreover if o, — @, we have R(\, L) — R(\, L)y, for any A > 0.
Proof. Let g € UCy(H) and set

o(z) :/ e MRyg(z)dt, z € H.
0

The integral above is well defined for any = € H since Ryg(x) is continuous
on t and |R:g(x)| < |lg]lo- Let us prove that ¢ € UC,(H ). Assume first that
g € UC}(H), then by the very definition of R.g it follows that

|[Reg(2) — Reg)| < llgllsle™ (x = y)l, =,y € H,

so that R.g is Lipschitz continuous uniformly for ¢ € [0,7]. This implies
that ¢ € UC,(H). Now, since UC{(H) is dense in UCy(H) by Theorem
2.2.1, it follows easily that ¢ € UCy(H) for any g € UC,(H).

We prove now that ¢ € D(L) and is a solution to the equation

Ap—Lp=g. (6.3.4)
We have in fact
Buple) = ¢ [N Reanglo) - Rigo)at
1 < h
= [(eAh _ 1)/0 M Ryg(a)dt — eAh/O e—)\thg(:E)dt] '

Letting h — 0, we see that the limit exists and (6.3.4) holds.
It remains to prove uniqueness for (6.3.4). Assume that ¢ € D(L) is
such that A¢ — Ly = 0. Then we have

)\/ e)‘thcp(x)dt:/ e MRy Lp(x)dt
0 0

oo d o0
= / e M Rig(x)dt = —p(x) + )\/ e MRyp(x)dt.
0 dt 0

This implies ¢(x) = 0 as required. The last statement is easily proved. O
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6.4 Elliptic equations

We are here concerned with the elliptic equation
1
Aolz) = 5THQD?6(x)] — (Az, Di(w)) = g(x), w € D(A),  (6:41)

where A > 0 and g € UC,(H).
We shall assume, besides (6.0.2) and (6.2.3), that there are £ > 0 and
0 €[1/2,1) such that

A < KO, >0, (6.4.2)

where A; is defined by (6.2.4) and moreover (for the sake of simplicity) that
et < M, t >0, for a suitable M > 0.
We say that ¢, given by

o(x) = RO\, L)g(x) = /O T e N Ryp(a)dt, x € H,

is a generalized solution to (6.4.1). A function ¢ is called a strict solution if
(i) ¢ € UCF(H),

(ii) QD?*p(x) € L1(H) for any = € H,

(iii) Dy(z) € D(A*) for any = € H,
v)

(iv) ¢ fulfills (6.4.1).

We want to show now that a generalized solution ¢ enjoys additional
regularity properties and that in some cases it is a strict solution. To this
purpose the following lemma will be useful.

Lemma 6.4.1 Let 0 < 3 < a. Then there exists Co 3 > 0 such that

IRiglla < Cagt™"ligls, g € UC](H), (6.4.3)
Proof. Let first o € (0,1) and § = 0. Then, recalling (6.2.12), we have
[DRip(x)] < Cil[Adfllllo, =€ H, t>0. (6.4.4)

Since |Rip(x)| < |l¢llo, by an elementary interpolatory argument we find

[Repla < CT AL (ello, ¢ >0,
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and (6.4.3) follows in this case recalling (6.4.2).
Let now aw =1, § € (0,1). Then by (6.2.24) we have

[DRip(z)| < CLaM||Adlllellr, =€ H. (6.4.5)

Due to Theorem 2.3.3 (UCb(H),UC,}(H))BOO = Cf(H), and then from

(6.4.4) and (6.4.5) we obtain |DRyp(z)| < C1°C7 MP||A '~ gllg, and
also in this case (6.4.3) follows. The general case can be treated in a similar
way. [J

Now we can prove the following result.

Proposition 6.4.2 Let A > 0 and g € UCy(H), and let ¢ = R(\,L)g be
the generalized solution to (6.4.1).
(i) p € C',?(H) for any B €10,1/8), and

lells < Caol' (1 = 68)A%7 1| g]lo. (6.4.6)

(i) If g € CY(H) for some 6 € (0,1), and B < 0+ L, then ¢ € UC) (H),
and

lells < Cp T (1 = (8= 0)5)AT= " glly, x € H. (6.4.7)
(i1i) If g € CY(H) for some 6 € (0,1), and in addition
© 0 i
[ e IAQ D IAQ N | e < 40, (648)

then QD*¢(z) € L1(H) for any x € H, and ¢ is a strict solution.

Proof. Let us prove (i). Taking into account (6.4.3) we have

o A o A )
/O M| Ryglpdt < Cio /0 M99t gllo

IN

el

= Cpol(1—68)X"lgllo,

and (i) follows. Part (ii) is proved similarly. Let us show (iii).
By (6.2.18) and (6.2.23) we have respectively that

1QD? Rug ()|, ) < 21Q"*AclF o) ll9lo:
and
IQD?*Reg() |, ar) < 1A Qe

Lomllgll-
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By interpolation we have

|QDRug(@)ll iy < 2 1Q" A 1A Qe 12 11 o

which yields the conclusion. [
The following result is an immediate consequence of Proposition 6.4.2.

Corollary 6.4.3 We have
D(L) C CJ(H), [ €[0,1/9). (6.4.9)
In particular, due to Example B.3.2, if Q =1
D(L) c CJ(H), B¢€l0,2). (6.4.10)
Example 6.4.4 We go back to Example 6.2.11. We set as there
Ae, = —n%e,, Qe,=n "e,, neN,

with a-++ > 1 and v < a. Therefore (6.4.2) holds with § = % < 1. Also (i)

implies that if g € UC,(H) then ¢ € UC'I?( H) with 8 < OH_V Slnce a+7 > 1,
we have that ¢ € UCL(H). However, 3 < 2 and we cannot conclude that
D2 exists.

Moreover by (ii) it follows that if ¢ E UC’Q( ) then ¢ € UC’ﬁ( H) with
p < 6+ ;2. Thus if 0 is such that § + == ,Y > 2, we can conclude that D¢
exists. In the particular case when Q) = 1 we have § = 1/2, see Appendix
B. In this case for any 6 > 0 we have ¢ € UCZ(H).

Let finally discuss part (iii) of Proposition 6.4.2.

We recall that

1A QY2 airy < Ot~ 3, £ 0. (6.4.11)
Moreover
I N
18Qe ™ oy = D Tzt
n=1

Thus there exists C5 > 0 such that

10:Qe ™ 122,

> 0. (6.4.12)
Then by (6.4.11) and (6.4.12) there exists C5 > 0 such that we have

HA Q1/2H2(1 e)HAtQ tA*HL2 < C3t 204[ (1 20— 2’Y)+3OL+'Y]
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Thus if

o+

0> —7——,
20042y -1

(6.4.13)

part (iii) of Proposition 6.4.2 is fulfilled and ¢ is a classical solution.
In the particular case were @ = I and o = 2, (6.4.13) is equivalent to
6>2/3.

6.4.1 Schauder estimates

In this subsection we want to prove Schauder estimates for the solution of
(6.4.1). If H is finite dimensional and det Q > 0, Schauder estimates were
proved by G. Da Prato and A. Lunardi [94]. Here we are going to extend
this result to the infinite dimensional situation. In this case it is natural to
assume that ¢ has a bounded inverse. We shall take for simplicity ) = I
and A of negative type. In this case there exists K > 0 such that, see
Appendix B,

1Al < K12, ¢ >0, (6.4.14)

and assumption (6.2.3) holds. The following result was proved in P. Can-
narsa and G. Da Prato [32].

Theorem 6.4.5 Assume that (6.0.2) holds, A is of negative type, and that
Q=1.Let0 € (0,1), g € C/(H) and X\ > 0. Then the function p = R(\, L)g
belongs to C’b2+9(H).

Proof. The proof is based on the following interpolatory result, due to A.
Lunardi [163], see Proposition 2.3.8:

(OI()](}I)’Cb2+04(}1))1704T*97 C CI?JFO(H)’

o0

for all « € (0,1) and € € (0, ). Thus, to prove the theorem it will be enough
to show that for some a € (0, 1), we have

(6.4.15)

o € (C§(H), CFF (), s,
We first note that, in view of (6.4.3), we have

_ a—0
IReplla < Cap 1A1*Cllell < Cap t= [Iollo- (6.4.16)
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Now in order to prove (6.4.15) we set ¢(x) = a(t,z) + b(t, x), where

t +o0
a(t, x) :/ e M R.g(x)ds, b(t,) :/ e M R.g(x)ds.
0 t

Then from (6.4.16) it follows that

t
_ _a—0
la(- )l < Cly /O e5=5 ds |lglo

1 1oz ! At a0
= Chpt ™ 2 /6 70”2 do||glle
0

1
Ca,@
a—0
1—of

_a—0
72 lgllo,

IN

and

15Cs D)2+

IN

1 +oo A a0 4
Cho [ e 5 s gl
t

1 a—~0 +oo At a—~0 1
= Oyt [ e o gl
1

Cl 0—a
< g—af 5= .
< 2 lglle

This implies (6.4.15). O
By Theorem 6.4.5 and Proposition 6.4.2 we find the result.

Corollary 6.4.6 Assume that 0 € (0,1), g € C{(H), X\ > 0 and in addi-
tion that (6.4.8) holds. Then the generalized solution ¢ to (6.4.1) has the
following properties.

(i) p € Cb2+9(H) and D*p(z) € L1(H), for any x € H.
(it) TriD¢(")] € UCy(H).
(iii) (-, A*Dy) € UCy(H).

Moreover ¢ is a strict solution of (6.4.1).



Ornstein-Uhlenbeck equations 121

Remark 6.4.7 Let us consider the restriction (RY) of the semigroup (R;)
to CJ(H), 6 € (0,1). Then (R?) is a semigroup on CY(H) with the same
continuity properties as (R;). Its infinitesimal generator L? is the part of L
in CY(H) :

D(L?) = {p € D(L) N CY(H) : Ly € CY(H)}.
Corollary 6.4.6 allows us to characterize, under suitable assumptions, the
domain of L?. We recall that in the finite dimensional case, see [94],

D(L?) = {p € G;**(H) : (A, Dy) € Cy(H)}.
Under the hypotheses of Corollary 6.4.6 we have the following characteriza-
tion of D(LY) :

D(L) = {(p e UCX'(H): D*p(x) € Ly(H),Y z € H,

Te[D2p(z)] € UCy(H), (-, A*Dy) € UC’b(H)}.
(6.4.17)

6.4.2 The Liouville theorem

A bounded Borel function ¢ is said to be harmonic for the Ornstein-Uhlen-
beck semigroup (R;) if Riyp = ¢ for all t > 0.

Let us remark that if the controllability condition (6.2.3) holds then
a harmonic function ¢ is necessarily continuous; in fact by Theorem 6.2.2
p € Cp°(H).

Let us prove the following simple result.
Proposition 6.4.8 Assume that (6.2.3) holds and Ay — 0 strongly as t —
+00. Then, harmonic functions for (R;) are constant.

Proof. It follows from (4.3.14) that

(o(@) — o(8)] = [Rupla)  Rep)] < gl (€0 ~1)"* 0

as t — oo, and therefore ¢ is constant. O
By Theorem B.3.4 we have the following more analytical characteriza-
tion.

Proposition 6.4.9 Assume that (6.2.3) holds. If the only nonnegative so-
lution P of the equation

PA+ A*P—-PBB*P =0

is 0, then harmonic functions for (R;) are constant.
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6.5 Perturbation results for parabolic equations

We are here concerned with the problem

Dw(t,z) = 3Tr[QD%u(t,z)] + (Az + F(z), Du(t, z)),
t>0, z€ D(A). (6.5.1)
w0.7) = lr), wel,

under assumptions (6.0.2), (6.2.3) and (6.4.2) and with F' € C,(H; H). We
shall write this problem as

{ Dyu(t,-) = Lu(t,") + (F(z), Du(t,")), t>0, z € H, (6.5.2)

u(0,-) = .

A strict solution to problem (6.5.2) is a continuous function w : [0, 00) X
H — H, differentiable in ¢, such that u(¢,-) € D(L) for all ¢ > 0, and
equations (6.5.2) hold.

Notice that this definition is meaningful since, in view of Proposition
6.4.2(i), if ¢ € D(L), then ¢ € UC}(H) and so the term (F(-), Du(t,-)) in
(6.5.2) is well defined and belongs to UCy(H).

It is easy to check that if u is a strict solution of (6.5.2) then it is a
solution of the following integral equation:

¢
u(t,”) = Rip + / Re_o((F(-), Du(s,)))ds, t3>0. (6.5.3)
0
A solution of (6.5.3) is called a mild solution.

The following result is proved in G. Da Prato and J. Zabczyk [102].

Proposition 6.5.1 Assume that assumptions (6.0.2), (6.2.3) and (6.4.2)
hold and that F € Cy(H; H). Then for any ¢ € By(H) there is a unique
mild solution of equation (6.5.3).

Proof. We fix T'> 0 and write equation (6.5.3) as u = f + v(v), where

ftx) = Rp(x), te[0,T], =€H,

YWt = /ORt_S((F(-),Du(s,-)»ds, te0,T].

Then we solve the equation (6.5.3) on the space Zp consisting of the set of
all functions u : [0,7] x H — R such that

(i) w e By([0,T] x H),



Ornstein-Uhlenbeck equations 123

(ii) for all t >0, u(t,") € UCL(H),

(i) sup t*fu(t,-)|1 < +oo,
te(0,17]

(iv) for all z € H, Du(-,z) is measurable.

Zp, endowed with the norm

[l zz = [lullo +tS(up}t‘YIIU(t, olli®

is a Banach space.
We first notice that f belongs to Z7 in view of Theorems 6.2.2 and 6.2.4.

Then if we show that v is a contraction on Zr, provided T is sufficiently
small, the conclusion will follow by a standard argument. We have in fact

t -«
)t < [Fllo [ 1Du(s,)lods < 1= lulzr,
and, since .
Dy(u)(t.a) = [ DIR-((F (), Duts, s,
we have

Dyt < ¢ [ D[RO, Dauls, Dllds
0
< 1C|F|lo /0 (t — 55~ ds|lullz,

1
e Ial / (1— 8)=®s~0ds ||ul| 2,
0

Thus 7 is a contraction, provided T is sufficiently small, and the proposition
is proved. O

Remark 6.5.2 Under the assumptions of Proposition 6.5.1 it follows, by
a result due to D. Gatarek and B. Goldys [125], that there exists a unique
martingale solution to the differential stochastic equation

dX = (AX + F(X))dt + Q'/2dW (t), X(0) = z € H,

where W is a cylindrical Wiener process taking values on H.
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6.6 Perturbation results for elliptic equations

In this section we assume that (6.0.2) holds, that @ = I, A is of negative
type, and F' € UCy(H; H). Therefore (6.4.14) holds.
We are going to show, following [82], that the linear operator

N = Lo+ (F,Dy), ¢ € D(L),
is m-dissipative on UCy(H).

Lemma 6.6.1 For any A > \o := 7K?||F||% and any f € UCy(H), there is
a unique solution ¢ € D(L) N CL(H) of the equation

Ap — Lo — (F(x),Dyp) = f. (6.6.1)
Proof. Let A > \g. Then, setting ¢ = A\¢p — Ly, equation (6.6.1) becomes
=T =f, (6.6.2)
where T) is defined by
T\p(z) = (F(x), DR\, L)yY(x)), » € UC,(H), x € H. (6.6.3)

Recalling Proposition 6.4.2 and Corollary 6.4.3, we see that

Y
ITtto < 43 1l Il

Therefore if A > )y equation (6.6.1) has a unique solution . O]
Now we are going to show that N is m-dissipative on UCy(H). For this
we first consider the case when F is in addition of class C'.

Lemma 6.6.2 Let F : H — H be bounded and of class C'. Then N is
m-dissipative. Moreover if ¢ € UCy(H) is nonnegative then R(\,N)y is
nonnegative for all A > 0.

Proof. We have already seen in Lemma 6.6.1 that for any A > A\¢ the range
of A\— N is UC,(H). Then it is sufficient to show that L is dissipative. It is
convenient to introduce for any A > 0 an operator N;, approximating N,

Ny = Lo+ App, ¢ € D(L),

where

Anp(a) = 1 (pln(h,2)) — (), (6.6
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and 7 is the solution to
n(t,x) = F(n(t,z)), n(0,2) =z € H. (6.6.5)
Clearly for any ¢ € UC}(H) we have
}lziﬂ% App = (F,Dyp), in UCy(H). (6.6.6)
Now, given A > 0 and f € Cy(H), we consider the equation

Agoh — L(ph — Ah(ph = f (667)

Equation (6.6.7) can be solved as before by a standard fixed point argument
depending on the parameter h, and

]gin%) on = @ in Cy(H). (6.6.8)

Now by (6.6.7) we find

()\ + ;) on — Lop = f+ % o(n(h,z)). (6.6.9)

It follows that )
llenllo < Fut (||f||0 + - H%H ),

which yields [l¢nllo < 5 [Ifllo- Consequently, letting h tend to O gives

1
lillo < 5 1l

Therefore N is m-dissipative as required.

It remains to prove the last statement. Let ¢ € UC,(H) be nonnegative,
h > 0 and let ¢, be the solution of (6.6.7). It is clear by (6.6.9) that ¢y, is
nonnegative, so that the conclusion follows. O

Finally we consider the general case. We shall denote by C’I? ’1(H ; H) the
subspace of UCy(H; H) of all Lipschitz continuous functions from H into H.
We shall need the following result due to F. A. Valentine [213].

Proposition 6.6.3 Cg’l(H; H) is dense in UCy(H; H).

Proposition 6.6.4 Let F' : H — H be continuous and bounded. Then N
is m-dissipative. Moreover if o € UCy(H) is nonnegative then R(\, N)y is
nonnegative for all A > 0.
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Proof. By Proposition 6.6.3 there exists a sequence (F,,) C C’l?’l(H; H) such
that F,, — F in UCy(H; H). Given A > \g = 7K?||F||3 and f € UC,(H),
consider the equation

Aon — Npon = Aon — Lop, — (Ey(x), Dpy) = f, (6.6.10)

which can be solved as in Lemma 6.6.1 by successive approximations. More-
over, due to the dissipativity of A — N,,, we have

lim ¢, = ¢, in UCy(H; H),

n—oo

where ¢ = R(X, N)f. By Lemma 6.6.2 it follows that |¢,(z)] < X ||f]lo, = €
H. Therefore

lp(@)] < < [Ifllo, VzeH,

and consequently N is m-dissipative.

Finally, the last statement follows from Lemma 6.6.2. O

The proof of the following result is straightforward, it is left to the reader
as an exercise.

>| =

Proposition 6.6.5 Assume, besides (6.0.2), that Q =1 and F € UC} (H;
H). Then for any A > 0 and any f € UCL(H) there is a unique solution
¢ € CZ(H) of the equation

Ap(z) — Lp(x) — (F(x), Do(x)) = f(x), «x€ H. (6.6.11)
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General parabolic equations

The present chapter is concerned with the following Kolmogorov equation
in a separable Hilbert space H (norm |- |, inner product (-,)):

Dyu(t,z) = 5 Tr[(G(2)) D?u(t, )(G(x))]
+(Az + F(x), Du(t,z)), t > 0, x € D(A), (7.0.1)
u(0,2) = ¢(x), z € H.

Here A : D(A)CH — H is the generator of a Cy semigroup e*4 in H and
F:H— H, G:H — L(V,H) are at least Lipschitz continuous, and V is
another separable Hilbert space. We will make rather strong assumptions on
the coefficients and the initial function ¢. The results of this chapter should
be regarded as a starting point for a study of the Kolmogorov equations
with less regular data. For reaction-diffusion equations see S. Cerrai [43].

A function u(t,x), t > 0, z € H, is said to be a strict solution to equation
(7.0.1) if

(i) w is continuous on [0,400) x H, and u(0,-) = ¢,
(ii) u(t,-) € UCE(H) for all t > 0,

(iii) for any z € D(A), u(-,x) is continuously differentiable on [0, +00), and
fulfills (7.0.1).

We shall define a generalized solution to (7.0.1) by the formula
u(t,z) = Fip(z) = Elp(X(t,2)]], t>0,2€H, ¢ € Cy(H),

127
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where the process X (t,z) t > 0, = € H, is the solution of the differential
stochastic equation,

{ dX (t) = (AX(t) + F(X(t)))dt + G(X (t))dW (), (7.0.2)

X(0)=x € H,

where YI/V is a Q-Wiener process with values in a Hilbert space U such that
V =Qz2(U), see [101].

We start by recalling in §7.1 some results on implicit function theorems
on which our approach is based. Basic definitions of -Wiener processes
and of the stochastic integration theory, together with their fundamental
properties, are recalled in §7.2. Then we shall prove results on existence of
solutions to (7.0.2) and on their dependence on initial data in §7.3. Then §7.4
is devoted to the regular dependence of the generalized solutions to (7.0.1)
on the initial condition. Existence and uniqueness of the strict solutions to
(7.0.1) are the subjects of §7.5 and §7.6 respectively. Finally §7.7 presents
an extension, based on a version of the Bismut-Elworthy-Xe formula, of the
regularity results, to the case of only bounded initial functions ¢.

We follow basically J. Zabczyk [220].

7.1 Implicit function theorems

We gather here abstract theorems on implicit functions needed in what
follows. They are versions of similar results from [101], [102] and [220].
Some improvements can be found in C. Knoche and K. Frieler [?].

Let A be an open subset of a Banach space E' and H a transformation
from A x E into E. We shall assume that

|HA\ x) — HMNy)|e <allr—y||lg, forall\e A, z,ye E, (7.1.1)
and consider the equation
r=H\z), (M\z)eAxE. (7.1.2)

Theorem 7.1.1 Assume that the transformation H satisfies (7.1.1) with
a € [0,1). Then for arbitrary X € A there exists exactly one solution x =
©(N) of the equation (7.1.2). If in addition H is continuous with respect to
the first variable then the function ¢ is continuous on A.

If G is a mapping from E into F then its directional derivative at x and
in direction y will be denoted by 9,G(x;y). If the directional derivative
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is a linear and continuous mapping of y then this mapping will be called
the Gateaur derivative of G at the point x and denoted by OG(z). This
convention naturally extends to higher and partial derivatives. In particular
the nth Gateaux derivative 0"G(x) at the point x is a continuous n-linear
transformation from FE into F. If the Gateaux derivative is continuous with
respect to z for all fixed directions then we say that the Gateaux derivative
is strongly continuous.

Theorem 7.1.2 Assume that H is continuous with respect to the first vari-
able and satisfies (7.1.1) with o € [0,1). If, in addition, at any (A, z) € A x
E, there exist strongly continuous directional Gateaux derivatives OyH (X, )
and Oy H (A, z) then for arbitrary A € A there exists the strongly continuous
Gateaux derivative dyp, and for any A\, u € A,

(A 1) = [I — 0 H (N, ()] ONH (X, ©(A); ). (7.1.3)

Theorem 7.1.3 Assume that Ey is a Banach space continuously embedded
into E and that (7.1.1) holds in both E and Ey with the same constant
a € [0,1). Let moreover the assumptions of Theorem 7.1.2 be satisfied in
E and Ey. If, in addition, there exist strongly continuous second partial
Gateaux derivatives from A x Ey into E, O\0.H, 0,0\ H and af\H,@gH,
then there exists the strongly continuous second partial Gateaux derivative
of ('9)2\(,0 and at any point A € A and in any directions pg, vy € A,

O3e(Xo; o, o) = [I — Oz H (Mo, p(Xo))]
x |02H (Ao, (X0); Or0(Xos H0), Oap(Ao; vo)
+02\0:H (Ao, ©(X0); Oap(Aos 110), v0) + 0z00H (Xo, ©(Xo); 1o, Oxgp (Ao 10))

+03H (Ao, ¢(Xo); ko, v0) |-
(7.1.4)
Remark 7.1.4 Note that by Theorems 7.1.1 and 7.1.2, the functions p(\),
One(\; i), A\, € A, are continuous as Fy-valued functions. Therefore, by

the assumptions and Theorem 7.1.3, the formula (7.1.4) defines a continuous
function of all three variables.

Assume now that we have a sequence of mappings H,, n € N and a
mapping H such that

IH 2) = HA y)l e
[Hn (X 2) — Ho(X y) | 5

allr—yl, z,ye E,AX€eA, (7.1.5)

<
< allz—vyl, x,ye E,AxeA. (7.1.6)
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If & € [0,1) then for each A € A the equations

= H(\=z), (7.1.7)
= H,(\z) 7.1.8

have unique solutions denoted by ¢(A) and ¢, () respectively. Thus
PN = HAo(N),  ¢aN) = Hi\gu(N), A€A, neN.  (7.L9)

Theorem 7.1.5 Assume that functions H, Hy,, n € N, satisfy (7.1.5) and
(7.1.6) with a € [0,1).

(i) If Hy(\,x) — H(A\, x), for all (\,z) € A x E, then on(A\) — @(X),
forall X e A

(ii) If H, H,, n € N are continuous and H,, — H uniformly on compact
sets then @, — @ uniformly on compact sets.

The convergence result from Theorem 7.1.5 can be extended to direc-
tional derivatives of ¢ as well.

Theorem 7.1.6 Assume that mappings H, H,, n € N, satisfy the condi-
tions of Theorem 7.1.2. If

H,(\z) — H\ z), O0:H,(\z;y) = 0H(\ z;y),
8)\Hn(>‘7xau) - 8,\H()\,a:,u) asn — +00

uniformly in (X, z) on compact sets and uniformly in y and p from bounded
sets, then

Nnen(Asp) = Orp(Aip)  asn— +oo (7.1.10)

uniformly in A from compact sets and p from bounded sets.

Theorem 7.1.7 Assume that mappings H, H,, n € N, satisfy the condi-
tions of Theorem 7.1.3 with the same space Ey. Assume that the conditions
of Theorem 7.1.6 are satisfied in both E and Fy. If, in addition

OOz Hy (N, 395 1
0, 8)\H (>‘ €T,y
Hy (A, @5 p,v

ONO-H (N, x5y5 1),  as n — +00,

) —

y) — O\O:H(\wp,y), asn— +oo,

v) — 8/2\H()\,:z; w,v),  asn — +oo,
2Ho(\,z3y,2) — O H(\xy,2), asn— oo,
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uniformly in (X, x) from compact subsets of Ax Ey and uniformly in (u,v,y, z)
from bounded sets of A x A X E x E, then

B3on(Xs p,v) = Rp(Nipv),  asn — +oo, (7.1.11)

uniformly in X from compact subsets of A and uniformly in u, v from bounded
subsets of A x A.

7.2 Wiener processes and stochastic equations

7.2.1 Infinite dimensional Wiener processes

Let (Q,F,P) be a probability space with a given increasing family of o-
fields 7 C F,t >0, and let @ € LL(U). A family W (t), t > 0, of U-valued
random variables is called a Q- Wiener process, if and only if

(i) W(0) =0 and L(W(t) — W(s)) = Ni—s)0, t = s,

(il) W(t1), W(t2) —W(t1),... ,W(tn) —W(t,—1) are independent random
variables, 0 < t; <ty < -+ <tn, n €N,

(iii) for almost all w € , W(t,w), t > 0, is a continuous function.
In particular we have
E<W(t)va>U<W(s)vb>U :t/\S<Qa7 b>Ua a,beU.

Let (er) be the sequence of all eigenvectors of @ corresponding to the se-
quence of eigenvalues (). If 7% > 0 then

Bi(t) = (y) "2 (W (t), e, t =0,

are one dimensional standard Wiener processses (Q = 1), mutually indepen-
dent. It is clear that

W) => Vab(tler, t>0. (7.2.1)
k=1

Conversely, if (ey) is a complete orthonormal system in U, () is a summable
sequence of nonnegative numbers and (3;) are independent, standard Wiener
processes then the formula (7.2.1) defines a U-valued Wiener process.
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7.2.2 Stochastic integration

There is a natural class of operator valued processes which can be stochasti-
cally integrated with respect to a U-valued QQ-Wiener process W. Denote, as
before, V = Q%(U) the image of U by the operator Q2 equipped with the
following scalar product: (a,b)y = (Q~2a, Q~'/?b)y;, where Q~/2 denotes
the pseudo-inverse of Q2. The space V is a separable Hilbert space.

Denote by Lys(V, H) the Hilbert space of all Hilbert-Schmidt opera-
tors from V into H equipped with the Hilbert-Schmidt norm. The space
Lys(V,H) is again a separable Hilbert space which, from now on, will be
denoted by H. Note that operators belonging to Lys(V, H) are not, in gen-
eral, defined on the whole space U and that different Wiener processes may
lead to the same space H.

An H-valued process U is called measurable on [0,¢] if it is measurable
when treated as a transformation from the set Q x [0,t], equipped with
the o-field F; x B([0,¢]), into (H,B(H)) If the process ¥ is measurable
on all intervals [0,¢],¢ > 0, then it is called progressively measurable. A
progressively measurable process ¥ such that

P(AHW@M%@<+w,tZO>:1 (7.2.2)

is called stochastically integrable. For stochastically integrable processes the
stochastic It6 integral

/Zw@mvwx £>0, (7.2.3)
0

is well defined, see [101]. Moreover:
2

E( H)gE(AH@@ﬁ%@). (7.2.4)

If the right hand side of (7.2.4) is finite then (7.2.4) becomes an identity.
In addition the following Burkholder-Davis-Gundy inequality holds . For
arbitrary p > 0 there exists a constant ¢, > 0 such that

P t p/2
><q£</ywwﬂgm> >0, (7.2.5)
H 0

Assume that ¥ is an H-valued process stochastically integrable on [0, T,
1) is an H-valued progressively measurable process, with trajectories Bochner

AZMQMW@

E <sups§t

AiMMJWW)
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integrable on [0, T, P-a.s., and Z(0) is an Fp-measurable H-valued random
variable. Then the process

t
0

Z(t):Z(0)+/O w(s)ds—i—/ U(s)dW(s), te(0,T), (7.2.6)

is continuous and well defined. Let F' : [0,7] x H — R be a function
uniformly continuous on bounded subsets of [0,7] x H together with its
partial derivatives Fi, Iy, Fy,. The following, It6’s formula, holds.

Theorem 7.2.1 Under the above assumptions on the function F' and the
process Z , P-a.s., for all t € [0,T],

B(t,Z(t) = F(O,Z(O))Jr/o<Fx(8,Z(S)),‘1’(S)dW(S)>H

v /0 [Filts, Z(5)) + (Fuls, Z(5)), ()

+%Tf[(‘11(8)Q1/2)*Fm(s,Z(S))(\P(S)Q”z)] ds.
(7.2.7)

7.3 Dependence of the solutions to stochastic equa-
tions on initial data

It is convenient to write (7.0.2) in the mild form
t t
X(t) = ez + / DAR(X (s))ds + / =DAG(X (s))dW (s). (7.3.1)
0 0
We will analyze this equation using a functional analytic approach, based
on an implicit function theorem, see [102] and [220], and on properties of
deterministic and stochastic convolutions.

7.3.1 Convolution and evaluation maps

Denote by HP(]0,T]), p > 1, the space of all progressively measurable H-
valued processses 1 defined on [0, 7], T' > 0, equipped with the norm

16l oy = sup (El@)E)"".
te[0,7
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Similarly denote by HP([0,T]) the space of all progressively measurable H-
valued processes U, defined on [0, 7], equipped with the norm

)

1
1oy = sup (EU(@)]E)".
te[0,T7]

We introduce also spaces HPP([0,T]) and HPP([0,T]) defined similarly to
HP([0,T7), HP([0,T]) but with different norms:

T 1/p
Wl sy = (E / |¢<t>|zdt) , (73.2)

T 1/p
12l o.r) = (1@ / ||\1;<t>||;gdt> |

The normed spaces HP([0,T]), HP([0,T]), HPP([0,T]) and HPP(]0,T])are
Banach spaces denoted shortly by HP, HP and HPP, HPP,

In some cases, it will be convenient to consider spaces HZ([0,T]) and
H2([0,T)) consisting of those processes ¢ and ¥ which are stochastically
continuous in ¢ € [0, T]. More precisely v € HE([0,T]) if v € HP([0,T]) and
for each to € ([0,T]),

lim E4) () — ¥ (to) [}y = 0.

t—to

In a similar way ¥ € HZ([0,7T]) if ¥ € HP([0,T]) and for each ty € [0, T],

lim E||W(t) — U(to)|l5, = 0.
lim | (0) — (o) I
The spaces HZ([0,TY]), HZ([0,T]) are linear closed subspaces of HP[0,T], and
HP([0,T]) respectively and therefore are Banach spaces as well.

We will need the following equivalent norms, see [14]:

_ 1
[llpar = sup e (ElpE)E)""
t€[0,T
and )
[@[par = sup e (BIE())2)",
t€[0,T]
where \ € R.

Define now for ¢ € HP([0,T]), ¥ € HP([0,T]) two convolution type
mappings

To()(t) = / t =94y (s)ds, te0,T], (7.3.3)

0
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and
t
T(0)(t) = / I ()dIW (s), ¢ € [0,T]. (7.3.4)
0
We have the following easy consequence of the Burkholder-Davis-Gundy
inequality , see [101].

Proposition 7.3.1 For arbitrary p > 2 and T > 0, the formulae (7.3.3)
and (7.3.4) define linear operators from HP([0,T]) and HPP([0,T]) into
HP([0,T]) and from HP([0,T]) and HPP([0,T]) into HP(]0,T]) respectively.
In addition, for arbitrary o € (0,1) there exists X > 0 such that

1 Z0(0) lpar < all¥]lpar- (7.3.5)
and
17 [lpar < af| ¥l (7.3.6)

Proof. The proof is straightforward. We will show only how to select A > 0
to fulfill (7.3.6). By the very definition:

/ t =AY (5)dW (s)

0

BTy = E

H

ek ([ olas)
M E (/ 1w |pds>

t
Me, ( / e”pE<e—AS||\1f<s>||>%ds)

t
M, (/0 e)‘tpds) H\IJHZ,A,T

» e/\tp -1 »
Mz cp Y RGP

/2

IN

IN

IA

IN

IN

Therefore,

A
I, <t ap e, S
1 AT =\ T Cp

H‘PHP,AT
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and it is enough to choose A such that

1 eMP— 1

" M:[F’ cpT <o 0O

The mappings F : H — H, G : H — 'H induce mappings F and G on
stochastic processes according to the formulae

F@)(t) = F(¥(t)), e H(0,T]), t €[0,T],

GW)(t) =GW(), e HP(0,T]), t€l0,T]
They are often called evaluation maps. The following proposition follows
from the definitions of the appropriate norms.

Proposition 7.3.2 If F: H — H and G : H — H are Lipschitz continuous
mappings then the mappings F : HP([0,T]) — HPP([0,T]), G : HP([0,T]) —
HPP([0,T)) are Lipschitz continuous as well.

We have also the following crucial result.

Proposition 7.3.3 Assume that the Lipschitz continuous mappings F :
H — H, G: H— H have directional Gateaux derivatives

akF(ZE)(yla ayk)> 8kG(l’)(y1, 7yk)a WS H7 Y1,--- Yk € H7

fork=1,... n, continuous in all variables and such that for k =1,... ,n,

sup [|0FF(z)(y1,- -, up)||lir < +o0,
reH
<1

=1,...,

and .
sup [|0"G(z)(y1,--- s yw)lln < +oo,
xeH
llysll<1

i=1,...,

Then the transformations F : HP([0,T]) — HPP(]0,T]) and G : HP([0,T]) —
HPP(]0,T]) have directional Gateaux derivatives

FF(X)(Y1,..., ), 9GX)(Y1,...,Ys), k=0,1,...,n,

for each X € HP([0,T]) and Y1,...,Y, € H*([0,T]). The derivatives are
continuous from HP x H* x --. x H" into HPP and HP® respectively and

~~

k times
Su[g)p ||8k}'(33)(y1, s 7y/€)”Hp’p < +00,
S
1Yill iep <1

i=1,...,k
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and i
sup  [|0°G(z)(y1,- - Yk) |lmpr < 400,
reHP
1Yill op <1
i=1,..k
Moreover

FF(X)(Y1,... V) (t) = OFF(X () (Yi(t),...,Yi(t), tel0,T],
OFG(X)(Y,... ., Yi)(t) = O*G(X (1) (Ya(t),... ,Yi(t), te[0,T].

Proof. We will consider for instance the operator F. The theorem is true
if n = 1. If it is true for some k then for arbitrary X € HP, Y1,... ,Yry1 €
H*DP and o > 0,

%[8’“]—‘(X(t) + oY () (Vi(8), ... Vi) — OFF(X;Yh, ..., Vi)(D)]
_ %[8’“F(X(t) 4 oY (D) (Yi(8), ..., Ya(D))

—FF(X (@) (Yi(t), ..., Yi(®))]
_ /0 R (1) + 05Vt (0)(Ya(0).. . V(). Yier (£))ds.

Therefore,

%[akf(x + 0V ) (Y1, Y3) =P F(X)(Va, ..., V3]

—"EX ()Y, YR(), Vi () ’

Hp.p

T rl
< E/O /0 |:‘6k+1F(X(t) + osYer1 (1) (Yi(t), ..., Yiiq (t))
_OMLR(X (1) (Va (1), . . ,Yk+1(t))|p] dsd
- IE/OT /01 [|8k+1F(X(t) +08Yip(t) — OMHE(X ()P

< Vi) ... kaH(t)yP] dsdt. O
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Remark 7.3.4 Note that in the case H = L?(D), where D C R? is an open
set, and in the case where F' and G are Nemytski operators, that is

f(@) (&) = f(&2(E)), g(x)(&) =g(& (), €D,

for some functions f: D xR — R and g : D xR — R, then the assumptions
of Proposition 7.3.2 are not satisfied. To this purpose we refer to S. Cerrai
[43, Chapters 4 and 6].

7.3.2 Solutions of stochastic equations

We go back to the equation (7.0.2) and investigate existence of solutions and
the character of their dependence on initial conditions x € H.
For each x € H and Y € HP([0,T]) define mappings KC, Ko and Ky,

Kz, Y)t) = etz+ / te(t_S)AF(Y(s))ds—i— / te(t_S)AG(Y(s))dW(s),
0 0
t
Kot = [ IR (s

[ = [ G ).

from H x HP([0,T]) into HP([0,T]).
Equation(7.0.2) is equivalent to (7.3.1) which in turn can be written as
a fixed point problem:

X =K(z, X). (7.3.7)
We have the following existence result.

Theorem 7.3.5 Assume that F': H — H and G : H — H are Lipschitz
continuous. Then for each p > 2, T >0 and x € H the equation (7.3.1) has
a unique solution X (-, z) in HP([0,T]). Moreover the mapping x — X (-, x)
from H into HP([0,T]) is Lipschitz continuous.

Proof. According to the definitions one has to show that the equation
(7.3.7) has a unique solution in HP([0,77]). Its right hand side is the sum
of a linear mapping in the variable x and two transformations Ky and ;.
Note that the transformations Ky and /C; are compositions of linear, integral
mappings 7y and 77 with evaluation maps F and G. By Proposition 7.3.2
we can apply Theorem 7.1.1. In this way we find existence of a solution
X (-, ) which depends continuously on z. [J
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Theorem 7.3.6 In addition to the assumptions of Theorem 7.3.5 assume
that F € CF(H,H) and G € CF(H,H). Then for each p > 2 and T >
0 the mapping x — X(-,z), from H into HP([0,T]) is k times Gateauz
differentiable in x with bounded and strongly continuous derivatives up to
order k. Moreover for any y,z € H the processes n¥(t) = 0, X(t,z;vy),
CY*(t) = 02X (t,x;y,2), t € [0,T), are the unique solutions of the following
equations:

dny = (AnY + DF(X(t))nY)dt + DG(X (t))ndW (t),

(7.3.8)
’(0) = h,
d¢v® = (ACY* + DF(X(2))¢"")dt + DG(X(2))¢"*dW (2)
+D?F(X () (", n*)dt + D*G(X (1)) (", n")dW (t), (7.3.9)

V(o) = o.

Proof. To prove (7.3.9)-(7.3.10) we apply Theorem 7.1.3. Its assumptions
are satisfied by Proposition 7.3.3. O

7.4 Space and time regularity of the generalized
solutions

We can finally establish basic regularity properties of the generalized solution
u to (7.0.1) given by

u(t,z) = Piple) = Elp(X(t,2)]], t>0,2 € H, ¢ € Cy(H).

Note that for a fixed ¢ > 0 the function x — wu(¢,z) can be regarded as
a composition of the mappings from H into LP({, H) and from LP(2, H)
into L1(Q,R), given by x — X (t,z), £ — ¢(§), and of the linear, integra-
tion operator n — E(n) from L9(2,R) into R. The first mapping can be
obtained from z — X (-,x) by fixing the time argument ¢. So its Gateaux
differentiability will be a consequence of Theorem 7.3.6. To obtain Fréchet
differentiability the following result will be used.

Proposition 7.4.1 If a mapping ¥ from a Banach space E1 into a Banach
space Ey has all Gateaux derivatives 0'Y uniformly bounded up to order k,
then U has all Fréchet derivatives D' continuous and bounded up to order
k — 1 identical with O"V.
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Proof. We will show only that ! is norm continuous. Let us fix vectors
x,y,h1,... ,hpx—1 € E1. Then

0" W (ys s ) = OV (b

< /01 0" (2 4+ o(y — x); b1y .. s he_1,y — 2)|do
< 1105®llo A .- |hg | o — .
Consequently
510 (y) — 81 0(2)| < [|0°0|lo [« —yl, @y € Er.

This proves the result. O

Let ¢ : H — R be a given function. If ¢ is an H-valued random variable
defined on (2, F,P) then ®(&) given by the evaluation formula

is a real valued random variable provided ¢ is a Borel function.

The following proposition can be proved in a similar way to the previous
general results on differentiability.

Proposition 7.4.2 Assume that ¢ belongs to C¥(H).

(i) If r > 1 and kr < p then the transformation ® from LP(Q, H) into
L"(Q, R) has strongly continuous and bounded Gateaux derivatives up to
order k.

(i) If r > 1 and kr < p then the transformation ® from LP(Q, H)
into L™ (9, R) has strongly continuous and bounded Fréchet derivatives up to
order k.

Proof. We assume that kr < p and prove only the norm continuity in
X € LP(Q, H) of the k-linear transformation

O(X;Y1,... , Vi) (w) = DFp(X (w); Yi(w), ..., Yi(w)), weQ,
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with values in L"(€2, R) and defined for Yj,...,Y) in LP(Q, H). Note that
for arbitrary X, Z and Y1,...,Y, € LP(Q, H),

/Q 05 (X (@): Viw), ., Ye(w)) — 8F0(Z(w): Vi(w), - . . , Ye(w))[P(dw)

=, (X (w)) = 0" (Z(W))[" Vi ()] ... [Yi(w)|"P(dw)

p—kr k

g(@mwwwwog

P
7j=1

g(|wwmwwﬁ%wwmﬁwww>
Q

The continuity of 0%y implies, in a standard way, the required norm conti-
nuity of the transformation. O

As a consequence of the previous results we have a theorem on differen-
tiability of the generalized solution.

Theorem 7.4.3 Assume that ¢ € C¢(H,R), F € C}(H,H) and G €
C3(H,H). Then for arbitrary t > 0, u(t,-) € CZ(H,R).

Proof. Taking into account all the preparatory results it is enough to apply
Theorem 7.3.6. O

We will show now that the generalized solution u is continuous with
respect to time and that the same is true for its first and second space
derivatives. To do so we consider the equation in the subspaces HZ([0,7T])
and HE([0,T]) of HP([0,T]) and HP([0,T]) introduced at the beginning of
the section. We have the following proposition.

Proposition 7.4.4 The formulae (7.3.3) and (7.3.4) define continuous lin-
ear mappings from HP([0,T]) and from HP([0,T]) into HE([0,T]) respec-
tively.
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Proof. We prove the result for 7; only; the proof for 7; is similar. Let
0<s<t<Tand h=t—s. Then

EIT1W(s) — ¥ (1)

S s p
< orlg / =AY () dW (o) — / NN (o) dW (o)
0 0
s+h p
+2P7 1R / =49 () dW (o)
<

P Ve (E/O (" — 1) ()3, da>

h
+2P L ME R 2PE (/0 1T (o)|5, da> =10+ I.

Since [|(e"* — DW(0)5, < (Mr + DP[¥(o)llF, ("4 — D¥(o)|3; — 0 as
h — 0, P-almost surely, and EfOT | (0)|[%, do < 400, the first integral I;
converges to 0, as h — 0, (uniformly in ¢,s € [0,7]). It is clear that also
I, — 0 as h — 0 and the result follows. O

Taking into account Proposition 7.4.4 and the proofs of Theorems 7.3.5
and 7.3.6 we arrive at the following time regularity result

Theorem 7.4.5 Under the assumptions of Theorem 7.4.3 the generalized
solution u(t,x), t € [0, T], x € H, is continuous with respect to both variables
together with its first and second x-derivatives.

7.5 Existence

Theorem 7.5.1 Assume that F € C3(H;H),G € C}(H;H) and ¢ €
C’g(H). Then the generalized solution u is a strict solution of the Kol-
mogorov equation (7.0.1).

Proof. We assume first that the generator A is linear, bounded and con-

tinuous on H. In this case the process X(t) = X(¢t,z),t > 0,x € H, is a
strong solution of the corresponding evolution equation and therefore

X(t,z) :ac—i—/o [AX (s,x) + F(X(s,x))]ds +/O G(X(s,z))dW(s).
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Applying the It6 formula to the process p(X(t)) = (X (¢t,z)), t > 0, we
have

dp(X (1)) = (Dp(X (1)), dX (1)) + %TY[G*(X(t))D290(X(t))G(X(t))]dt-

Consequently,

u(t,z) = E[p(X(t,2))]

— o)+ B | [LAX(9) + FOE). DpX ()

1 t
+§E [/ Tr[G*(X(S))D2¢(X(s))G(X(s))]ds] .
0
By the dominated convergence theorem

Du(0,0) = g A

= JE [TG(X(0)" D2e(X (0) (X (0))]

+E[(AX(0) + F(X(0)), Dp(X(0)))] -

Taking into account that X (0) = z, u(0,z) = p(x) we can write that

D;ru((),x)zltil%lw - %Tr[G(:E)*DQU(O,:U)G(:U)]

+(Az + F(x), Du(0, z)).
Let us fix now s > 0. Since
u(t + s,2) = Prpsp(z) = Py(u(s, ) (),

therefore, applying the previous argument with ¢ replaced by u(s,-), we
obtain that
u(t+ s,x) —u(s, )

Djfu(s,r) = 121%1 " = %TT[G(IE)*DQU(S,LB)G(QZ)]

+(Ax + F(x), Du(s, x)).
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However, the right hand side of the above identity is a continuous function
on [0,7] x H and consequently, by Lemma 3.2.4, u(-,z) is continuously
differentiable in ¢ and the required result follows.

To treat the case of an arbitrary generator A we consider a sequence
(un) where uy,(t,z) = Ep[X,,(t,z))] and X, is a solution of

Xn(t,x) :x—}—/o [Ap X (s,z) + F(X(s,x))]ds +/0 G(X(s,x))dW(s),

with A, = nA(nI — A)~! being the Yosida approximations of A. By the
first part of the proof, for s > 0 and z € H,

Difun(s,) = %Tr[G(m)*DQUn(s, 2)G ()] + (Az + F(x), Dun(s, z)).
(7.5.1)

Let us assume that © € D(A), so that A,z — Az. Define a sequence of
mappings (k) acting from HE([0,T]) into HE([0,T7]) as

t t
Kn(x,Y)(t) = etz + / =D E (Y (s)) ds + / =) AnG(Y (5)) dW (s),
0 0

for every Y € HZ([0,T]), t € [0,T].
Since the space HZ([0,T]) is separable it is easy to check that the se-
quence (K,) converges strongly to K given by

¢ t
K V)0 = ot [P (s) st [ G () aw (o),
0 0

and the corresponding Lipschitz constants remain bounded. By Theorem
7.1.5 and Theorem 7.1.6, applied to K,, K and the solutions X, and
X, we have strong convergence in HY of X,, and the Gateaux derivatives
0X,, 02X, to X and to 0X, 0°X respectively. Taking into account that
¢ € CZ([0,T), H) we deduce the uniformly bounded convergence of uy (s, z)
and the Gateaux derivatives du,(s, ), 0%un,(s, ), to u(s,z), du(s,z) and
32u(3, x), respectively. So we can pass, in the equation (7.5.1), to the limit,
as n — oo. This implies that the function u is a strict solution of the
Kolmogorov equation. [J

7.6 Uniqueness

The problem of uniqueness of the solutions to the Kolmogorov equation
is here discussed. It6’s formula and regularization schemes for stochastic
evolution equations are used.
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We first give another proof of the uniqueness for the infinite dimensional
heat equation , considered in Chapter 3, then we shall consider the general
case.

7.6.1 Uniqueness for the heat equation

We shall prove the following result.

Theorem 7.6.1 Assume that the functions ¢, u, Dyu, Du, D?*u are uni-
formly continuous on closed bounded subsets of (0,+00) x H and that the
equation

Dyu(t,z) = 3Tr[D3u(t,z)], t >0, = € H,
{t<>2[Q<>1 -

limu(t,z) = ¢(z), = € H,

holds. Moreover, assume that u is continuous on [0,+00) X H and for arbi-
trary T > 0 there exists M > 0 such that

lu(t, z)| + |Du(t, )| < MMl (t,2) €[0,T] x H.
Then
u(t,z) = Elp(x +W(t))], ¢t>0, x€E.
Proof. Fixt >ty > 0, x € H and define
P(s) =u(t —s,x+W(s)), se€]l0,to].

Due to the assumptions imposed on u one can apply It6’s formula to ¢ and
obtain

blto) = $(0) + /0 0 [; Te[Du(t — 5,2 + W(s)) — Du(t — 5,5+ W(s))| ds

to
+ / (Dult — 5,2+ W(s), dW(s)). (7.6.2)
0
But u satisfies the heat equation and therefore,

u(t —to,x + Wi(to)) = u(t,x) + /Oto (Du(t — s,z + W(s)),dW (s)). (7.6.3)
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However,
to to
/ |Du(t — s,z + W(s))|2ds < M>e2l"! / ds < 400, P-as.
0 0

Thus, applying the expectation operator to both sides of (7.6.3), one arrives
at E[u(t — to, x + W(to))] = u(t, x). Since

lu(t — to, z + W (tg))| < Mel*lsPsze W)l

and, by Fernique’s theorem, see e.g. [101], E(e?Ps<t WO < 400, the
Lebesgue theorem implies

u(t,x) = %;%E[u(t —to,x + Wi(ty))] = E[e(x + W (t))]. O

7.6.2 Uniqueness in the general case

We are here concerned with the Kolmogorov equations (7.0.1). As before, A
denotes the infinitesimal generator of a Cy semigroup ‘4, ¢t > 0, on H, Q is
a self-adjoint bounded nonnegative operator on H and F': H — H and G :
H — H are Lipschitz continuous mappings. Equation (7.0.1) corresponds
to the stochastic equation (7.0.2), which has a unique solution X (-, z) in
HP([0,T7)), for any T' > 0 and p > 2.

Our aim is to prove the following result.

Theorem 7.6.2 Assume that F' and G are Lipschitz continuous mappings
and u(t,x), t > 0, x € H, is a bounded continuous function such that for
each t > 0, the first and second space derivatives Du(t,z) and D*u(t,z),
x € H, exist and are bounded on (0,+00) X H and uniformly continuous on
bounded subsets of [e,+00) x H, for any € > 0. If u satisfies (7.0.1) then

u(t,z) = E[lp(X(t,x))], t>0, z € H, (7.6.4)
where X is the solution to (7.0.2).

For the proof we will need some preparatory work. We cannot repeat
the proof from the previous subsection for two reasons. To apply the Ito
formula to the process u(t — s, X(s,x)), s € [0,t0], to < t, the function
u(t,x), t > 0, x € H, should have continuous first time derivative, which
exists, in general, only if x € D(A). Moreover the solution X of (7.0.2) is
not given in the integral form

X(t) :x+/0 (AX(s) +F(X(s)))ds+/0 G(X(s))dW(s), t=>0,
(7.6.5)



General parabolic equations 147

required by the formulation of the It6 formula, but it satisfies a convolution
type version of the stochastic equation. To overcome these difficulties we
will approximate both the function u and the process X in such a way that
1t6’s formula will be applicable and by passing to the limit in the formulae
we will arrive at (7.6.4).

We first need the concept of strong solutions of the stochastic equations.
If a solution to (7.0.2) taking values in D(A) is such that

t
/ |AX (s)|ds < 400, forall t > 0, P-a.s.,
0

and (7.6.5) holds, then X is called a strong solution to (7.0.2).
We fix n > w (1) and set

Jo=n(n—A)"Y F,(z)=J,F(z), Gupz)=J,G(zx), z€H.

It is easy to see that if F' and G are Lipschitz continuous mappings with
respect to the spaces H and H, then F,, and G,, are Lipschitz with respect
to H = D(A) and H = Lus(V, H) Consequently, for each initial J,z ,
x € H, there exists a unique solution X,, of the equation

{ dXp(t) = (AXp(t) + Fo(Xa(1))dt + Gu(Xn(t))dW (1),

X,(0) = Joz € H, (7.6.6)

where A is the restriction of A to H. The operator A generates the same
semigroup e*4, t > 0, but restricted to D(A).

Lemma 7.6.3 If F' and G are Lipschitz continuous mappings from H into
H and H into 'H respectively then, for arbitrary n > w, p > 2, T > 0,
the equation (7.6.6) has a unique mild solution X, in H which is a strong
solution of (7.6.6) with A replaced by A. Moreover if n — +o00, Xn — X in
HY([0,T]; H).

Proof. It has been already shown that the solution X, exists. Since X, is a
solution to (7.6.6) it is also a solution to (7.0.2) with F', G and z replaced by
F,, G, and J,x. By the very definition, for all ¢ > 0, fg |AX,,(s)|ds < +o0,
P-a.s., and this easily implies that X, is the required strong solution. Define
a sequence (K,) of mappings acting from HZ([0,7]) into HZ([0,T]) by the
formula

Kn(z,Y)(t) = etz + / t U=DAF (Y (s))ds + / t eU=DAG,L (Y (5)) dW (s),

0 0

'We recall that ||e'| < Mre“t, t € [0,T].
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where Y € HZ([0,T)), t € [0,T)]. Since the space HZ([0,T) is separable it is
easy to check that the sequence (IC,,) converges strongly to IC,

K(z,Y)(t) = ez + /O t AR (Y (5)) ds + /0 te(t_S)AG(Y(s))dW(s),

and the corresponding Lipschitz constants remain bounded. The conver-
gence of the solutions X,, to X, in HZ([0,T7), is therefore a consequence of
Theorem 7.1.5. O

We pass now to the proof of Theorem 7.6.2.
Proof. Assume that u satisfies equation (7.0.1) and has the properties
formulated in Theorem 7.6.1. Fix any to € (0,t), n > 0 and define ¢ (s) =
Un (t — 5, Xpn(5)), where un(s,z) = u(s, Jpz), s € [0,]. The assumptions of
the It6 formula are satisfied and

dip(s) = [—Dyun(t — s, Xn(s)) + Lpun(t —s,-)(Xn(s))] ds

F(Dup(t — 8, Xn(5)), Gu(Xn(s)) dW(s)), s € [0, o).
(7.6.7)

Here
Lop(e) = 3 Tr{Cu(2)) Do) Cnl)

+(Az + F,(x), Dp(z)), x € D(A),

is the value of the operator determined by the process X, on the function
. Note that

Diun(s,z) = Dyu(s,Jux), Dun(s,z) = J,;Du(s, J,x),
D*uy(s,z) = J:D*u(s, Jux)J,, s>0, z¢€ H.
Therefore

Loun(s,-)(x) = %Tr[(JnGn(x))*DQU(s,Jnac)](JnGn(:L‘))

+(Adpx + JpFp(x), Du(s, Jyx)),
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and

—Dyun (s, x) + Lpun(s,-)(x) = —Dyu(s, Jnz) + Lpun(s, ) (2)

= Lpun(s, ) () — Loun(s,-)(Jnz)
= ST [(0G(0)QV) (G ()@

—(G(Jn2)Q"*)(G(Jnx) Q)| D2u(s, Jux)

+(JpFn(x) — F(Jpx), Du(s, Jyx)), s >0, x € H.

Since E(¢(to)) = E(un(t — to, Xn(to))) = E(u(t — to, JuXn(to)), E(¥(0)) =
u(t, Jox), one gets from (7.6.7) that

E[u(t — to, JnXn(to)]

= ult, ) 4 3B [ TG (X)) G (X0 51
Xl NN GXa () 1Dl — 5,5 ()]
+E /Ot()(JnFn(Xn(s)) — F(JnX0n(5)), Dyu(t — s, J, Xn(s)))ds

—u(t, Jyx) + %I,g(to) + I2(t). (7.6.8)

Taking into account that the process X, has continuous trajectories one
gets, by the Lebesgue dominated convergence theorem, that

B (u(t, Ju Xn(0))) = ult, Juw) + S I5(0) + 12(0).

It is therefore enough to show that I!(t) — 0, I2(t) — 0 as n — +o0o. We
will prove for instance that lim,,_, 1o I}(t) = 0. Note that if B and C are
Hilbert-Schmidt operators then

ITr BB* — Tr CC*| < |BB*—CC*|; (7.6.9)
< [(B=C)B*[h +[IC(B-C)h
<

IB = Cllas(|Bllas + [|Cllms)
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Let M = sup{||D?u(s,z)||: s> 0,z € H}. By (7.6.9)
t 1/2
e < M (E | WG (X)) = GO XD s ds)
0

1/2

(= [ [ Qs + G Xa) ] ds)

Taking into account that G is Lipschitz form H into ‘H and that X,, — X
as n — +00, one sees that I'(t) — 0 as n — +o0. [

7.7 Strong Feller property

To prove that the generalized solution w is regular and satisfies the Kol-
mogorov equation we assumed, in the previous sections, that the initial
function ¢ was in the space CZ(H). In this section we show that if the dif-
fusion operator GG is nondegenerate then the generalized solution might be
very regular for initial functions ¢ which are only bounded. Results of this
type require a new technique which we will describe now. We restrict our
considerations only to the regularity questions. The question of solvability
of the corresponding Kolmogorov equation will not be answered here.
As before we are concerned with the stochastic equation

{ dX(t) = (AX(t) + F(X(t)))dt + G(X (t))dW (),

X —zell (7.7.1)

but we assume that the space V' is identical with H. Let (P;) be the corre-
sponding transition semigroup

u(t,x) = Pip(e) = E[p(X(t,2))], t > 0,2 € H, ¢ € Cy(H).

The transition semigroup (F;) is said to be strong Feller if for arbitrary
t > 0 and an arbitrary function ¢ € By(H), Pyp € Cp(H). Necessary and
sufficient conditions for the strong Feller property in the case F' = 0 and
G = I were given in Chapter 6. In this section we consider much more
general data F' and G and follow S. Peszat and J. Zabczyk [184].

Theorem 7.7.1 Assume that FF : H — H, G : H — H are Lipschitz
continuous and that for all x € H, G(x) is an invertible mapping such that
for some K >0 ||G~Y(z)|| < K, = € H. Assume in addition that there exists
a > 0 such that for allt >0, e € Lyg(H, H) and

¢
/ 5™ e % gds < +o0.
0
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Then for arbitrary T > 0 there exists a constant Cp > 0 such that for all
w € By(H) and all t € [0,T],

Pp(e) — Prply)| < & 7 = lelole —yl,  zyeH. (7.7.2)

Proof. We start by proving (7.7.2) in the case of smooth F, G and ¢.

Lemma 7.7.2 Assume that the mappings F, G and the function @ have
uniformly continuous and bounded derivatives up to the second order. Then
for each t >0, Pyp € UCE(H) and

p(X(t,x) = bp(z)
t
—l—/o (DP—sp(X(t,2)),G(X(s,z))dW (s)), P-a.s. (7.7.3)

Proof. Let (e,) be a complete orthonormal system in H. For each n, let
Xpn = X, (-, x) be the solution to the equation

{ X (1) = (A X () + F(X0 (8))t + G(X (£)Qu 2dW (1),
Xn(0)=z€H,

where A, = nA(n — A)~! is the Yosida approximation of A and Q,, is the
orthogonal projection of H onto the subspace generated by {ei,..., e},
n € N.

It can be shown that the function

n(t, @) = El(Xn(t, 2))], (£, 7) € [0, +00) x H,
is the classical solution of the Kolmogorov equation

Diun(t,z) = ITr[(G(2)Q?)* D2y (t,2)(G(2) Q™))
+({Apz + F(z), Dun(t z)), t >0, z € D(A),
un(ovw) = (p(.%‘), r € H.

Applying Itd’s formula to the process ¥(s) = un(t — s, Xy (s,2)), s € [0,t],
x € H, one obtains P-a.s.,

o(Xn(t,z)) = up(t,x) + /0 (Duy(t — s, Xp(s,2)), G(Xn(z,s)) Q}L/ZdW(s)).
(7.7.4)
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Note that
Du(s,z) = E[(DX (s,z))*Do(X (s, x))]

and

Duy(s,z) = E[(DX,(s,2))" Dp(X,(s,x))]. (7.7.5)
Applying Theorems 7.3.5, 7.3.6, and taking into account that the approx-
imation procedure affects only the semigroup and the Wiener process, one

can pass to the limit in (7.7.4) and (7.7.5) and arrive at (7.7.3). O
We derive now the so called Bismut-Elworthy-Xe formula , see [184].

Lemma 7.7.3 Under the assumptions of Lemma 7.7.2, the directional
derivative (DPyp(x), h) is given by the formula

(DPp(a). 1) = §E [ o(X(02) [ (6 (X (s, 0) (DX ()0, aW ()]
(7.7.6)

Proof. Fix h € H and define u(t,x) = Pyp(z), t > 0, € H. Multiplying
both sides of (7.7.3) by

[ (6 s DX s, a5,
and taking expectations one gets
B (#(X(t0) [ (G X ) (DX (5,00, W (5))
~ & [ [ (6" (X5, DPl(X (5.2, 6 (X ) (DX (.20 5]
_E [/Othtsgo(X(s,m)), DX(s,x)h)ds]
_ /0 DIE(Ps (X (s, 2)). hyds
= [P Wi = PP, O

Lemma 7.7.4 Under the assumptions of Lemma 7.7.3, the estimate (7.7.2)
holds true.
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Proof. Fix T' > 0, then by Lemma 7.7.3,

A

(DPp(), M < - IR E [/ G~ ) - DX (s, 2)h| dS]

K2 = llell3 E [/Ot |DX(s,x)h2ds] : (7.7.7)

and we need an estimate on the process Y (t) = DX (t,z)h, t > 0. By
Theorem 7.3.5, the process Y is the mild solution of the equation

{ dY (1) = (AY (t) + DF(X(t)) Y (£))dt + DG(X (1)) Y (£) dW (¢),
Y (0) = h.
(7.7.8)

Equation (7.7.8) is linear, with random coefficients and equivalent to the
integral equation

Y(t) = etAh+/t eADF(X (s)) Y(s)ds
0

. /t e(t—s)ADG(X(S)) Y (s)dW (s).

0

By our assumptions, for arbitrary 7" > 0, there exists M > 0, such that
|DF (z)y| + [l DG(x)yllus < Mlyl, x,y € H, o €[0,T].

Applying the contraction mapping principle in H?([0,T]) one easily obtains
that (7.7.8) has a unique solution satisfying

E[Y(®)]* < Clh?,  teo,T], (7.7.9)

if T is sufficiently small. Reiterating the procedure one gets (7.7.9) for
arbitrary 7' > 0, h € H. Applying (7.7.9) to (7.7.7) one has that

K2
(DPpla), i) < == C lleld 12, ¢ € [0,T],

Let x,y be arbitrary elements in H. Then by the mean value theorem, for

a(y) € [0, 7]

Pp(z) — Prp(y) = (DPp(z + o(y) (@ —y)),z — y).
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Therefore e
KVC
|Prp(x) — Prp(y)| < 7||¢Holx =y,

as required. O

Lemma 7.7.5 If (7.7.2) holds for arbitrary ¢ € UCE(H), then it holds for
all p € Bb(H)

Proof. If ¢ € UCy(H), then there exists a sequence (¢,) of functions from
UC%(H) such that lim, ¢, (2) = ¢(z), [eallo < [|¢]lo, and therefore (7.7.2)
holds for all ¢ € UCy,(H). From elementary properties of measures on metric
spaces one has the following estimate of the variation of the signed measure

P(t,ZE, ) - P(tvyv ) (2)
Var (P(t,z,-) — P(t,y,)) =  sup |Pup(x)— Pip(y)l

peUCH(H)
llello<t

Cr

< z—vy|, x,y€H.
SN yl y

But then for ¢ € By(H)

|Pip(x) — Pro(y)| < ’/H p(2)[P(t, x,dz) — P(t,y, dz)]
< HSDHO Var(P(ta$a') _P(tvyv ))
<

Cr
— |z —vy|. O
||¢!\oﬁ\ Y|

From Lemma 7.7.5 it follows that in order to prove the theorem one can
assume that ¢ € UCZ(H). Now we show that it is possible to eliminate
the hypothesis of twice order differentiability of the coefficients F' and G.
Actually it is possible to construct, see [184], approximations F,, of F' and
G, of G with the following properties:

(i) Fn, Gn, n € N, are twice Fréchet differentiable with bounded and
continuous derivatives,

(ii) Fy, G, satisfy the Lipschitz condition uniformly with respect ton € N,
(iii) the operators G, n € N, are invertible and

lim sup |G, ()] < sup |G (z)],
n—+00 e zeH

2P(t, x,-) is the law of X (¢, z).
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(iv) lim |[F,(x)— F(x)| =0, lim ||Gn(x) —G(x)]| =0, x¢€H.

n—-+o0o n—-+o0o
To complete the proof of the theorem set

Pi'o(z) = Elp(Xn(t, z))], ¢ € Co(H),
where X, is the solution to problem (7.7.1) corresponding to coefficients F,
and Gp,. Fix T > 0, ¢ € UCZ(H). By Lemma 7.7.4

n n CT
|P"p(r) — Pl'o(y)| < Vi lello | —yl, «,yeH, tel0,T].

However, for fixed ¢t > 0 and « € H there exists a subsequence (X, (t,z))
such that X, (t,z) — X(t,x), P-a.s. as k — +o00. Since ¢ is bounded and
continuous function we have

Pt o(a) = E(p(Xn, (t,2))) — E(p(X(t,2))) = Pip(),
as k — 400, and therefore

Cr
|Prp(r) — Pi(y)| < WHwHo!w -y, z,yeH, tel0,T],

as required. [
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Parabolic equations in open
sets

The heat equation with a linear first order term is considered in an open
subset O of a separable Hilbert space H. Boundary conditions are of the
Dirichlet type, see §8.1. In §8.2 the regularity in the interior of the general-
ized solution is studied; §8.3 is devoted to the existence of strong solutions
and §8.4 to uniqueness.

In this chapter we follow [92] and A. Talarczyk [207]. We note that in
the special case when O is a half-space, some regularity results up to the
boundary were proved by E. Priola [190], [193], [194], [195], [191].

8.1 Introduction

Let O be an open subset of a separable Hilbert space H. The present chapter
is devoted to the Kolmogorov equation in the set O, with the Dirichlet
boundary condition

Du(t,z) = LITv[Q2D2u(t,z)Qz] + (z, A*Du(t,z)) ifz € O,t>0,
u(0,z) = p(z) fzxeO,

u(t,z) = 0 ifxedO,t>0.
(8.1.1)
We shall assume that
(i) A is the infinitesimal generator of a Cy semigroup e,
(8.1.2)

t
(7i) Q is self-adjoint and/ Tr[e’2Qe* |ds < oo, t > 0.
0

156
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The second important assumption is the controllability condition (6.2.3),
e A(H) c QY (H), t>o0. (8.1.3)

As we have noted in Chapter 6, by (8.1.3) and the closed graph theorem it
follows that the operator A; defined by

1
At:Qt QStA, t>0,

is bounded. Moreover, again by the closed graph theorem, it follows that
for each ¢t > 0, €' is Hilbert-Schmidt, and consequently, by the semigroup
property, €' is of trace class.

We will also require that for some 0 < a < 1, T > 0,

T
/ sTTr[e? Qe |ds < +o0. (8.1.4)
0

If O = H then the generalized solution of the problem (8.1.1) is given
by the formula, see Chapter 7,

u(t,x) = Prp(x) = Elp(X(t,x))], t >0, x € H, (8.1.5)

where X (¢, ) is the solution to the differential stochastic equation

dX = AXdt+dW(t), X(0) =z, (8.1.6)
given by
t
X(t,z) = etz +/ =4 quy,. (8.1.7)
0

The generalized solution to (8.1.1) is defined by a modified formula:

U(t, ‘T) = ]E[SO(X(t’ x))X{Té>t}]7 z €0,
where
H=inf{t >0: X(t,x) € O°%}

is the exit time of the process X (t,z) from O. As a counterpart of the
semigroup (F;), it is convenient to introduce a family of linear operators
(Pto), corresponding to the Dirichlet problem in O, and acting on Borel
functions defined on O in the following way:

PPp(z) = Elp(X(t,2))x(rg>n), 2 €O (8.1.8)
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One can show that the family (PP) forms a semigroup PS, = PYR,P°
which will be called the restricted semigroup.

We will prove that, under weak requirements, the function P is regular
in O, for each t > 0. We will follow the papers by G. Da Prato, B. Goldys
and J. Zabczyk [92] and by A. Talarczyk [207]. Following Talarczyk [207]
we prove also that the generalized solution is the classical one and unique.

8.2 Regularity of the generalized solution

We know by Chapter 6 that, for ¢ > 0, the function P;¢p is differentiable on
H an arbitrary number of times. A similar result holds also for the restricted
semigroup.

The main result of the present section is the following, taken from [92]
and A. Talarczyk [207].

Theorem 8.2.1 Assume that (8.1.2) and (8.1.3) hold and there exist ty, C' >
0 and 6 > 0 such that

A < Ct™°, te(0,t). (8.2.1)

Then, for arbitrary ¢ € By(O) and t > 0, the function PPy is continuously
differentiable in O an arbitrary number of times.

The proof will be based on several results of independent interest. The
following proposition, due to E. B. Dynkin, see [108], is valid for general
transition semigroups.

Lemma 8.2.2 Let ¢ € By(O). Define
ptOW(l") = {
Lett > s >0, x € O and ¢ € By(O), then

POo(a) ~ P, (PL0) @)| < lello P < ). (82:2)

Proof. We have

Ptogo(x) Zf T e 07
0 if x € O°

PPo(z) = E(p(X(t,x)): X(r,z) e ® forall r € [0,t])
= E(p(X(t,x)): X(r,z) € O forall r € [s,t])
= E(p(X(t,z)): X(r,z) € O for some r € [0, s]
and X(r,z) € O for all r € [s,¢])
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By the Markov property, see [102],
I = E(e(X(t,x)): X(r,z) € O for all r € [s,t])
= E(P2p(X(s,2): X(5,2) € 0) = P (PC¢) (a).

Since
L] < |eloP(X(r,z) € O° for some r € [0, s]
and X (r,z) € O for all r € [s,t])
< |ploP(X (r,z) € O for some r € [0, s])
< lploP(15 < s),

the proof is complete. O
We need the following interpolatory result.

Lemma 8.2.3 Let U be an open subset of H. For x € U denote dy(x) =
dist(xz,U¢) A 2. Then

4

D < % D2 L ; 2
IDy@ < s ol el +10%],)5 g€ 2O,

[D?g(2)]| < QJZQmemimmU+wﬂﬂwi

1
x (I1Dglly + | D%g||;)?  ifg € C*(U),

16 i 1 1
1D < (7555)" allo)* (ol + 1%,

=

1
X (”DQHU + HD39HU)4 (HD29HU + HD49HU)

if g € CHU).
Proof. Assume that the closure of the open ball,
B(z,r)={yeH: [ly—=z| <r}

is contained in U and |h| = . By the mean value theorem, for each ¢ € [0, 1]
there exists z € B(x,r) such that

o(z + th) = g(x) + t(Dg(x), ) + % 2(D2g(2)h, h). (8.2.3)
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From (8.2.3)

h 2|lgllv | 1 2
D < fth D

2llg
(o) Lo (o).
) P <27’||D 9HU>
<

Setting ¢t = /595 one gets that ¢ + {3 < 2\/a(a + (). Consequently
2 2 1
Do) < 226l 2ol Ly,

4 1
< 2Tl lglo + Ir21%lo.

Since r was an arbitrary positive number smaller than di(x), the estimate
follows.

Now let V' be an open ball with center at = and radius dy(z)/2. We apply
the first inequality to V' and to functions of the form f,(z) = (Dg(x),v),
v € H, and we see that

and therefore, for all ¢ € (0,1),

|Dg(x)]

IA
+1 2/
=

s =

<

4

2

[2%0@) < gV 1Psllv /1Dl + D%l
<
<

szx) VIDglA/IDglly + 1D%ll, - (8.2.4)

For y € V we have

161 < g lallo /ol + 0%l

Now, since dy(y) > dy(z )/2, we obtain

1Dglly < & ¢||g||Uw|guU+||D2g||U -

Combining this with (8.2.4) we get the second inequality of the lemma. The
proof of the last one is similar. O
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The following result plays an essential réle in the estimates of the exit
probabilities and therefore in the proof of the theorem. It is an improved
version of a result from [92] with a simpler proof based on the arguments of
[182] and on the properties of Gaussian measures.

Lemma 8.2.4 Assume that condition (8.1.4) holds. Then

(i) the process Z(t) = fg et =4 dW, has a continuous version and for
each T > 0 there exist positive constants C1, Cy such that for all
te€ (0,T) and r >0,

7>2
P <sup |Z(s)|| > 7’) < Cre” 2 (8.2.5)

s<t

(ii) for all x € O and T > 0 there exist positive constants rq, tg, Cs, Cy
(dependent on x, T and O) such that for all t € (0, o],

—Cy
sup P (7'(% < t) < Cze™ @, (8.2.6)
yeB(z,r0)

Proof. The proof of the continuity of Z, as well as the formula (8.2.5), is a
consequence of the following formula:

. t
200 =2 [Pty (9)is, 120, (8:2.7)
T 0
where
t
Y(s) = / (s — 0) Pl AW (g), 5 >0, (8.2.8)
0

see [101] and [102], valid for 8 € (0,%). We prove only formula (8.2.5)
leaving the proof of continuity of Z to the reader, see e.g. [101]. Define

a 1 9
/6:77 ng=|— +17 QO:2n07 Po = .
2 a q — 1

Then pal —i—qo_l = 1. Moreover if n > ng,n € Nand ¢ =2n, p = q(qg— 1)}
then by the Holder inequality

sin B

1ZO < — /O(t—S)ﬁlHe(”)A! 1Y (s)llds

sin G t - . 1/p t 1/q
([ mpeetpas) ([ vepeas)
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Therefore, for all u € (0,T]
2(8—1)p+1 u 2/q
sup [ 2(1)]) < eu ( / \|Y<s>||%zs>
0

t<u

where ¢ = (Smﬁw) M?, M = sup,<p|le"t||. For arbitrary A > 0, n > ny,

ue0,1],
e ZOF (1 (WY,

E<suptg5|5<t>112>” L[ (Y,

Consequently

1 (supcy, 12O\ ) 1 / o2
E — | ——— <— [ E ds. 829
Z n! ( cAu® ~ufy ¢’ N ( )

n>ng

Now if E[|Y(T)||> <  and s € (0,T] we have

Iy ()2 1
Ele x ) < (8.2.10)
— 2E[Y (s)]12
< L =C(N).

V11— 2E|Y (D)

Note that E||Y(T)|? = fo t=||et4Q2||2,4dt. Moreover, for n = 0,1,...
ng— 1

I (Sup{\Z(t)H2 P < u})" < (E (Sup{\Z(t)ll2 < u}>"°)’:5

cAu® cAu®

and

3 lg (sup{uz<t>||2: t< u}>"

o n! cAu®
”0221 Sup{||Z(t)H21 Y
- = n! cAu

(E(sup{HZ(t)Hj: tgu}>"0) 75
<e e : (8.2.11)
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Since

e < o (0] )
(5
< (AO)

we have, taking into account (8.2.9), (8.2.10) and (8.2.11),

2.
E <sup{||Z(t)A|| s “}) < O(N) 4 elmo!CON 0,
CAU

Finally, by Chebyshev’s inequality

su 2: u 'r2
P ((sup 1Z@®)| > r) =P (eW > emp)

2 sup{[|Z(t)[|%: ¢t<u}
S e caud E (@ cAu®

< e‘% (C(/\) +e(n0!c()\))l/no>

and the proof of the estimate (8.2.5) is complete.
To prove (8.2.6) it is enough to show that if (8.1.4) holds and a € O,r >
0, and T > 0 are such that

B(a,r) C O, and sup|ea —a| < r
t<T 4

then for M = sup,<p [l€"| and ro = r/4M, there exist positive constants
C1, Cy such that for s € [0,77,

sup  P(7g(,,) <5) < Cre” CQSO‘. (8.2.12)
z€B(a,ro0)

Notice that for x € B(a,rg)

IX(t,2) —al = ez +Z(t) —al < |l (z —a)|| + |e“'a—al| + Z(1)]
< 2r+ (2@

Therefore, for x € B(a,ry) and s < T,

N3

).

p(ﬁg gs)gP sup || X (t,z) —al >r ) <P (sup|Z(t)]| >
((l,'f’) tSS tSS
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and it is enough to apply (8.2.6). O

The case of the first derivative was treated in [92]. The proof for higher
derivatives is analogous. We show, following [207], the existence of the
second derivative of Ptocp, its continuity and boundedness on small balls
contained in O.

Fixx € O and 0 <t <T. Let 19, to be as in Lemma 8.2.4 (ii). Taking
to smaller if necessary we can assume that for all s < ¢; assumptions (8.3.2)
and (8.2.1) are satisfied. In what follows C' will always denote a positive
constant dependent only on xz, T" and the set (0. This constant can be
different in different expressions below.

For k € N, k > 1 we define functions ¢ as follows:

Ur(y) = P%P%tgp(y) for yeH. (8.2.13)
By Lemmas 8.2.2 and 8.2.4 the sum 91 (y) + > pe s (Y1 (y) — ¥r—1(y)) con-

verges uniformly to PPp(y) for y € B(x,r). Each 1y is in Cf°(H), hence
to prove that PPy is twice differentiable at z it suffices to show that

1D*1| 0y + > I[P (i — Uh1)|| gy, 0y < 0. (8.2.14)
k=2

For each k > 1 the norm HD2¢’€HB(90 ro/2) is finite. For k such that % <ty

and k > 2 we will use Lemma 8.2.3 with gy = ¥y — ¥x—1, U = B(z,10). By
formula (6.2.12) and assumption (8.2.1) we have for y € B(xz, 3),

) <Clivlo (&),

A

IDgell < lello (A

ID2ak(w)|| < Cliello (5),

D20 < Cliglo (5)¥

As a consequence of Lemma 8.2.3 we get

oo (R
1% 0 = vn) ] £ (e = vnaler) 1ol (5)

which, by Lemmas 8.2.2 and 8.2.4(ii), can be estimated by

20
Cllgllge (F) (’“) |
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Thus the series in (8.2.14) is convergent and for y € B(z, ),

oo

D*PPo(y) = D*¥1(y) + Y D* (¥ — vu—1) (y)- (8.2.15)
k=2

The required regularity of Ptogo is proved. O

8.3

Existence theorems

For € H denote by 7 the first exit time of the process X (¢, z) from O,

H =1nf{t >0: X(t,z) € O°}.

By the Blumenthal 0-1 law the probability P(7% = 0) is either 0 or 1. We
say that a point « is regular if P(7% = 0) = 1, otherwise we call it irregular.

Definition 8.3.1 We say that a continuous and bounded function u(t,x)
on [0,00) x O is a strong solution of (8.1.1) if it satisfies

()

(i)

(iii)

(i)
(v)
(vi)

for each t > 0 the Fréchet derivatives Du(t, z) and D*u(t,x) exist, are
continuous on x € O, and locally bounded as functions of (t,x), i.e.
for all x € O and t > 0 there ezist t; € (0,t) and r > 0 such that

sup  {[Du(s,y)| + || D?u(s, y)||} < o0, (8.3.1)
(s,y)E[t1,T)x B(z,r)

foreacht >0, Du(t,z) € D(A*), |A*Du(t,x)| and HQ%Dzu(t,a:)Q%

1
are locally bounded, and for fized t > 0, Q%DQu(t,x)Q% 18 continuous

as a function of x € O into the space of linear trace class operators on
H,

for each x € O, Dyu(t, x) exists fort > 0 and is a continuous function
of t,
equation (8.1.1) is satisfied in the classical sense,

u(0,z) = p(x) forx € O,

for any sequences (xy,) of points in O converging to a regular point
x of the boundary, and (t,), t, > 0, converging to t > 0, u(ty,xy)
converges to zero.
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Remark 8.3.2 By the compactness of {x} x [v,T] for 0 < v < T < o0, it
follows that (8.3.1) is equivalent to

Vee O, V0<~y<T <oo, Ir >0,

sup {|Du(s,y)| + || D?u(s, y)||} < oc.
(s, )€Y, TIxB(z,r)

Our aim is to prove the following two existence theorems due to A.
Talarczyk [207]. The first theorem deals with bounded initial functions ¢,
while the second deals with continuous ones.

Theorem 8.3.3 Assume that conditions (8.1.3), (8.1.4) and (8.2.1) are sat-
isfied. Assume in addition that et C D(A) and there exist to > 0,C > 0
and 6 > 0 such that for all t € (0, to]

|Aet|| < Ct°. (8.3.2)

) satisfies (1)-(iv)

Then for each ¢ € By(O) the function u(t,r) = PPo(x
*) and A*D?*PPy(x) is a

of Definition 8.3.1. Moreover, D*PPy(z) € D(A
bounded operator.

Theorem 8.3.4 Assume that in addition to the assumptions of Theorem
8.3.3 the initial function ¢ is continuous. Then u(t,z) = PPy(x), t >
0, x € H, is a strong solution of (8.1.1).

Remark 8.3.5 If e!4(H) C D(A) then, since A is closed, Aet4 is a bounded
operator. Consequently, e!4 A can be extended to a bounded operator, this
extension is equal Ae™, 4" (h) € D(A*) and ||A*e || = || Ae™||.

Assumption (8.3.2) is satisfied for analytic semigroups with 6 = 1 (see
[104]).

Example 8.3.6 Let
d2

H=1%0,1), A= Tk D(A) = H*(0,1) N H}(0,1), Q=1
and let O be an open set in H. The operator A has eigenvalues —n?7n2,
n € N. The semigroup e'* generated by A, and the operator Qy, have
the same eigenvectors as A. The corresponding eigenvalues are e~ ™t and
%, respectively. All the assumptions of Theorem 8.3.4 are satisfied.

(8.1.4) holds for all 0 < o < 3, (8.3.2) is satisfied for § = 1 and (8.2.1)
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with § = 1. Thus for each ¢ € Cy(O) the function PPp(z) is a strong
solution to (8.1.1). If O = B(0,r) is a ball in H then, as shown in [92],
every z € 0O such that (Qz,z) >0, z € D(A) or z € D((—A)%) is regular,
and consequently, for ¢ > 0,

lim PP () = 0.

zeO
Tr—z

But in [92] it was also shown that there exists a dense set of irregular points.

The proofs of both theorems follow the work of A. Talarczyk [207]. We
refer to [207] for more details

We need one more lemma to prove that for arbitrary ¢ € B,(0), x € O
and ¢ > 0 the operator Q%DthOgo(x)Q% is of trace class and that DPCo(x)
is in the domain of A*. This result was proved in Chapter 6.

Lemma 8.3.7 Assume that (8.1.4) and (8.1.3) hold.
(i) We have

DPié(z) = /H ¢4 D (e +y) No,(dy) if é € CL(H),

D*Py(z) = /H e D2 (et a +y) e No, (dy)  if o € CH(H). (8.3.3)

(ii) DP,¢(x) € D(A*) for allt >0, x € H and ¢ € By(H) if and only if
eA(H) € D(A).

(iii) The operator D?P;¢ is of trace class for all t > 0, x € H and
¢ € By(H).

Proof of Theorem 8.3.3.

Step 1. Proof of (i) in the definition of the strong solution .

This is a direct corollary of the regularity theorem from the previous
section which states in particular that for all t > 0, PPp(z) is of class C?
with respect to the space variable z € O, with locally bounded first and
second derivatives.

Step 2. We will prove that if (8.1.4) is satisfied then

> (1)

k=1

2
t 1
ex203

< 0. 8.3.4
e < (8.3.4)
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Let N > 0 and a € R be such that He(’AH < Ne%, o > 0. Denote
M = sup,<p He"AH V 1. From (8.1.4) we have

t 2 s 2
1 1
oo > o |le”1Q2 do >t7¢ / e’4Q3 do
el iz X [ et
k=1" k+1
00 %_L 9
+1 ¢ 1
>t / el T)403 do.
; 0 HS
By the semigroup property
tA AL (L_L_U)AH‘ (F=40)A A1
ek 2 < He ko R+l e\ k+1 2
‘ Q HS — Q HS
< MHe(%H”)AQ%
- HS
for0<o < m Thus we get
1 s t LA 1 2
— — |lex7 Q2 < 0
M? l; k(k+1) ‘ HS

and (8.3.4) follows.

Stlep 3. Now we will show that for arbitrary ¢ > 0 and x € O the opera-
tor Q2 D?PPp(x)Q? is of trace class and DPPy(z) € D(A*), which means
that the right hand side of (8.1.1) is well defined for u(t,z) = PPp(x). We

also prove here local boundedness of A*DPCp(x) and HQ%DQPtocp(x)Q% ‘ ,

Fixx € 0,0 <t <T and kg > 2 such that for all k£ > ko, ekl — 1 <7

and £ < t;. To prove that Q%DQPtOgo(x)Q% is of trace class it suffices to
show that

|3 D%y, (2)0%

3 || - k) @)QE| <00, (839)
ko+1

where 1)y, are defined in (8.2.13). Then we will also have

1

Tr[Q2D?PLp(2)Q?] = Tr[Q7 DXy, (2)Q?]

+ Z TT[Q%DZ (Vi — Yr—1) (x)Q%]

k=ko+1
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Set
Uy(z) = Pﬁ]s%tcp(aj) — P _ P2, ox). (8.3.6)

By the smoothing property of the global semigroup P, we see that ¥ €
C2(H). Applying Lemma 8.3.7 to

D? (e — ) (2) = D? (P Wy ) (@)
we get
D? (g, — 1) (x) = /H e A D2y (e26 g + y)e 2 A N No, (dy). (83.7)

and consequently we have

1

Q3 D% (v =) @)Q3 |

Hs/ |pPwi (e +y) | Mo (dy). (8.38)

S‘eﬁAQ2

First we estimate the integral in (8.3.8). From the definition of ¥j we see

that
)

< Cligllo (’j)6 (83.9)

2
ijitf
k—1

t
2k

D%y < Celivlo A

Thus by (8.3.9) and Lemma 8.2.4(i),

/ T‘O
|y|27

D*, (ezk x—i_y)HNQ% (dy)

<Clelo (5) P

%)

/% ( “)AdW
0

k 26 Lok
< Cligllo (t> e i), (8.3.10)
If |y| < 2 then e Az +y € B(a, ), since ey — 3:’ < 2 and by Lemmas
8.2.2 and 8.2.4
()] <2 o P(r6< it o)
sup k(2)] <2||lp sup H< —— — —
z€B(z,ro0) OzeB(x r0) © k—1 2k

<Cpllpe™ @, (8.3.11)
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Using Lemma 8.2.3, estimates (8.2.1) for A; and (8.3.11) we obtain

\/ TO
lyl<—

1 1
< C [0l (1l + D20 )

T
lyl<

2w (efia + y) || No,, (dy)

NG

< (1Dl + ([ D*®k| ;1) Ne , (dy)

t
2k

k 26 1 (k)
<Clello LR AUAE (8.3.12)

Applying (8.3.10) and (8.3.12) to (8.3.8), we get

2 INE
J@to? e - v @3, < Clielo e a@i [ (5) e
(8.3.13)
In view of (8.3.4) the sum over k of these terms is finite, since Kleak 0

as k — oo for each 7 € R. This completes the proof of (8.3.5).

To prove that DPPp(x) belongs to the domain of A* it suffices to show
that the series

A Dy (z) + Y A*D (b, — 1) () (8.3.14)

k=ko+1

is convergent in H. Estimates are similar to the previous ones and they are
omitted.

By (8.3.3) we also have that for each v € H, D> PP p(x)v € D(A*). Since
A* is closed it follows that A*D2PPyp(z) is a bounded operator.

From the above discussion we easily obtain, see [207], that for all x € O

and 0 < t1 < T < oo there exists » > 0 such that both ’ Q%DQPtOgo(y)Q% )
and ‘A*DPtng(y)‘ are uniformly bounded for (¢,y) € [t1,T] x B(z,r). More-

over, Q%D2Ptog0(x)Q% is continuous as a function of z € O into the space
of trace class operators on H.
Thus we get (ii) in Definition 8.3.1.
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Step 4. In this step we show that for a fixed x € O the right derivative
of PPy(x) with respect to t exists for each t > 0 and satisfies

1 1 1 %
D} POla) = STHQL DUPP(r)QH + (r. A'DPCo(a)).  (8.3.15)
Let h € (0,t), then

P o(x) — PPo(x) _ PyPPy(x) — PCy(x) N P2 o(x) — PuPPy(z)
h h h

(8.3.16)

and by Lemmas 8.2.2 and 8.2.4(ii) the second term in the right hand side
of (8.3.16) converges to zero as h — 0. Let M = sup <o, HGSAH. By Lemma
8.2.4(i),

] (P90 (2 40) - 6t0) N

1 =1
<2|¢llo 5 CeenT —— 0

and (8.3.16) takes the form

Pg (@) — PPo(x)

h
= %o(h) + % / (PtO@ (ehAx + y) - PtOgo(a:))NQh(dy). (8.3.17)

lyl<gyr

Suppose that A is so small that for each u < h, ‘e x —:L“ < gy If
ly| < gx7 then e"2 + y is in the ball B( ,4]?/[) and here PPy is three
times continuously differentiable, with bounded derivatives. We use Taylor’s

formula to see that the right hand side of (8.3.17) is equal to

1 1
—o(h) + DPPo(x), "z — x4+ y) No, (dy)
h h lyl< 20 < t > h

1 2 pO hA hA
—i-% e <(D P, <p(a:)) (e x—x—i—y) ,€ x—x+y>NQh(dy)

1
+ o / <D3Pt0cp(:n + Ohy) (ehAx —x+ y) <ehA:1: —x+ y) ,

lyl <2
(ehAx —x+ y) >NQh(dy)
1

= 5-0(h) + Li(h) + Ia(h) + Is(h), (8.3.18)



172 Chapter 8

where 0, = 1y, (ehA:c —x+y) for some 0 < 7, < 1. Notice that if
ly| < gxp then [0, | < 7%
Since the measure Ng, is symmetric we have

1 o hA "o
= — — <
I (h) - <DPt o(x), ez a:>IP’(|Z( )| 5 ) (8.3.19)
where Z(h fo (h—w)Aqyy, . Moreover,
1<DPO hdy — 2y ={ DPP A e"Aad
. > o(x), e e —x) = - p(x xdu

1
= <A*DPtOg0(a:),h/0 "Aa:du> " <A*DPt o(z),z)  (8.3.20)

and r
O —_—
e (20 ) 1.
Thus from (8.3.19) we get
lim I1(h) = (A*DPP p(x), ) . (8.3.21)

h—0

Next, I2(h) in (8.3.18) can be written as

I(h) =5 (D POola) (e — o) e — o) B(12(0)] < )

2h <D2Pt 90( )y7y> NQh(dy)

1
- — D?pP No, (d
3 e (D*PPe(2)y,y) Nay (dy)
=I91(h) + Io2(h) + I23(h). (8.3.22)

As in (8.3.20) we get

I (h) = % <A*D2Ptocp(x) <€hACC - x) ,;/Oh A du> P <\Z( )| < SM)

Recall that by Step 3, A*DQPtqp(x) is a bounded operator. Since ez —z —
0 and %foh ez du — x we have

}Lir% I5i(h) = 0. (8.3.23)
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Finally, by Hélder’s inequality we get

Is(h) < |D*PPp(x) N 37 (/ Ng, dy) </ lyl* N, ( dy))1

By Corollary 2.17 in [102], for each m € N there exists a constant C, > 0
such that

[ 1l N () < € (Te Qi)™ (5.3.24)
Thus by Lemma 8.2.4 and (8.3.24),
Ipz(h) < C || D*PPo(x o)+ Lea= Q) —0. (8.3.25)
The term Is3(h) in (8.3.22) can be written as follows:
1 192p0O 1
Iy = §Tr[Q2D P o(x)Q2]
2

41 (i Te[Qn D2 PP p(x)] — Tr[QéDQPt%(x)Q%]> . (8.3.26)

We will show that the last term in (8.3.26) converges to zero as h — 0.
By an elementary transformation, see [207], we obtain the estimate

‘flL Tr[QuD* PP (x)] — Tr[Q? D*PLp(2)Q?]

< h/ )Tf Q2" D2PP ()" Q7] — Tr[Q2 D*PLo(2)Q7]| du.
(8.3.27)

It suffices to prove that the integrand in (8.3.27) tends to zero as h — 0. Let
M = supeo 1y |et4]] and kg > 2min{2,T/ty} be such that for any h < T'/to,

t
we have |e"2 — 2| < ko/8 and for all k > ko we have |ex 2z — :v’ < g37- We

can use the expansion (8.2.15) of D?PPp(x) but starting from ko instead
of 1. Both series are absolutely convergent. Thus we can estimate the
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integrand in(8.3.27) by

i ‘<<Q%€uA*D2wko (2)e"4Q2 — Q%D2¢kOQ%) e, ei>
=1

£ S [([@ber b2 - i) (et

k=ko i=1

—QED (Y —vn) (@)Q% fesnes)|  (8:3.28)

where (e;) is an arbitrary orthonormal basis of H.

Ay —v| — 0if h — 0, hence each term of (8.3.28)
converges to zero as Well By the dominated convergence theorem (8.3.28)
converges to zero. Putting it together with (8.3.27) and (8.3.26) we see that

1
lim Top(h) = 5 Tr[Q2 D*PPp(2)Q2 . (8.3.29)
Applying (8.3.23), (8.3.25) and (8.3.29) to (8.3.22), we obtain

lim Iy(h) = 3 Tr[QF D2 p(x)Q%]. (8.3.30)

We will show finally, that I3(h) in (8.3.18) tends to 0 as h goes to 0. We

will estimate a typical term I31(h) only, for the other estimates we refer to
[207]. We have

)

<D3Ptog0 (z + Ony) (ehAa: - x) <eh’Ax - 9:) ,

1 h
A/ e"Aacdu>NQh(dy)’.
hJo

(8.3.31)

|<8]\/I

From (8.1.5) it is easy to see that for ¢ € C3(H) and f,g,h € H,

((D*Pip(x)f) g, h) = / fA*D%e z+y)e tAf)e g, > (8.3.32)
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The third derivative of Ptogo in the ball B ( T, g M) can be written as D31/1k0
Ez’;koﬂ D3 (Yr11 — ). Applying (8.3.32) we get

/ < |:D3Ptp]g?)—1 @ (x4 Opy) (ehAa? — :c)] (ehAa: — m) ,
lyl< o oo Ty !

—A / Ay du>NQh(dy)’

t
/ ‘<62k014 DSPWC Pko 190(6%0 (:L‘—G—th)‘i‘Z) €2koA
KON 0

8M ko

</
lyl<gxr

X <ehAx — x) ]eﬁA (eh’Ax - x) , %A /Oh A du>‘ NQ% (dz)Ng, (dy)

2k 2|1 [P
<C< 0) ||g0HO‘ehAx—:L“ ‘h/ A du
0

Applying (8.3.32) to terms containing (¢, — ¥;_1) we obtain

I

— 0.
h—0

<D3 (Y — Yp—1) (x + Opy) <€hA£L‘ - x) (ehA:E - :U) ,

|<8JVI

h 0
1A/ Ay du>NQh(dy)‘ <C <k> ’e"Ax - $|2
L Jo t

1 h
/ Az du
h Jo

x/y|</ ||D3\I/k< 24 (x+9hy)+z) INg , (dz)Ng, (dy),

8M

(8.3.33)

were Wy, is defined by (8.3.6). Recall that |0y, | < 47, thus

eﬁA(achth) 733‘ < Z+ g

Processing the inner integral in (8.3.33) as in (8.3.10) and (8.3.12), but
taking |z| < 19/8 and |z| > r/8, we see that the expression in (8.3.33) can

be estimated by
h 46 o
1/ e du <k> e (2)”,
h Jo t

alL

2
C ‘ehAx — l"
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Hence the sum over k of these terms tends to zero. Since we also have (8.3),
we get that for I3;(h) defined in (8.3.31),

}llir% I31(h) =0 (8.3.34)

Combining this with (8.3.21), (8.3.30) and (8.3.18) we get (8.3.15).

Step 5 To finish the proof of the theorem we need to show that PPy(x)
is differentiable with respect to t for ¢ > 0.
Fix x € 0. First we notice that by Step 3 for arbitrary 0 < t; < T < o
the right hand side of (8.1.1) is uniformly bounded for ¢ € [¢t;,7]. Thus
%Eogo(x) is bounded for t € [t1,T]

Now the argument from Step 4 gives the uniform convergence of
Pﬁhw(fv)h—Ptow(w)

with respect to ¢t € [t;,T] as h — 0. Therefore there exists
ho such that for each 0 < h < hy,

Pt(-?,-h(p(m) - PtO<P(33)
h

sup
teft1,T)

)

<C+ sup |DfPPy(x)
teft1,T)

hence PP (r) is continuous in (t1,T). Since on compact subsets of (t1,T),
%Ptogo(z:) is the limit of a uniformly convergent sequence of uniformly con-

tinuous functions, it follows that %—J;Pt(g(p(x) is continuous in (t1, 7).
Fix t € (t1,T). For h >0 and u > 0, such that u < 51 we have

PtOSO(fU) - PSW(%)
h

— Df PP¢(x)

Ptqu+h¢($) - Ptczu(p(m)

h

a+

at PtOgO($)

n ]Dt*PFMa:) -

1 o o 1 o o
+E|Pt—u(p — Pyl + E’Pt7u+h90_ P gl

The first term converges to zero as h — 0 uniformly with respect to u. It
follows from the continuity of PPp(z) and D;” PP () that PP p(z) has a
continuous derivative with respect t. This finishes the proof of (iii) and (iv)
in Definition 8.3.1. O

For the proof of Theorem 8.3.4 we need a result on regular points of the
boundary of O.
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Lemma 8.3.8 Assume that (8.1.4) and (8.1.3) hold. If x is a regular point
of 00 then fort > 0,

lim P(74 > t) = 0. (8.3.35)
yeO

y—w
Proof. A nonnegative measurable function f on H is called a-excessive if

e P f < f Vt>0, (8.3.36)
Pr%e—atptf(x) = f(z), Vz € H. (8.3.37)

Such a-excessive functions were studied in [17] on locally compact spaces,
which is not our case; however, some arguments are similar.
Define

f(z) =E[e~™]. (8.3.38)

This is a Borel measurable function, since 7§ is measurable with respect to
x and w. The function f is 1-excessive. The latter fact is an analogue of a
special case of Prop. I1.2.8 in [17].

By the Markov property

x,t

e 'Pif(z) =E[e7T0 ],

where 75" = inf{s > t : X2 € O°}. It is obvious that 75" > 78 and for
t — 0, 75" — 78. Thus (8.3.36) and (8.3.37) follow with o = 1.
A bounded a-excessive function f is lower semicontinuous. By (8.3.36),

fy) = f@) = (e Pf(y) —e ™" Pif(z)) + (e Pf(x) — f(x)).
(8.3.39)

By (8.1.4) and (8.1.3) the semigroup P; has the smoothing property and P, f
is continuous. We also have (8.3.37), thus f is lower semicontinuous.

The function f defined in (8.3.38) is bounded by 1, is lower semicontin-
uous and for a regular point z € 9O, f(x) = 1. Therefore if y tends to z
then for each ¢ > 0, P(7 > t) tends to 0. O
Proof of Theorem 8.3.4. In view of Theorem 8.3.3 it remains to show
that u(t,z) = PP¢(x) is jointly continuous on [0,00) x O and (v) and (vi)
hold.

PPy(x) is jointly continuous on (0,00) x O, since PPp(z) has locally
bounded space and time derivatives.
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Let 2z, € O, 2z, = x € Oasn — oo, and t, >0, t, — 0. Fix ¢ > 0.

By the continuity of the function ¢ and by Lemma 8.2.4 there exist positive

constants r, rg, tg such that 0 < rg < r < w, and

lp(y) —p(x)] < Vy € B(z,7),

sup P (Ty < t)
yeB(z,r0) B(ar)

Ce~a Vit < t,.

IN

Let ng be such that for all n > ng we have |z —z,| < 7o, t, < to and
1

2||¢llp Ce % < 5. Then for all n > ny,
’ESO(X(tm xn))l{fén>tn} - go(x)’
<E <’90 (X (tn, 20)) = ¢(2)] 1{T§7(Lx,r)>tn}) T H(‘OHOP (T(:gn > tng(Lw,r) < tn)

S
Flelo® (T5 <tn) < S +200lo® (5, < ta) <e

Thus we obtain the continuity of u on [0, 00) x O and (v) follows.

Let (t,) be a sequence of positive numbers converging to ¢t > 0 and
(xn) C O a sequence of points converging to some regular x € 00. Then
for n large enough, t, > % and

)E [w (X (tn, zn)) 1Té">tn}

t
<lelo? (75> 5)-

By Lemma 8.3.8 the right hand side converges to zero as n tends to infinity,
and we get (vi). This concludes the proof that u is a strong solution of
(8.1.1). O

8.4 Uniqueness of the solutions

The next theorem provides the following result about the uniqueness of a
solution.

Theorem 8.4.1 Assume that (8.1.4) is satisfied, the solution X(-,x) of
(8.1.6) exits from the open set O only through reqular points of the boundary
and for allz € O andt > 0, P(15 =t) = 0. If u(t,x) is a strong solution
of (8.1.1), then u(t,z) = Elp(X(t,x)); 7% > t].
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Remark 8.4.2 There exist sets O for which all points of 0O are regular.
The method used in the proof of Theorem 3.1 in [92] shows that for each
v € R and a € D(A*) such that (Qa,a) > 0, the sets {z € H : (z,a) > v}
and {x € H : (z,a) < 7} have regular boundaries. A finite intersection of
sets of this form also has a boundary consisting of regular points only.

Proof of Theorem 8.4.1. Fix x € O and t > 0, t < T. In the proof we
will always consider processes starting from x, therefore we will write X (¢)
instead of X (¢, x).

Step 1. Let ¢ >0, 0 <y <t, ¢ € N. First we construct sets U, ,; that
increase as ¢ increases and such that

|

are bounded on [y,T] x U.,, and that the exit times of X (¢) from U, ;
converge to 75 when ¢ goes to infinity, on a subset of € with probability
bigger than 1 — ¢.

For each € > 0 there exists a compact set L. in H such that

|Du(s,y)|, |D?u(s,y)|| ,||Q2 D%u(s,y)Q?

g |A*Du(s,y)],

P(X(s) € L;,Vs € [0,T]) > 1—¢ (8.4.1)
(see Proposition 2 in [218]). Let ip € N be such that w > %. For
i > ip we define an open set (09); = U coe B(y,2). Then z ¢ (0O°);
and dist(O°, (0°)¢) > 2. Let K.; = L. N (0°)¢. K., is a compact subset
of O. By properties (i) and (ii) of a strong solution , for each y € K.;

there exists 7, > 0 such that |[Du(s,y)|, HDzu(s,y) , HQ%DQu(s,y)Q% )

and |A*Du(s,y)| are bounded on the set [y,T] x B(y,ry). By compactness
of K.; we can choose a finite covering {B(y;,r,, N %)}?if’ of K.;. Let
Veri = Uji’}”' B(yj,ry; A %) We define sets U, ; for i > i inductively,
taking Ugaﬂfvio = ‘/67777:0 and U&%i = E’W)i_l U ‘/‘57771"

For each i > ig we have U, ,; C U.,,i+1. Moreover, U.,; C O, v €
Ue~i and |Du(s,y)|, ||D?*u(s,y)||,]A* Du(s,y)| and HQ%Dzu(s,y)Q%
bounded on [y, T] x Uy ;.

Denote by 7. i the first exit time of X from U, , ;, that is 7. ; = inf{s >
0: X(s) e UL, ,;}. We will show that

€,751

are
1

lim 7, AT =75 AT ontheset {w:X(s,w)e L,Vse[0,T]}.
1—00
(8.4.2)
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Let w be such that X(s,w) € L.,Vs € [0,T]. It is obvious that 7. 5 ;(w) <

75 (w) with a strict inequality if 705 (w) # oco. Consequently, if lim;_.o 7z ~.i (w)A
T =T then (8.4.2) holds. Suppose that lim; .o 7 5i(w) = o(w) < T. We

observe that X(7:,,(w)) € (O°);. This holds because X (7z.i(w)) € UZ,;
and K. ; = L. N (0§ C Ue ;. Thus X (7c(w)) € (0O°); or X(7z,:(w)) €
LS but our assumption on w excludes the second case. Hence, by the con-
struction of the set (O°); we see that dist(X (72 ,,(w)),0%) < 2. By the

continuity of X and the distance function we obtain
dist(X (o (w)), O°) = lim dist(X (7c,i(w)), O°) = 0.
1—00

Since O° is closed, X (o(w)) € O¢ which means that o(w) = 75 (w).
Step 2. Proof of the identity

Eu(t— (t =) ATepq, X(E—7) AN Teni)) = ult, x). (8.4.3)

To prove (8.4.3) one usually applies It6’s formula to u(t — s, X (s)). Since in
general X(s) is not a strong solution to (8.1.6) we will apply 1t6’s formula
to approximating processes. We will only define approximating sequences,
for the complete proof of (8.4.3) we refer to [207].

Let (e;) be an orthonormal basis of H and let (;) be a sequence of
independent one dimensional standard Wiener processes. Write W, (t) =
Soefi(t) and W(t) = > 72, eifi(t). Let Ay = AkR(k, A) be the Yosida
approximations of A. Let X, %, X, and X be the mild solutions to the
equations

an,k(t) = Akak(t)dt_‘_Q%de(t)’ Xn,k(o):$a (844)
dX,(t) = AX,(t)dt+Q2dW,(t), X,n(0) =z, (8.4.5)
dX(t) = AX()dt+ QzdW(t), X(0)=az, (8.4.6)

respectively. Of course the process X has the same law as the process
satisfying (8.1.6) and X, ; is a strong solution to (8.4.4).
By Theorem 2.2.6 in [76] we have
lim supE | X, 1(s) — X.(s)]* = 0,

k—o0 s<T

lim supE |X,(s) — X(s)> = 0. (8.4.7)

n—00 4T
Let us fix temporary ¢, v and ¢ and define exit times
Tne =inf{s > 0: X, 1(s) € Ufmi},
o =inf{s > 0: X,,(s) € UZ,;},
T =inf{s > 0: X(s) € U7, ;}.
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Denote 0 = 7, 1, A 7, A T. Since X, i, is a strong solution to (8.4.4), by It6’s
formula we get

ut—(t—y)No, Xpk((t—7) ANo)) =u(t,x)

(t—y)Ac
— / Dyu(t —r, Xp i(r)) dr
0

+ /O(t_% (Du(t = 7. X1 (r)), ARR(k, 4) X, 1(r)) dr

. /O(t—w)/\cf <Du(t - Xn,k(r))vQ%dW”(r)>

1 [E=NAe ) 1 [
by [ T = Xk () (QF (@)
0
(8.4.8)
where I,, denotes the orthogonal projection on span{ey,...,e,}. The fact

that u satisfies (8.1.1) allows us to write (8.4.8) in the form
u(t = (t =) Ao, X (= 7) A o)) = ult, )

(t=7)No
+ /0 (A*Du(t —r, X, (1)), kR(k, A) Xy (1) — Xy (7)) dr

. /O(t—v)Ao <Du(t o Xn(7), Q%de(r)>

1 @A - )

+ 3 / Tr[Q2D*u(t — r, X 1 (r))Q2[I,, — I]] dr. (8.4.9)
0

After taking the expectations of both sides of (8.4.9) the term with the

stochastic integral disappears since |Du(s,y)| is bounded on [y, T] X Ug ;.

Hence we get
Eu(t— (t —v) Ao, Xk ((t —7) ANo)) = u(t, x)
(t=7)No
\E / (A*Dult = r, X o (1)), KRk, A) X (1) — X (1)) dr
0

1 =)Ao ) )
+E3 / Tr(Q2 D*u(t — r, X, (1)) Q2 [I,, — I]] dr. (8.4.10)
0

Passing in (8.4.10) to the limit as & — oo and n — oo, see [207], one
arrives at (8.4.3).

Step 3. We will show that if ¢ goes to infinity, and v goes to zero and fi-
nally € goes to zero, the left hand side of (8.4.3) converges to Eo(X (t))1z ¢,
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which is the desired conclusion. We have

‘Eu (t— (=) A Tepmyis X((E—7) A Teyi)) — E@(X(t))lf(fg»‘
< |Bu(y, X (t =), >t~ lxer, — Bo(X(8)) g5t xer.
+ |Bult — Tepis X (Te0,i) )L it Lxere | + 2 ullp o P(X ¢ Le)
= Ii(g,7,1) + I2(e,7,1) + I3(e). (8.4.11)

Observe that

Li(g,7,4) < Eluly, X(t = 7)) = p(X(#)] Lrg >t
+llull oo B[ 1n 2ty = Lrgst| Ixer.. (8.4.12)
By (8.4.2) and the fact that 7. ; < 75 if 755 < 0o we see that
limsup E ‘]-Tg,y,izt*’}/ - lfgg>t| Ixer.

i—00

<limsupE [1r, 51y = Lrgsi | Ixer. +P(t > 785 >t —7)

1—00

=P(t > 715 >t—"). (8.4.13)
Moreover, by the assumption on 75,

hH(lJ Pt>1H>t—7)=P(rH=1t)=0. (8.4.14)
’Y*)

By (8.4.13) and (8.4.14) the second term on the right hand side of (8.4.12)
converges to zero when we let ¢ — oo and then v — 0. The first term on the
right hand side of (8.4.12) does not depend on i and converges to zero if ~y
goes to zero by the joint continuity and property (v) of the strong solution.
Thus from (8.4.12) we obtain

lim sup lim sup [;(g,~,4) = 0. (8.4.15)

¥—0 i—00
By (8.4.2) and property (vi)

lim Ir(e,~,i) = 0. (8.4.16)

71— 00

We also have that

lim I3(¢) < lim Ce = 0. (8.4.17)
e—0 e—0
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By (8.4.15), (8.4.16) and (8.4.17) applied to (8.4.11) we obtain

lim sup lim sup lim sup [Ew (t — (£ — ) A 7oy, X (= 7) A Teyi))

e—0 v—0 1—00
_E@(Xt)lTé>t’ = 0.
Consequently from (8.4.3) it follows that

u(t, x) = Elp(X () Lrg>]-
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Chapter 9

L? and Sobolev spaces

We are given a Gaussian measure u = Ng, where @ € L (H). We shall
assume for simplicity that Ker @Q = {0}. We shall denote by (ex) a complete
orthonomal system in H and by (\;) a sequence of positive numbers such
that Qex = Agex, k € N. For any = € H we set x, = (z,eg), k € N.

For any p > 1 we shall denote by LP(H,pu) the Banach space of all
p-integrable equivalence classes of functions from H into R, with norm

1/p
1llio o = ( / Iw(w)lpu(dl’)> o€ IP(H, p).

In particular L?(H, ;1) is a real Hilbert space with the inner product

(00 ) 211 = /H (@) (@) p(de), o, € L2(H, ).

We shall denote by E(H) the linear space spanned by all exponential
functions, that is all functions ¢ of the form

o(z) =™ heH.

We know by Proposition 1.2.5 that E(H) is dense in LP(H, pu), p > 1.

In §9.1 we shall study several properties of the space L?(H, 1), including
the It6-Wiener decomposition. Then in §9.2 we shall define the Sobolev
spaces WH2(H, ) and W22(H, 1) and prove compactness of the embedding
of L?(H,u) into WY2(H, 11). Finally, in §9.3 we shall define the Malliavin
derivative and the Sobolev spaces Wé’Q(H, p) and Wé’Q(H, ).

187
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9.1 Ito6-Wiener decomposition

9.1.1 Real Hermite polynomials

Let us consider the analytic function

t2
F(t,§)=e 2%, t¢eR

Then the Hermite polynomials H,, n € {0} UN, are defined through the
formula

o0 tn
F(t,6) =S —— H,(¢), t,¢cR. 9.1.1
(t.€) Z:% 7 Hnl©). b€ (9.1.1)
Proposition 9.1.1 For any n € {0} UN we have
(=™ e [ _&
H, (&) = NE ez D le"z ), R (9.1.2)

Proof. In fact

o
(t—¢)? tn _-9?
e 2 = E fDZl e 2
t=0

n=0

o0

tn n n —i
= ZE(—l) Df <e 2)7 t, £ eR.

n=0

2
Multiplying both sides by e%, we find

o0

n 2 2

F(t7§) - Z ﬁ <_1)n 6% D? (6_52) ) t7§ € R:
n=0

which yields (9.1.2). O

It follows by (9.1.2) that, for all n € N, H,, is a polynomial of degree n
with positive leading coefficient. We have in particular

Ho€) =1, Hi(6) = & Ha(€) = —= (€ = 1), Ha(€) = jg (€~ 30),

Let us prove some useful identities.
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Proposition 9.1.2 Let n € N, then fror all £ € R we have

EHn(§) = Vn+1Hna(§) +vn Hp1(§), (9.1.3)
DeHp(§) = v/n Hnpoa(8), (9.1.4)
DZH,(€) — €D¢H,(€) = —nHy(¢),. (9.1.5)

Proof. Equations (9.1.3) and (9.1.4) follow from the identities

t, £ €R,

F(t,€) = (¢ Zf m H(€),

and

DeF(t,€) = tF(t,€) = ZW 1(€), t,EeR.

Equation (9.1.5) is a consequence of (9.1.3) and (9.1.4). O
Finally, we prove orthonormality and completeness of the system of Her-
mite polynomials on L?(R, Ny).

Proposition 9.1.3 The system (Hp)nefoyun is orthonormal and complete
on L*(R, Ny).

Proof. Let us first prove orthonormality. We have, for ¢,s,£ € R,

’VL

er

m,n=0

F(t,6)F(s,€) = e~ 245 +8(t+9) 2 (€) Hin(€).

Integrating both sides of this equality with respect to Ni, and taking into
account the identity

1 &2 2 o2
—5 o 34D +E(t+s) g
\/% Re ‘ $= ’
we find
s & tm g
e’ = — H, H, Ni(d
X e v € Huie M)

which yields

RH”(@ Hyn(€) N1(d€) = 6nm-

It remains to prove completeness. Let f € L2(R, N1) be such that

/f (©)N1(d€) = 0, ¥n € {0} UN.
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It follows that

/f F(t,€)e dt = /f

Taking Fourier transforms we find f = 0. O

=0.

9.1.2 Chaos expansions

Let us introduce Hermite polynomials on L?(H, ). Consider the set T' of
all mappings 7 : N — {0} UN, n — ~,, such that |y| := > 27, 7 < +o0.
Note that if v € I' then 7, = 0 for all n, except possibly a finite number.
For any v € I' we define the Hermite polynomial

) = [[ Hy(We,(2)), =€ H,
k=1

where the mapping W was defined in §1.2.4. This definition is meaning-
ful since all factors, with the exception of a finite number, are equal to
Hy(We, () =1, z € H.

ek
We are going to prove that (H,)yer is a complete orthonormal system

in L?(H, it). For this we need a lemma.

Lemma 9.1.4 Let h,g € H with |h| = |g| =1 and let n,m € NU{0}. Then
we have

/H oy (Wi) Hoa (W) dpt = 6y, 9)]" (9.1.6)

Proof. For any ¢,s € R we have

/ F(t, Wi(@)) F (s, Wy () u(da) = =5 / MWDol ()
H H

2,2 2,2
—e t;/ eWth+59(x) [L(d:l?) — e_t -59 e%‘th+89|2 — et5<h79>’

because |h| = |g| = 1. It follows that

- e [ W) (W, @) )

m,n=0

which implies (9.1.6). O
We can now prove the result.
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Theorem 9.1.5 The system (H,)~er is orthonormal and complete on L?(H, ).
Proof. Let v,n € I'. We have

/ H,( u(de) H / Hy (We, () Hy, (We, (2))(da) = 6.,

in virtue of Lemma 9.1.4, where 8, v = [[,2 dy,7,- S0 the system (H.,)~er
is orthonormal. To prove that it is complete, let ¢ € L?(H, 1) be such that

| e @) =0, wer,

We have to show that ¢ = 0. Taking into account Proposition 1.2.5 it is
enough to show that

/ e p(x)u(dr) =0, Vf e H. (9.1.7)
H
Also it is enough to prove (9.1.7) for f of the form
=30 ter, (ti, ... ta) ER", neN. (9.1.8)
k=1

If f is of the form (9.1.8) we have
[ e s@mtdn) = [ S n V@ wyu(an)

n 1R
_ /H Fty, Wey) - F(tns W, (a)) 0l ().
On the other hand

/ F(t1,We,) ... F(tn, We, )pdu
H

Z t‘:jll t]n /‘ ( )
= — .. L (We, ) du =0,
. V! H;

and (9.1.7) follows. O

We finally introduce the It6- Wiener decomposition of L?(H, ut). For all
n € {0}UN, weset I, = {y € v: |y| = n} and denote by L2 (H, ) the closed
subspace of L?(H, u) spanned by {H, : v € '} . In particular L3(H, u) is
the set of all constant functions in L?(H, ;). Moreover, we denote by II,, the
orthogonal projector on L2(H, ), n € {0} UN.
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Exercise 9.1.6 Prove that L2(H, i) is the closed subspace of L?(H, i) gen-
erated by all functions {Wy: fe H}.

Theorem 9.1.7 We have
(o)
L*(H,p) = P La(H, p).
n=0

Proof. Note first that, in view of Lemma 9.1.4, the subspaces L2 (H, j1), n €
N U {0}, are pairwise orthogonal. Assume that ¢ € L*(H, p) is such that,
for any x € H with |h| =1 and for any n € N,

/H () Ho (Wi () pu(dr) = 0. (9.1.9)

Arguing as in the proof of Theorem 9.1.5 we get that o = 0.0
We end this subsection by computing some projections, needed later.
For this we prove two lemmas.

Lemma 9.1.8 Let f,g € H be such that |f| = |g| =1, s € R and n €
NU{0}. Then we have

S T 1 n ﬁ n
I:= /He Wi @) f, (W, () pu(dz) = i s"er (f,g)". (9.1.10)

Proof. We have, taking into account (9.1.6)

2 X0 gk
= 53 T [ OV Ha Wi
= e (g O

Lemma 9.1.9 Let f,g € H be such that |f| = |g| = 1, and n € N U {0}.
Then we have

Tim [ W@ HLW(@)ntde) = Vil [(£.9))" (9.1.11)
H
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Proof. By Lemma 9.1.8 it follows that

2 SMA
e z / TR bW ) ),

and the conclusion follows differentiating n times with respect to s and
setting s = 0. O
Now we compute the projections IL, (W), n € N.

Proposition 9.1.10 Let f € H such that |f| =1 and let n € N. Then we
have

I, (W) = vVl Hy(Wy). (9.1.12)

Proof. First notice that vn! H,(W;) € L2(H, ). Thus it is enough to
show that for all ¢ € H such that |g| = 1, we have

/H W () — vVl Hy (W (@)} Ha(W, (x))(da) =0,

and this follows from (9.1.6) and (9.1.11). O
Finally we compute the projection II,,(e*"V7).

Proposition 9.1.11 Let f € H with |f| = 1. Then we have

1 52
I, (V) = — s"ez H,(Wy). 9.1.13
Proof. It is enough to show that for all g € H, such that |g| = 1, we have
Wi _ 5" % ) _
e ez H,(W H,(W,(x dr) = 0.
[N G R AR EATACICS

This follows using once again (9.1.6) and (9.1.10). O

9.1.3 The space L*(H,u; H)

Let us consider the space L?(H, u; H) of all equivalence classes of measurable
functions F': H — H such that

[ 1P@)Putds) < +x.
H
L?(H, u; H), endowed with the scalar product

(F, G 12 s1 i) = /H (F(x), G(x))p(dx),
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is a Hilbert space.
For any F € L%*(H,u; H) we set Fy(r) = (F(z),ex), k € N. Then we
have

o
F(x) = Z Fy(x)eg, p-a.e.
k=1
Proposition 9.1.12 (H,®ep) cr nen is a complete orthonormal system on
L*(H,pi; H).

Proof. In fact let F' € L?(H, u; H) be such that for any v € T and h € N

/ (F(x),Hy ® ep)dp = 0.
H

Then we have for any v € I’

| Fu@)H, @)ntds) =0,
H

which yields Fj(z) =0, p-a.e. for all h € N, so that f =0.0

9.2 Sobolev spaces

For any k& € N we consider the partial derivative in the direction ey, defined
as

1
Dyp(z) = gli%g (p(x +cex) —@(x)), x€ H, p€ E(H).
If o(x) = e/ with f € H, we have obviously
Dyp(z) = fret™, z € H.

Moreover we denote by Ag the linear span of {H, ® e, : v €I, h € N} and
by D the linear operator

D: E(H)CL*(H,p) — L*(H,u; H), ¢ — Dep.

By Proposition 9.1.12, Ag is dense in L?(H, u; H).
We want to prove that D and Dy, h € N, are closable operators in
L?(H, it). To this purpose we need some integration by parts formulae.

Lemma 9.2.1 Let p,1 € E(H). Then the following identity holds:

/H Dip(a)p(z)u(dz) + /H p() Dudl@(de) = 5 /H rp() (@) u(dz).
(9.2.1)
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Proof. Since E(H) is dense in L?(H, p) it is enough to prove (9.2.1) for
o(x) =) y(z) = €97 z € H,

where f,g € H. In this case we have

/chp(x)w(a:),u(dx)—/ fke<f+g’x>u(dm):fke%<Q(f+g)’f+g>, (9.2.2)
H H

| e@Db@n(n) = [ guell 0 o) = gueB QU (9.2.3)

/wmmwmmm:/mwm%mm
H H

_4d /H AT atter ) M(dm)‘ _ & LQU+gtten) frgttern) (9.2.4)

dt t=0 t t=0

= Nio(fie + gr)ez(QUT9)I+g),
Now summing up (9.2.2) and (9.2.3), we find (9.2.4). O
Proposition 9.2.2 Dy is closable for all k € N.
Proof. Let (¢,) C E(H) be such that
¢on — 0, in L*(H,p), Dypon — fin L*(H,p).

We have to show that f = 0. If g € E(H), then by (9.2.1) we have

1
/Dwngdwr/%Dkgdu:A/angdu~
H H k H

By taking the limit as n — oo we obtain fH fgdp = 0, which yields f =0
since F(H) is dense in L2(H,p). O

If ¢ belongs to the domain of the closure of Dy, which we shall still
denote by Dy, we shall say that Dy belongs to L2(H, p).

We come now to the operator D. We first state an easy consequence of
Lemma 9.2.1.

Lemma 9.2.3 Let ¢ € E(H) and G € Ag. Then we have

v = 2.0 Gz . 2.
ﬂﬂ%®w+Ldew LhQGUML (9.25)
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Now we are ready to prove the following result.
Proposition 9.2.4 D is closable.
Proof. Let (¢,) C E(H) be such that
on — 0 in L*(H,pn), Dg, — F in L*(H,u; H).

We have to show that F' = 0. If G € Ao, then by (9.2.5) we have

iv G(x = z.Q1G(z .
/H<Dgon,G>du+/Hgond G(x) dy /H< QG (x))pdp

As n — oo we obtain [, (F,G)du = 0, which yields F' = 0 since Ag is dense
in L?(H,u; H). O

If ¢ belongs to the domain of the closure of D, which we shall still denote
by D, we shall say that Dy belongs to L?(H, u; H).
9.2.1 The space W'2(H, 1)

WY2(H, 1) is the linear space of all functions ¢ € L?(H, i) such that Dy €
L2(H,p; H). WY2(H, 1), endowed with the inner product

<907 ¢>W1v2(H,/L) - <907w>L2(H,;L) + /Iir(D(P(x)aDw(x»:u’(dx)v

is a Hilbert space.
If o € WY2(H, p) it is clear that Dy € L?(H, ) for all k € N. We shall
set

o0
Do(z) =Y Dypp(z)er, = € H.
=1

Since

o
|Do(z)]* = Z|Dkg0(:t)|2, a.e. in H,
k=1

the series above is convergent for almost all x € H. We call Dy(x) the
gradient of ¢ at z. Notice that if o € W2(H, 1), one has

(Dp(z),ex) = Dpp(z), VE € N, ae.

Let us state an immediate consequence of Lemma 9.2.1 and Proposition
9.2.4.
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Lemma 9.2.5 Let o, € WY2(H, 1), and let k € N. Then the following
identity holds.

| Drs@pp@pn) + | c@D@utin) = i [ seavan(d).
(9.2.6)

Remark 9.2.6 Let n € N, g : R® — R be such that ¢ € WH2(R™, Ny, ),
where Q,, = diag{A1, ..., A, }. Setting o(x) = g(x1, ... ,x,), it is easy to
check that ¢ € W12(H, ).

9.2.2 Some additional summability results

We are going to prove the useful result that if Dyp € L2(H,pu), then
xx Dy € L2(H, ). For this we need a lemma.

Lemma 9.2.7 For all { € E(H) we have
[ aicamtin) <2 [ Goutdn) +a3t [ (D)), (927
H

Proof. Let ¢(z) = x, and ¢(z) = (*(z), z € H. Then by (9.2.1) it follows
that

/HJ:iCQ(:E),u(dx):D\k/kaC( 7) Dy () p(d) +Ak/<

Consequently

[ atC@nn) < 5 [ @)+ [ (DR @)

H H

A | Pl)ulde),
H

which yields the conclusion. [
We are now ready to prove the following result.

Proposition 9.2.8 Let k € N and Dy € L*(H, j1). Then xpp € L*(H, 1)
and the following estimate holds:

[ st @ntdn) <2n [ P@udn) + 03 [ (Drp)Putdn). 928)
H H H
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Proof. Let (¢,) C E(H) be such that
Pn — ¥, Dk(pn - Dk(pa in L2(Ha M)

Then by Lemma 9.2.7 we have

/ i (@) p(dr) < 2/\k/ wi(@‘)ﬂ(dx)Jr‘l/\i/ (Din(@))*pldz).
H H H

Letting n tend to infinity, we find (9.2.8). O
The next corollary follows easily from Lemma 9.2.1.

Corollary 9.2.9 Let k € N and Dy, Ditp € L?>(H, p1). Then the following
identity holds:

1
| Drstapp@nta) + [ p@Dis@utds) = - [ aplavtan(da).
(9.2.9)
Let us prove finally the following result.
Proposition 9.2.10 Let ¢ € WY2(H, u). Then the function
H—R, z— [z[((2)
belongs to L2(H, ) and the following estimate holds:
[ laP@udn) <21Q | Gt +41QI° [ Do),
(9.2.10)

Proof. By (9.2.7) it follows that

/H ¢ (@) p(dr) < 2 / (x)u(dz) +4)|Q| / (DiC (@) u(de).

Summing up over k yields (9.2.10). O

9.2.3 Compactness of the embedding W'2?(H, u) C L*(H, i)

We start by giving a characterization of functions belonging to W12(H, p)
in terms of the complete orthonormal basis (H.)er-
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For any ¢ € L?(H, i) we have

o => o H,

vel’

where ¢, = (p, Hy)r2(m,)- We recall that for any v = (75), the Hermite
polynomial H, is defined by

Hy =[] Hy (We,).
n=0

This is equivalent to

> x
Hy(x):HHn<">,aceH.
n=0 An
For any : € NU {0} we set

HY) =] Hy.(We,).
n=0
n#i
In view of Remark 9.2.6, for any v € I" and, due to (9.1.4), for any k € N
we have H, € WY2(H, u) and

DyH, = /;L’; Hop o1 (We ) HP, (9.2.11)

In the formula above we have made the convention that H_;(W,) = 0.

Remark 9.2.11 Notice that the set of elements of L?(H, ),

{H'ykfl(Wek)H’g/k) SRS F’ Ve > 0}7
is orthonormal.

The following result was proved independently by G. Da Prato, P. Malli-
avin and D. Nualart [95] and S. Peszat [181].

Theorem 9.2.12 A function ¢ € L*(H,u) belongs to WY2(H, u) if and
only if

D> AT s < oo, (9.2.12)
vyel
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where
(AT =D wA (9.2.13)
k=1

Moreover if (9.2.12) holds, we have

132 ey = 11200 + D (1 A7) Lol (9.2.14)
~yel’

Finally, the embedding of W 2(H, 1) in L*(H, u) is compact.

Proof. Assume first that ¢ € WY2(H, ) and let k € N. By a direct
verification, when ¢ € E(H)

k
Drp=3 %\/Z Hy, 1 (We, ) HEP, (9.2.15)

yel’
Now let (¢(™) c E(H) be such that
P — ¢, Dyp™ — Dyp in L*(H, p).

Then, recalling Remark 9.2.11, we have

/ Do) 2u(dz) = lim [ [Dyn(a)2u(da)
H H

27k _ 27k
>\k; Z|SD'Y| )\k’
vyer

= lim E |ony
n—od
vyel’

which yields (9.2.14).
Conversely, assume that ¢ € L%(H, p1) is such that (9.2.12) holds. Then
for any k£ € N we have obviously

Tk
Z ‘@7’2)\7 < +00.
k
vyel
For any n € N let ¢" be defined by

Y€l
’yl:O if lZn
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It follows that Dyy™ € L?(H, i) and

W 8
D" = v 4f 3, B OHP.

VEFn
=0if I>n

Again by Remark 9.2.11, we find

Dwoom 2 dr) = nQE.
| D @Putn) = Y IR 3

vel'y
1=0if [>n

Consequently

87
/Hmw @Pu(da) < 3l 1.

vel’

This implies that the sequence (Dy¢™) is bounded in L?(H, ;). Then there
exists a subsequence (Dyp™™) weakly convergent to some element 1. Since
any linear closed operator is also closed with respect to the weak topology,
we can conclude that v, = Dyp. Therefore Dy € L?(H, i), and

/um Palde) < 3 [onf? 35

yel’

Now, summing up over k, we see that ¢ € W12(H, ), as required.
It remains to prove compactness of the embedding above. Let us intro-
duce the following linear closed operator B on L%(H, p):

Bo =Y (v, A"V H,, @€ D(B)=WY(H,p). (9.2.16)
vyer

It is enough to notice that the operator B~! is compact. In fact for any
C > 0 the set {7 el: (1,2 < C} is finite, as is easily checked. This
implies that any subsequence of the set {(fy, A ye I‘} tends to 0 as
|v| tends to infinity. Consequently the sequence of all eigenvalues of B is
infinitesimal and B~! is compact . O

9.2.4 The space W**(H, )

The proof of the following lemma is straightforward, it is left as an exercise
to the reader.
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Lemma 9.2.13 Let h,k € N, then the linear operator DDy, defined in
E(H), is closable.

If ¢ belongs to the domain of the closure of Dy Dy, which we shall still
denote by Dy Dy, we shall say that Dy, Dy belongs to L2(H, p).

Now we define W22(H, ;1) as the space of all functions ¢ € W12(H, 1)
such that Dy Dy € L?(H, ) for all b,k € N and

3 | 1DuDota) i) < .

h,k=1

W22(H, 1) is a Hilbert space with the inner product

(O Vw22, = (0 V)wrz ) + Z / (DpDyrp(x), Dy Dpap(x)) p(dx).

h,k=1

If ¢ € W22(H, 1) we can define a Hilbert-Schmidt operator D?p(z) on
H for almost any x € H by setting

(D*o( Z DypDyp(z)onfr, o, € H.
hk—1

Remark 9.2.14 If H is infinite dimensional the embedding W22 (H, i) C
W12(H, 1), is not compact. In fact setting (™ (z) = z,,, n € N, we have

H‘P(n)Hp(H’#) =\, > 0asn— oo,
and
o™ ey = 1™ w2y = 1+ An.

Consequently, ¢ — 0 in L?(H, ), and no subsequence of (¢") tends to 0
in WH2(H, p).

Let us give some properties of W22 (H, 11).
We first note that, for any v € I' and for any £ € N, we have DiH7 €
L?(H, ) and

-1
%(X’“) Hopo(We, )H® if 5 0,
DiH, = k (9.2.17)

0 otherwise,
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and so, since {H%,Q(Wek)H,(yk) : v €T,y >0} is an orthonormal set,

/H DY () Pu(dr) = 3 WW- (9.2.18)
yerl’

Proceeding in the same way, we find for h # k,

T Yk
[ DuDig@) i) = 3 T (9.2.19)
H ~er k\k

Proceeding as in the proof of Theorem 9.2.12 we get the next result.

Theorem 9.2.15 A function ¢ € L*(H,u) belongs to W*2(H, i) if and
only if

D AT ey P =) (A2 s P < oo (9.2.20)
yel yel

9.3 The Malliavin derivative
We shall denote by D the linear operator
Do : E(H)CL*(H,p) — L*(H,p; H), ¢ — Q' De.
Proposition 9.3.1 Dg is closable.
Proof. Let (¢,)C E(H) and F € L?(H, u; H) be such that
¢on — 0in L*(H,p), Down — Fin L*(H,pu; H).

If G € Ay, then QY2G € Ay and by (9.2.5), replacing G with QY2G, we
have

/ (Don(), G(@))pu(dz) + / on(z) div [QV2GC(x)]u(dx)
H

H

- [ @@ 6 (@) (o).
H
As n — oo we obtain

[ #@). Gt = o
H
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which yields F' = 0 since Ag is dense in L?(H, yu; H). O

If ¢ belongs to the domain of the closure of D¢, which we shall still
denote by D¢, we shall say that Dge belongs to L2(H, u; H).

Dq is called the Malliavin derivative of ¢.

Now we define Wclf (H, u) as the linear space of all functions ¢ € L?(H, 1)
such that Doy € L*(H, p; H).

WéQ(H , i), endowed with the inner product

(V)i = 9D + [ (Dawla), Dv(a)u(da),

is a Hilbert space.
Finally we define WéQ(H , 1) as the space of all functions ¢ € WéZ(H , 1)

such that Dy, Dy € L?(H, u) for all h,k € N and

Z / Mk DaDip() 2 p(de) < 4-o0.
hk=1"H

Wé’Q (H, p) is a Hilbert space with the inner product

<<‘0’¢>Wé’2(H7u) = <807¢>W612‘2(H7M)

3 / Ak {(Dn Disp (), Dp Dy () a(d).
hk=1"H



Chapter 10

Ornstein-Uhlenbeck
semigroups on LP(H, )

In this chapter we study the Ornstein-Uhlenbeck semigroup (R;), introduced
in Chapter 6, acting on spaces LP(H, u1), p > 1, were p is an invariant mea-
sure. First we prove in §10.1 that (R;) extends uniquely to a contraction
semigroup on LP(H, u). Next §10.2 is devoted to the study of the infinitesi-
mal generator Ly, of (R;), and to the corresponding Dirichlet form. In §10.3
the important case when (R;) is strong Feller is studied in detail. It is shown
that (R;) can be expressed as an integral operator with respect to u, and
that it is hypercontractive. In §10.4 we give a representation formula for
(R;) in terms of the second quantization operator . This formula allows us
to find an explicit expression for the adjoint of L. Then §10.5 is devoted
to Poincaré and logarithmic Sobolev inequalities and to their consequences
as spectral gap and exponential convergence to equilibrium. Finally, §10.6
includes some supplements.

We shall use the notation £4(H) to mean the space of all real parts
of the functions (ei<m’h>) heD(A*)- Frequently we shall consider functions for
simplicity as ¢p(z) = €/ instead of their real parts. In these cases the
standard complexification of the space X is assumed. It is easy to see that

Ea(H) is dense in L?*(H, p1) for any probability measure p on (H, B(H)).

205
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10.1 Extension of (R;) to L’(H, 1)

The following conditions are assumed throughout the chapter.

(i) A: D(A)CH — H is the generator of a Cy semigroup (e'?) in H
and there exist M,w > 0 such that ||e!d]| < Me™*t, t > 0.

(i) Q € LT (H).

(i3i) For all s > 0, we have e*4Qe*" € Ly(H) and

t
/ Tr[es4Qe*A |ds < +o0, t>0.
0

(10.1.1)

Let us recall the definition of the Ornstein-Uhlenbeck semigroup (R;) intro-
duced in Chapter 6:

RM@%{L@@M@%@N@FiL@@Mx+wN@Mw7wE&Uﬂ
(10.1.2)
where

t
Qix = / eSAQeSA*de, t>0, z€ H,
0

and By(H) represents the set of all Borel and bounded mappings from H
into R. We set also

(o]
Qoo = / Qe xds, x € H.
0

Note that Qe € L (H). We have in fact
00 k41 X 00 i
Qoo = Z/ e Qe xds = ZekAQlekA x, v € H.
k=0"F k=0

This implies that Qs € Li(H) and

o

TrQu < M? Tr[Q] Z ek < foo.
k=0

Proposition 10.1.1 Assume that (10.1.1) holds. Then the Gaussian mea-
sure p = Ng_ is invariant for the semigroup (Ry), that is

/mewm=/¢@mw,¢e@w» (10.1.3)
H

H
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Moreover for any ¢ € Cyp(H) and any x € H we have

i Ripla) = [ s@pldo) (10.1.4)

Proof. It is enough to show (10.1.3) and (10.1.4) for ¢ € £4(H). Let in fact
on(x) = M 2 € H. Then we have

; 1 1 N .
/ R ") i(da) = exp {—(ch, h) — = (Que™ h, e h)} .
H 2 2
Since clearly Q; + Qo€ = Qoo, this implies

A&%WWMZ/WMMML

H

and (10.1.3) is proved.
Finally, let us prove (10.1.4) for ¢ = ¢p,, h € H. We have

lim Rypn(z) = lim eHe ™ ma)=3{Quhh) — o=3(Quohih) — / opdp. O
t——4o00 t——+4o00 H

Throughout the chapter we shall denote by p the Gaussian measure
No...
We shall also consider the linear operator

Dq: EA(H)CL*(H,p) — L*(H, 1; H), ¢ — Q**Dep.

Proposition 10.1.2 Assume that Ker Q = {0} and that Q'/*(H) D Q}X/)Z(H).
Then Dq is closable.

Proof. We first notice that by the assumption and the closed graph theorem,
the linear operator K := QY QQ}X/JQ is bounded. Moreover its adjoint K™ is
the closure of QX2Q~1/2. Now let (on) C EA(H) and let F € L?(H, u; H)
be such that

lim ¢, =0 in L2(H,p), lim QY?Dy, =F in L*(H,u; H).
n—00 n—0o0
Then it follows that
lim QY?Dy, = lim K*Q'?Dy, = K*F in L*(H,u; H).
n—oo n—oo

Since the operator D is closable, by Proposition 9.2.4, we find K*F = 0 and
so F' = 0. Therefore Dg, is closable. [J
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If ¢ belongs to the domain of the closure of D¢, which we still denote
by Dg, we shall say that Dg¢ belongs to L*(H, ).
Now we define W(}?’z (H, 1) as the linear space of all functions ¢ € L?(H, p)

such that Doy € L*(H,u; H). Wé’z(H, ), endowed with the inner product

(6w = (2 Diain + [ (Dapla), Davle)ulde),
is a Hilbert space. WéQ(H , i) can be defined in a similar way.
Remark 10.1.3 The assumption that ||e!4|| < Me™“t t > 0, for some

w > 0 is not necessary for the existence of an invariant measure for (R;).
The necessary and sufficient condition for this is that

+oo
Qoo = / e*AQe*V ds € Li(H),
0
see G. Da Prato and J. Zabczyk [101].

Proposition 10.1.4 Q) is the unique symmetric and positive solution to
the following equation:

(Qoow, A%y) + (Quo A", y) = —(Q,y), x,y € D(A"). (10.1.5)

This is called the Lyapunov equation.
Proof of Proposition 10.1.4. Let xz,y € D(A*). Then we have

+o00o
(Qooz, A™y) = / (e AQe* N x, A*y)ds
0
+0o0
= /0 <Qes‘4*:c,;ses‘4*y>ds.

which proves (10.1.5).
Let us prove uniqueness. Let X € L1 (H) be such that

Integrating by parts gives

(Xz, A%y) + (X A%z,y) = —(Q7,y), =,y € D(A").
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If x € D(A*) we have

d * * * *
p (X x, e ) = —(Qe x, e ).

Integrating between 0 and ¢ gives
z) = (Xz,z) — (Qi, ).

Letting t tend to +00 we find X = Q) as required. O
Let us prove now that (R;) can be extended to LP(H, u), p > 1.

*

<X€tA z, etA

Theorem 10.1.5 Assume that (10.1.1) hold. Then for allt > 0, the opera-
tor Ry, defined by (10.1.2), is uniquely extendible to a bounded linear operator
on LP(H,p), p > 1, which we still denote by R;. Moreover (Ry) is a strongly
continuous semigroup of contractions on LP(H, ).

Proof. Let ¢t > 0 and f € UC,(H). Since for x € H we have by the Holder
inequality, |Rip(z)|P < Ri(|plP)(x), it follows that

/H Ry () Pulde) < /H Ru(lolP) () u(der) = /H ()P u(dz),

in view of the invariance of p. Since UCy,(H) is dense in LP(H,pn), Ry is
uniquely extendible to LP(H, u). Therefore

HRt(PHLP(H,u) < H(PHLP(H,;L)a t>0, p€ Lp(Ha ,u)

Finally strong continuity of (R;) follows from the dominated convergence
theorem. O

We end the introductory part of this section by giving a necessary and
sufficient condition in order that (R;) is symmetric in L?(H, u). We follow
here A. Chojnowska-Michalik and B. Goldys [51].

Proposition 10.1.6 The semigroup (Ry) is symmetric if and only if one of
the following conditions holds.

(i) Qe =eQu, t>0.
(ii) Qett" =etiQ, t>0.
If (Ry) is symmetric we have

1

Qoo =—5A47Q. (10.1.6)
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Proof. Let h,k € H and ¢(x) = M (x) = e¥*F) 2 € H. Then we

have
Rip(x) = exp {i(h,ez) — 5(Qih,h)}, t >0, z € H,

Ryp(x) = exp {i(k,e"'x) — 3{Qik,k)}, 1 >0, z € H.

By a straightforward computation it follows that

[ (e = exp { =L {@uchs ) = §(Qu) — Qe 1)}
H
Consequently

| ey = [ (o), fox all o, € Eni),
H H

if and only if condition (i) holds. Since £4(H) is dense in L%(H,u) the
conclusion follows.
Assume now that (ii) holds. Then we have for x € H

Otz _/ e AQeHDA" _/ (2940 105 — A0z
0 0

so that (i) holds and (R;) is symmetric. Let us prove (10.1.6). Let x €
D(A*). Then by (i) we see that Quz € D(A) and

QoA = AQxox.

Now the conclusion follows from the Lyapunov equation (10.1.5).
Assume, finally, that (R;) is symmetric. Let us prove that (ii) holds. Let
in fact z,y € D(A*). Then we have recalling (10.1.5)

<QetA*x7 y) = _<QooetA*x> A*y> - <QOOA*€tA*$7 y>

= —(Quor, A*ey) — (QuoA™z, e y) = (" Qu,y),
which yields (ii). O
Corollary 10.1.7 Assume that

(1) A:D(A)CH — H is self-adjoint and there exists w > 0 such that
(Az,z) < —w|z|?, 2z € D(A),
(i) Qett =eQ, t>0,
(4ii) QA™! € Li(H).
(10.1.7)

Then Ry is symmetric.
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Proof. In fact assumptions (10.1.7) clearly imply (10.1.1), since @Q; =
—1QA1(1 — €*4) and condition (ii) of Proposition 10.1.6 holds. I
Setting @) = I we find in particular the following result.

Corollary 10.1.8 Assume that

(i) A:D(A)CH — H is self-adjoint and there exists w > 0 such that
(Az,2) < —wlz?, =z € D(A),
(i) A=t € Li(H) and Q = 1.
(10.1.8)

Then Ry is symmetric.

10.1.1 The adjoint of (R;) in L?(H, p)

In general the adjoint of (R;) in L%*(H,p) is not an Ornstein-Uhlenbeck
semigroup of the form (10.1.2). However, this happens under the following
assumptions.

Qoo(H) C D(A*). Moreover the operator

A1 = QuoA*Qlz, € D(A1) = {2 € Quo(H) : Q1 tx € D(A*)}

generates a Cy semigroup given by et = Qo oet?” Q.

(10.1.9)

Under this assumption we can consider the Ornstein-Uhlenbeck semigroup
Sy = /H PNty 0, (dy), 20, (10.1.10)
where
t *
Qix = / eMQesMxds, xe H,t>0. (10.1.11)
0
We notice that the linear operator
+00 .
Q1,00 = / M Qe ads, v e H,
0

fulfills the Lyapunov equation (10.1.5). Therefore Q1o = Qs by Proposi-
tion 10.1.4.

Proposition 10.1.9 Assume that (10.1.1) and (10.1.9) hold, and let t > 0.
Then the adjoint of Ry is the operator Sy defined by (10.1.10).
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Proof. It is enough to show that
/ Ry pdp :/ S pdp, (10.1.12)
H H

for o(z) = e/P®) (x) = %% h k € H. By an elementary computation
we have in fact

/H Rup pdp = exp {—;@m, W) = (Quele b+ B), (47 + k>>},

1 1 * .
/ Se pdp = exp {2<Q1,tk, k) = 5 {Qoo(e ik + 1), (e + h))} :
H
Therefore (10.1.12) is equivalent to the equality
(Q+ Qoo™ = Qoo)hy h) + ((2Quee™ — M1 Qo) h, k)
_<(Q1,t + etAlQooetAT - Qoo)ka k) =0.
Now (10.1.12) follows from the identities

A A* A* A A A¥
Qt"’et Qooet = Qo) Qooet =e 'Qoo, Ql,t“‘et 1Qooet 1 =Qu«. O

If assumptions (10.1.9) do not hold we can find an expression for the
adjoint of (R;) by using the second quantization operator , see §10.4.

10.2 The infinitesimal generator of (R;)

We shall denote by L, the infinitesimal generator of (R;) on LP(H, p). First
we want to show that £4(H) is a core for Ly,
Let us define on E4(H) the following differential operator:

Log(x) = %Tr[QDQQD(:v)] (o, A Do(a)), ¢ € EA(H), 2 € H.  (10.2.1)

Proposition 10.2.1 Assume that (10.1.1) hold. Then for anyp > 1, Ly, is
an extension of Ly and Eo(H) is a core for Ly.

Proof. Let p(z) = ¢“"*) h € H. Then by (10.1.2) we have
Rup(z) = / e/ N, (dy)
H

— ei(h7etAa:>—%<ch7h> — ei<etA*h7x>_%<ch7h> c gA(H)
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It follows that £4(H) is invariant for (R;) and moreover

lim < (Rup —9) = Log v L2(H, )
Therefore D(Lg) C D(L,) and L, is an extension of Ly. Consequently £4(H)
is a core , because it is invariant for (R;), is included in D(L,) and is dense
in LP(H, p), see e.g. E. B. Davies [104]. The proof is complete. O
We now are going to study in particular the operator Lo. We start with
two basic identities, proved independently by V. I. Bogachev, M. Rockner
and B. Schmuland [22] and M. Fuhrman [120].

Proposition 10.2.2 For all p,v) € E4(H) the following identities hold:

[ Lo vdu= [ (@uDw, 4D (10.2.2)
H H
and
1

/ Lo pdp = —2/ (Q'?Dy,Q"*Dy)dp. (10.2.3)

H H
If in particular (Ry) is symmetric then Lo is symmetric too and

1
| Togvdn =3 [ (@De DN pvEati. (1024

Proof. We start with the proof of (10.2.2). It is enough to take
o(z) = @M y(z) =R p ke D(AY), € H.

In this case we have by a simple computation,

1
/H Loy by = (<A*h, Qoo(h— k) + Q\Ql/Qh\Q) e (@l

and
/ (Quo Db, A* Dip)dps = —(A*h, Quo) ™2 (@ (R Itk),
H

Therefore (10.2.2) holds since
2(A%h, Qeoh) +1Q'2]* = 0,

in view of the Lyapunov equation (10.1.5).

Finally, (10.2.3) follows again by (10.1.5) and (10.2.4) by (10.2.3) and
again by the Lyapunov equation. [J

Identity (10.2.3) will give important information about the domain of
Lo, as the following proposition shows.
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Proposition 10.2.3 Assume that KerQ = {0} and that QY?(H) O
%2([{) Then we have D(Lg) C Wé’2(H, w). Moreover for any ¢ € D(Ls2)
we have

1
/ Lo pdp = —2/ (@Dg, Dp)dp. (10.2.5)
H H

Finally, if (Ry) is symmetric , we have D((—Ly)'/?) = Wé’Q(H, 1).

Proof. Let ¢ € D(L2). Since, by Proposition 10.2.1, £4(H) is a core of Lo
there exists a sequence (yy,) C E4(H) such that

On — @, Up = Lopp, — Loy in L2(H7 M)'

By (10.2.3) it follows that for any m,n € N,

/<Q1/2D(90n_90m)7Ql/QD((Pn_SOm))dM - —2/ (Lo@n—¢m)(@n = om)dp.
I H

Consequently (p,,) is a Cauchy sequence in WéQ(H , i) and (10.2.5) holds.
Finally, if (R;) is symmetric the final statement follows from the identity

1L 2edn = [ 102 DePau. o
H H
Remark 10.2.4 Let us consider the bilinear form
(o) = [ (@D, A" D), .0 € EalH);

a is not in general continuous on WéZ(H , ) X Wéz(H , i) and consequently
it is not a Dirichlet form.

The form is a Dirichlet form when Q = I, because in this case AQ is
bounded, see [72]. For sufficient conditions that ensure continuity see V. L.
Bogachev, M. Rockner and B. Schmuland [22] and M. Fuhrman [120].

Thus in general the operator Lo is neither variational nor the infinites-
imal generator of an analytic semigroup, see [120]. We recall that by a
result of B. Goldys [127], Ly generates an analytic semigroup if and only it
is variational.
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10.2.1 Characterization of the domain of L,

A precise characterization of D(Ls) is known when (R;) is symmetric, see
G. Da Prato and B. Goldys [91]. For a similar characterization in LP(H, )
see A. Chojnowska-Michalik and B. Goldys [53].

Let us start with the case when assumptions (10.1.8) hold, that is when
A is self-adjoint, A~! is of trace class and QQ = I. Notice that in this case
Qoo = —% A~!. We denote by (e;) a complete orthonormal system in H,
and by () a sequence of positive numbers such that

Aep = —agep, k€N
We need the following identity.

Proposition 10.2.5 Assume that (10.1.8) holds, and let ¢ € Eo(H). Then
we have

1
5 [ O [ -0 DePdn =2 [ (LagPdu (1020)
H H H
Proof. Let ¢ € E4(H), h € N, and set f = Lap. Then we have
Dyf = LaDpyp — anDpep.

Multiplying both sides of this identity by Dy, integrating in H with respect
to u, and taking into account (10.2.3) we find

1

2/ (DD, DDhSD>d,U+/ an| Dol dp = —/ Dy f Dy dp.
H H H

Summing up over h gives
1
5 [ 0+ [ (-4 2DoPau=~ [ (Df.Deldn
H H H

Now the conclusion follows taking into account (10.2.4). O
Let us introduce the space W(l_’QA) (H, i) consisting of all ¢ € WH2(H, 1)
such that

[ 1=02Dgdn =" [ anlDigldn < +oc.
H =/ H

It is easy to see that W(l_’ZA)(H , i) is a Hilbert space.
We can give now, following G. Da Prato [74], a characterization of the

domain of Ls.
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Theorem 10.2.6 Assume that (10.1.8) hold. Then we have
D(Ly) = W*2(H, 1) N\ W2 (H, ). (10.2.7)

Proof. Let ¢ € E4(H) and f = Lap. Since E4(H) is a core for Ly (Propo-
sition 10.2.1), there exists a sequence (¢,) C £4(H) such that

¢n — @, Lopy — Lop in L*(H,p).

Now if n,m € N by (10.2.6), it follows that

1
3 | B0 = )Pt [ 1-4)2D(o = o) Pl

=2 [ (Lalipn — om) P

Consequently the sequence (y,) is Cauchy both in W?2(H, ;) and in

W(l_’zA) (H, ), so that

‘D(LQ) - W272(H7 :U’) N W(1_72A) (H’ ,U’)

Let us prove the opposite inclusion. Let ¢ € W22(H,u) N W(l_’QA)(H, 1).
Then it is not difficult to find a sequence (1,,) C E4(H) such that

Yo = in WH(H, p) NW2 (H, ).

Using (10.2.6) again, we see that ¢ € D(L9). O

Let us now consider the case When assumptions (10.1.7) hold, that is
when A and Q commute and Qo = —5 QA 1 is of trace class. Notice that
AQ is negative.

Proposition 10.2.7 Assume that (10.1.7) holds, and let ¢ € Ea(H). Then
the following identity holds.

;/HTY[(QD290)2]du+/H<(—AQ)D%Dcp>du=2/H(L290)2du- (10.2.8)

Proof. Let (ex) be a complete orthonormal basis in H, let ¢ € E4(H), h €
N, and set f = Lap. Then we have

DyLop = LoDy + (A" Do, ep) = Dy, f.
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Multiplying both sides of this identity by Dy, integrating in H with respect
to 1 and taking into account (10.2.4), as R; is symmetric, we find

1 *
2/H<QDDh907DDk90>dN/H<A Do, en)Dipdp = /HthDWdM-

Multiplying both sides by Q1 = (Qex, ex) and summing up over h, k gives

1 oo [e.@] .
5 > /HQh,k<QDDk90,DDh<P>dM— > /HQh,k<A Do, en) Dipdp

k=1 k=1

—= > [ QuiDusDiedn
H

k=1

which is equivalent to

5 | TP+ [ (~AQ)Dg. DR =~ [ (@D1.Den

Now the conclusion follows taking into account (10.2.3). O

Now we can prove the following result, see G. Da Prato and B. Goldys
[91]. The proof is similar to that of Theorem 10.2.6 and it is left to the
reader.

Theorem 10.2.8 Assume (10.1.7). Then we have
D(Ly) = {(p e W5 H, p) : / ((—AQ)Dy, Dp)dp < —i—oo} . (10.2.9)
H

Remark 10.2.9 If the semigroup (R;) is not symmetric we are not able to
give a characterization of D(Lg) in general. If H is finite dimensional and
@ has a bounded inverse we have, see A. Lunardi [163], G. Da Prato [74],

D(Ly) = W*2(H, ).

For some results on the infinite dimensional case see [74].

10.3 The case when (R;) is strong Feller

We assume here that (R;) is strong Feller. We recall that this is equivalent
to the null controllability condition (6.2.3):

e'A(H) c Q1*(H), for all t > 0. (10.3.1)
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We set as before A; = Qt_l/QetA, t >0, and u = Ng_ . We recall that, see
Appendix B,

Qi*(H) = QYA(H), t > 0. (10.3.2)

Proposition 10.3.1 Assume that (10.1.1) and (10.3.1) hold. Let p > 1,
and ¢ € LP(H, ). Then for any t > 0 we have Ryp € WYP(H, 1) and

IDReoll Loy < 1A 1ol o (- (10.3.3)

Moreover Ry is compact for all t > 0.
If, in addition, the mapping [0,+00) — R, t — ||A4||, is Laplace trans-
formable, then D(L,) C WYP(H, 1) with continuous embedding.

Proof. We prove (10.3.3) for p = 2, the general case follows by interpolation,
taking into account that, in view of Theorem 6.2.2, we have

IDRpllo < [Adllllollo o € Bo(H).

Let first ¢ € UC,(H). Then by Theorem 6.2.2 we have for any h € H,

(DRyp(x).h) = /H (2 4 ) (Ach, Q29 u(dy).

By using Hoélder’s inequality we find
—-1/2
(DRl W < [ Petoryutan) [ 1am.Q) ) Putan)

= [AhPRi(p?).
Due to the arbitrariness of h it follows that
IDRyp(x)|* < | AP Re(@?)(2), t>0, z € H.

Now, integrating on H with respect to u, and recalling the invariance of p,
we find

| IDRip(a)Putdn) < adf? [ Je()Puldo), ¢
H H

Therefore (10.3.3) follows from the density of UC,(H) into L?(H, p).

Since the embedding WP (H, ) C LP(H, ) is compact (this result is
proved in Theorem 9.2.12 if p = 2 and in A. Chojnowska-Michalik and B.
Goldys [51] for p arbitrary), R; is compact as well for any ¢ > 0.
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Finally, the final statement follows from (10.3.3), taking the Laplace
transform. O

We are now going to prove that, for any ¢ > 0 and any x € H, the
measures Nia, o, and p = Ng_, are equivalent. This will allow us to obtain
a representation formula for Ry for all ¢ € LP(H, u), p > 1. More precisely
we shall prove, following G. Da Prato, M. Fuhrman and J. Zabczyk [90],
that

Rtso(w)—/Hkt(wvy)so(y)ﬂ(dy), r € H, (10.3.4)
where
dNia,
ki(e,y) = 29 (y) o,y € HL. (10.3.5)
dNg.,

Let us introduce the semigroup of linear operators on H
T(t) . Q 1/2 tAQ1/2 t 2 0.
This definition is meaningful in view of (10.3.1) and (10.3.2) since
_ _ 1/2
Qool/QetAQééQ _ Qool/2Qt/ AtQééz-

It is easy to check that T'(-) is a strongly continuous semigroup in H; we
shall denote its infinitesimal generator by B, so that

The adjoint et?” of e'? is given by
e = QL QX = QU (M) QP t2 0,
Lemma 10.3.2 !B, t > 0, is a semigroup of contractions on H.

Proof. It is enough to check that
QY26 2| < |QY%x|, x e D(AY). (10.3.6)
In fact, for all z € D(A*) we have
d * * * * *
% |Q3X/>2€tA iU|2 _ 2<QOOA*etA x7etA .1‘> — _(QetA l‘,etA .%'> <0,

which yields (10.3.6). O
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Lemma 10.3.3 For anyt > 0 and any x € H, the measures Nia, o, and

d
i = Nq., are equivalent. Moreover, for x,y € H, the density % =

ke(z,-) is given by
bl y) = det(1 = )2 exp { — 2((1 - ©0) Q@ 2e i, Q2 )
+((1 =0T e, )
<9t(1—9t) QX Py, Q) )},
(10.3.7)

where

6, = e = QAN (QRPQ ) QLA QIR ) ) >0,
(10.3.8)

Proof. We will first prove the special case corresponding to z = 0, namely
that

ki(0,) = det(1 = ©,) 2 exp { - Sle - 8070y, Q;}%}-
(10.3.9)

Since Qo is a trace class operator, we see by (10.3.8) that the operator ©,
is trace class. Moreover, since

Qt = Qoo _etAQooetA* = c1>42 1-— (Q 12 tA)Qoo( o2 tA) Qé/f
_ c1x/>2( @t) 1/2
we have

(1-0)z =Q?QQ %z, = eQY*(H). (10.3.10)
Therefore, ((1 — ©y)x,x) > 0 for = € Ql/Q( H), a dense subset of H, and

then it follows that (1 — ©y) is nonnegative. Equality (10.3.10) also implies,
by standard arguments, that (1 — ©;) is invertible and

(10071 = (Q; 212 Q' *QY2. (10.3.11)
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Define G = ( ;1/262%2)*@;1/2 Y2 1. Then
G=(1-0)"-1=06,1-6,)"" (10.3.12)

so that G is trace class and formula (10.3.9) follows from Proposition 1.3.11.
To prove the general case, we use the equality
_ dNetag g, dNg, dNetag Q,

k D) = = k . 10.3.1

and we notice that, by the Cameron-Martin theorem (see Theorem 1.3.6),

dNetAx,Qt

_ ~1/2 tA. ~-1/2 L 172 44 0
o) = e (e, Q) = 5107 )

for Ng,-a.e. y € H. If m € Q(H), then (10.3.11) implies
(1 _ (_)t)—lQ;Ol/Qm _ Q%QQt—lm
and we have, for y € H, a.e. with respect to Ng_ and Ng,,
(@ Pm, Q7 ) = Q' may) = QPR M. Q)
= (1-0)7'Q)"m,Q y).  (10.3.14)
Equation (10.3.11) implies also
Q Pmf2 = (1 - ©) 7 2Q *m]2, (10.3.15)

The equalities (10.3.14) and (10.3.15) extend by continuity to every m €

;/2(H). So we can set m = et4

(10.3.9) proves (10.3.7). O

x, and substituting into (10.3.12) and using

Remark 10.3.4 Notice that if A is self-adjoint and e and @ commute,
then ©; = 214,

10.3.1 Additional regularity properties of (R;)

The following result was proved by A. Chojnowska-Michalik and B. Goldys
[48] using the Cameron-Martin formula. Here we follow the proof given in
G. Da Prato, M. Fuhrman and J. Zabczyk [90].

Theorem 10.3.5 For any ¢ € LP(H,pu), p > 1, and t > 0, Ry, defined by
formula (10.3.4), is a C*° function.
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Note that we cannot expect that R;p belongs to Cp°(H) because even
for o(x) = (x,h), h € H, we have Ryp(x) = (e, h), € H, and so Ry is
unbounded.

Proof of Theorem 10.3.5. Let us assume that ¢ € LP(H, ) and ¢t > 0.
Choose r € (1,p). Then by the Holder inequality we have

[ ettt < ( [ 1t #a dy) (/ ()P dy)

From Proposition 1.3.11 it follows that the first integral in the right hand side
is locally bounded, and therefore the family of functions (k¢(z, ) (+))zek is
uniformly integrable for any bounded subset K of H. It follows from (10.3.7)
that ki (xy, ) — ki(z,-) in p-measure whenever x,, — = in H. Consequently,
R is continuous. Let us prove continuity of the first derivative of Ryp. We
have

(DRyp(x), h)

- /H (1 - 0,) Q2 h, Q2 — Q2 ) o)k (. y)uldy)

= /H<(1 —0,) 7' 2 h, QL Py (y) ki (2, y) p(dy)

—((1—0,)7'Q ez, Q% h) Ry (). (10.3.16)

By proceeding as before, we have only to show that the function
[ 1= 0071Q 2 A, QR )k ) )

is locally bounded. This easily follows using the Hélder inequality again.
We proceed similarly for the other derivatives. O

The following result is also proved in G. Da Prato, M. Fuhrman and J.
Zabczyk [90].

Theorem 10.3.6 Let ¢ € L'(H,u) and let Ryp be defined by formula
(10.3.4).
(i) If H is infinite dimensional, A is self-adjoint and et and Q commute,
there exist ¢ € L'(H, i) nonnegative and x € H such that Ryp(x) = +00.
(ii) If H is finite dimensional then Ryp is of class C*°, for any ¢ €
LY(H, p).
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Proof. (i) It is enough to show that for any ¢ > 0 there exists z € H
such that ess.sup ki(z,-) = 4o00. To this purpose, taking into account the
definition of k, we are going to prove that there exists x € H such that the
function

1
Fo(z) = (1 —0,)7'Q 2, 2) — 5 (01— 0,)7'2,2), zeH,
is unbounded. By Lemma 10.3.7 below F is bounded for every x € H if
and only if

(1-0,)"LQI1 24 (H) ¢ (6,:(1 - G)t)*l)l/Q(H). (10.3.17)

This holds if and only if there exists a constant Cy; > 0 such that
(QL2e)* (1 — )22 < Cy (0,1 —0y)712,2), zeH. (10.3.18)

By the commutativity assumption, due to Remark 10.3.4, this is equivalent
to

(1 _ thA)—QnglthA g Ct thA(l _ thA)—l‘ (10319)

This cannot hold when dim H = +oo0 since in this case Q5 is not bounded.
Therefore (i) is proved.

Let us prove (ii). As we remarked before the kernel k;(x,y) is continuous
in z and bounded in y, therefore Ry is continuous. Consider now the
first derivative of Ryp. Taking into account formula (10.3.16) we see, by
elementary properties of exponentials, that it is also continuous. Similarly
we get continuity of all derivatives. O

The following lemma is well known. However, we give a proof for the
reader’s convenience.

Lemma 10.3.7 Assume that S is a monnegative symmetric operator in
L(H) and that b€ H. If

Y(z) = —(Sz,z) + (b,z), v € H. (10.3.20)
Then
L1872 ifb € SV2(H),

sup Y(z) = (10.3.21)
el +oo ifb ¢ SY2(H).
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Proof. If b € SY/2(H) one can easily check that

2
P(x) = % |S=1/2p% — |S1/28 — % S=1/2p

Therefore (10.3.21) follows.
If b ¢ SY2(H) we consider for any ¢ > 0 the function

Ye(z) = —((S+e)x,z) + (b,x), v € H.

Then

1 _

sup ¢(z) 2 sup Ye(z) = 7 |(S +¢) V2P,
xe€H rzeH

Since b ¢ S'/2(H) therefore |(S+¢)~1/2b|> — 400 as ¢ — 0. This completes

the proof. O

10.3.2 Hypercontractivity of (R;)

We give here, following G. Da Prato, M. Fuhrman and J. Zabczyk [90], a
direct proof of hypercontractivity of (R;) (see Theorem 10.3.10). We recall
that hypercontractivity was first proved for symmetric Ornstein-Uhlenbeck
semigroups by Nelson [175] with a direct combinatorial argument and by
L. Gross [139] with log-Sobolev inequalities. In the nonsymmetric case we
quote M. Fuhrman, [118] and [121], which adapted an argument due to
Neveu [177], and A. Chojnowska-Michalik and B. Goldys [50], which used the
second quantization operator. The result we present here can be found, with
small variations, in A. Chojnowska-Michalik and B. Goldys [49, Theorem
4], in [117, Theorem 6.5] and in M. Fuhrman [119, Theorem 5]. Although
the hypercontractivity estimates are not sharp, the method is simple and
can be generalized to more general semigroups, see I. Simao [199], [200].
We start with a lemma.

Lemma 10.3.8 For all s > 1, we have

1/s
( / kf(a:,yw@oo(dy)) — det(1 — ©;) 7272 det(1+ (s —1)0;) "%
H

X exp {821((1 + (s — 1)@t)_1 gol/ZetAm, ngl/QetAm)} . (10.3.22)
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Proof. By Proposition 1.3.11,

/ exp { — §<®t(1 —0) 7'y, Q)
H

+S<( ) Q 1/2 tA 1/2 }NQ )

= det(l + 3@t(]— — @t)_l)_1/2 GXp{ 22<(1 + S@t(l — @t) ) 1

X( ) Q 1/2 tA ( ) Q 1/2 tA >}

So we obtain

(f kf(z,ngw(dy))l/s

— det(1 — ©,)™Y2 det(1 + s04(1 — ©,)~1)~1/(29)

xexp{(VQ 1/2tA,, L0 1/2 tA >}7

where the operator V is
1 S -1
—Sa-e)T 21— (1 4 50,(1— @t)—l) (1-0,)7",

and it is easily shown that

V =

4 (- 18y
Finally, we notice that
14+50,(1—0,)1=1-0,)"t1+(s—1)6y),
so that
det(1 + s0,(1 — ©,)H) V) = det(1 — 0,)/ 39 det(1 4 (s — 1)0,) /(29
and the formula of the lemma follows. O

Lemma 10.3.9 Let s,r > 1. Then the integral

r= [ | [ ke <dy>y ()

is finite if and only if (r — 1)(s — 1) < ||©¢||7L. In this case
IV7 = det(1—0;) "2 %25 det(1+(s—1)0;)2 35 det(1+(s—1)(r—1)0;) 2.
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Proof. We apply Lemma 10.3.8 and we compute

I=det(1—0y) 215 det(1+ (s — 1)0;) %

r(s—1) t t
< [ e { T 5 - 08 Qe e Qe ) | N (o)

Performing the change of variable z — (1 + (s — 1)0;)"1/2Q 1/2 ez, the
integral in the right hand side becomes

/ exp{“s; ”rcF}Nv(dx),

Vo= (14 (s = 1)0) 72002 Quo(Q P ) (L + (s — 1)) /2

= (14+(s—1)0)20,(1+ (s — 1)) 2 =0,(1 4 (s — 1)0;) "

By Proposition 1.3.11, the integral is convergent if and only if r(s — 1) <
[VII=t. Let A, denote the eigenvalues of ©;, with |0 = A\; > Ag >
Then the eigenvalues of V are A\, (1 + (s — 1)\,) ! and it follows that

VI =M1+ (s = DA) ™ = [[O1(1+ (s = 1)]|©]) "
Convergence of the integral takes place if and only if
r(s = 1) < [|0¢ 7 (1 + (s = D[©x])),

ie. (r—1)(s—1) < ||6:]|7!. Assuming that this inequality holds, we obtain,
again by Proposition 1.3.11,

D=

I=det(1—0,)" 2% det(1+4 (s —1)0;) % det(l —r(s—1)V)~
Since
L—r(s=1)V = 1-r(s =101+ (s —1)0;)"
= 1+ (s=1)0)7 (1= (s = 1)(r — 1)&y),

the conclusion follows. O
We now prove
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Theorem 10.3.10 Lett > 0 and p,q € [1,00) be such that
= 1< (p=DIIQT QLI

Then the operator Ry has continuous extension to an operator from LP(H, )
into L1(H, ).

Proof. We have to estimate

| 1Repta)tutao) /’/kwy uldy)|

for all bounded ¢. By the Holder inequality we have

/ |Rep()|ps(d)
H

<[ ([ m(:c,y)p’u(dy))w (/[ |¢<y>\pu<dy>>q/pu<dx>,

where ]% + :z% = 1. To show the result it is enough to prove that the integral

/H (/H kt(x,y)P'u(dy)y/p/M(dx)

is finite. By Lemma 10.3.9 this happens if (p’ — 1)(q — 1) < [|©]|~*. This
finishes the proof, since p’ — 1 = (p —1)"! and ||©,] = ||Q;ol/2€tAQ(1>é2H2. O

p(d),

Remark 10.3.11 Since the kernel £ is not symmetric, one may wonder
what happens if the order of integration with respect to  and y is reversed
in Lemma 10.3.9. We have the following analogue of Lemma 10.3.9 and
Lemma 10.3.8 whose proof is very similar and is therefore omitted.

Proposition 10.3.12 For all v > 1, we have

1/r
</ k;(x,y)u(dx)> =det(1 — ©,)" 272 det(l+ (r —1)0,) 2r
H

><e><;p{r2 (©(1+ (r—1)0,) ' QM ?y, Q] /2 >}

Let s > 1. Then

[/H UH K y>u<dx>} % M(dy)] :

= det(1 — ) #¥3 det(1+ (r — 1)0;)% 2 det(1+ (s — 1)(r — 1)8,) %,



228 Chapter 10
the integral being finite if and only if (r — 1)(s — 1) < ||©¢|7*.

10.4 A representation formula for (R;) in terms of
the second quantization operator

We follow here A. Chojnowska-Michalik and B. Goldys, see [50]. We set
again = Ng_.
10.4.1 The second quantization operator
Let us define an embedding of L(H) into L?(H, it). We set
L,(H)={T € L(H) : 3S € L(H) such that T = SQ/?}.

It is easy to see that L,(H) is dense in L(H), with respect to the pointwise
convergence. Given (7},) and T in L(H), we say that T;, — T pointwise if
lim, oo Tnx =Tx, x € H.

Let us define a linear mapping

F:L,(H)— L*H,p), T — F(T),

where

F(T)x = QY/?Sx, and S is such that T = SQY/2.

It is easy to see that this definition does not depend on S. Moreover
| F@)afutdn) = T TQ.
H

Consequently F' is extendible by density to all L(H). We shall still denote
the extension by F.
In the following we shall often write

F(T)x = QY*TQ %z, xeH.

Now we define the second quantization operator. For any Banach space
E we denote by KC(E) the set of all operators T' € L(E) such that |||y <
1. For any p > 1 we define a linear mapping

T : K(H) — L(LP(H, p)), T — T(T),

by setting

N(D)pla) = [ o (F@)a+ FWT=TT)y) nldy).
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In particular we have I'(1)p = ¢, and for any constant x such that |k| < 1,
M) = [ o (w4 VT=TP)y) ().
and I'(T*) = (T(T))*.

Proposition 10.4.1 I'(T) € K(LP(H, n)), p > 1.

Proof. By Holder’s inequality we have

T(T)p()P < / e

H

(F(T*):n +F(VI-T"T)y ) u(dy),
and so
/ ID(T) ()P p(dr) < / F (F(T*)x +F(V1- T*T)y) pldz)u(dy)-
H HxH
Now the conclusion follows from the identity
[ w(F@es PVI=T ) pldz)pu(dy)
HxH
/ W(@)u(dz), ¥ € Cy(H). (10.4.1)

It is enough to check (10.4.1) for 1 (x) = ®*) h € H. We have in fact in
this case

[ w(F@)e+ PVT=TT)y) utdn)a(ay)

HxH

_/ ei(h,F(T*)@M(dx)/ €i<h,F(W)> w(dy)
H H

W W
= [ e Oan) [ M)

= 6_%<Q°°h’h> = /I;[’lﬂ(l'),u dx
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10.4.2 The adjoint of (R;)

For any contraction T' € L(H) we define a linear contraction on L?(H, p)
by setting

I(T)p(z) = /H PQYPT* Qe + QUAT—TT Q2 2y)u(dy),
(10.4.2)

for all ¢ € L%(H, p).

Theorem 10.4.2 Assume that hypotheses (10.1.1) and (10.3.1) hold. Then,
for allt >0 and ¢ € L*(H, 1) we have

Ry =T (e!P") = D(QL2e! Q1. (10.4.3)

Proof. We first remark that (10.4.2) is equivalent to

L(T)p(w) = /H PQLT QP w + )Nz _pugi2(d2),  (10.4.4)

oo

for all ¢ € L?(H, j1). Then, setting in (10.4.4) T = QéézetA*Q;ol/Q we obtain

T(QY e Q) p(z) = /H p(ez + 2)Ng _cag etar)(d2)

= / o'z + 2)Ng, (dz). O
H

Remark 10.4.3 Theorem 10.4.2 allows us to obtain an explicit formula for
the adjoint semigroup of (R;), namely R} = [['(e!?)].

10.5 Poincaré and log-Sobolev inequalities

Let us consider the Dirichlet form
1
a(p, ) = —2/ Lo Ydp, @, € CH(H). (10.5.1)
H

We say that the Poincaré inequality holds if there exists w > 0 such that

_ 1
/ o — ?|*dp < o Upsp), pe Cy (H), (10.5.2)
o w
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where

p= /H (@) ().

Notice that, due to (10.2.5), we have that (10.5.2) is equivalent to

/so Pldp < o /\Ql/ZDso!Zdu, p € Cy(H). (10.5.3)

We say that the logarithmic Sobolev inequality holds if there exists w > 0,
such that

1
| s < - aloo) + el loglel). v € G, (10.5.4)
or, equivalently,
1
| Proeedin < 5o [ 10V DePdu+ el loglel), € G,
(10.5.5)

We want now to show that when the Poincaré inequality (10.5.3) holds
the spectrum o(L2) of Ly consists of 0 and a set included in the half-space
{Ae C: Re A < —w} (spectral gap). The spectral gap implies an exponen-
tial convergence of R;p to the equilibrium

[ (R —pPau< e [ foPan, o€ L0, (10.5.6)
H H
We have in fact the result
Proposition 10.5.1 Assume that (10.1.1) and (10.5.3) hold. Then we have
o(L2)\{0} c {A e C: Re A < —w}, (10.5.7)
and (10.5.6) holds.
Proof. Let us consider the space
Ly(H,p) = {p € L*(H,p) : »=0}.
Clearly L3(H,p) is an invariant subspace of (R;). Moreover, by (10.5.3)

1
(L2, O r2(H ) = ) /H |Cl/2D<P|2d,u < _WHSOH%Q(H,M)v v e L%(H, )
(10.5.8)
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This yields (10.5.7) by the Hille-Yosida theorem. Finally, let us prove
(10.5.6). Note that by (10.5.8) it follows that

[ (B <t [ oPdu. € L),

Therefore for any » € L?(H, 1) we have

/ Rep — 7du / Relp —9)Pdp < e / o — B2y
H H H

= | [ leban- @] < [ foan
H H

The proof is complete. [

Necessary and sufficient conditions in order that Poincaré and log-Sobolev
inequalities hold can be found in A. Chojnowska-Michalik and B. Goldys
[51]. We shall only consider two special situations in the following two
subsections.

10.5.1 The case when M =1 and Q =1

We are going to prove, following J. D. Deuschel and D. Stroock [106], the
following results.

Proposition 10.5.2 Assume that (10.1.1) holds with M = 1 and Q = I.
Then, for all ¢ € WY2(H, 1) we have

_ 1
/Iso—sol2du§2 / |De|*dp. (10.5.9)
H W JH

Proposition 10.5.3 Assume that (10.1.1) holds with M =1 and Q = I.
Then, for all o € WY2(H, 1) we have

1
| rostetiin< - [ iDePdu leliosllel).  (10510)

As we shall see, the proofs of inequalities (10.5.9) and (10.5.10) are sim-
ilar. The main ingredients are the two following lemmas.

Lemma 10.5.4 We have

(DRip)(2)* < e ' Ry(|Dg|*)(x), @€ WY(H,p), t>0, z€H,
(10.5.11)
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Proof. We recall the identity

(DRip(x), h) = / (Do +y), e h)No,(dy), ¢ >0, z,h € H.
H
(10.5.12)

By the Holder inequality it follows that
(DRip(@) W) < [hf2e 2" / Dy + )2 No, (dy)

= |h[?e ' Ry(|D¢|?)(x), t>0, z,h € H.
Now the conclusion follows from the arbitrariness of h. O

Lemma 10.5.5 For any g € C*(R) we have

La(9(9) = 9 (D)o + 5 o (P)IDGP, € EalH),  (10513)
and
! 1 /" 2
[ (o) @au=—3 [ g"()IDePdn (10.5.14)
H H

Proof. Let ¢ € £4(H). Since
Dyg(p) = g'(¢) Dy, D*g(¢) = g"(¢)Dyp @ Dy + ¢'(¢)D%p,

(10.5.13) follows. Finally integrating (10.5.13) yields (10.5.14) since

/ La(g())dp = 0,
H

by the invariance of p. O

Proof of Proposition 10.5.2. Let ¢ € W2(H, 1), Then by (10.2.3) we
have

1
/ |Rep|*dp = /Lthcp Ryp duz—/ |DRyp|*dp.
th H 2 Ju

It follows, taking into account (10.5.11), that

1
th/ |Reo|“dpn > /R (|IDel*)d —5¢ /HIDwI dp,
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by the invariance of u. Integrating over ¢ gives

1 —2tw
[ 1= [ Fauz -5 e [ Dol
H H w H

Finally, letting ¢ tend to +oc and recalling (10.1.4) gives

_ 1
(go)2 — oldp > —— |D<p\2d,u
2
H w JH

and the conclusion follows, since
/ o — @2 dp :/ Prdp — (). O
H H

Proof of Proposition 10.5.3. It is enough to prove the result when ¢ €
WY2(H, 1) is such that p(z) > ¢ > 0, z € H. In this case we have

d

G [ Eos(RiNdn = [ LRl og(Ri(e?)du

+/ LyRi(p?)dp.
H

Now the second term vanishes, due to the invariance of u. For the first term
we use (10.5.14) with ¢’(§) = log . Therefore we have

jt/Rt( %) log(Ry(yp du——/ D ]DRt( HPdp.  (10.5.15)

By (10.5.12) we have, for any h € H,
(DR @)1 =2 [ o(ea +5) (Dl -+ 9), 1) Ny ()
It follows by the Hélder inequality that

(DR (@), WP < e~ / S2(ex + y)No, (dy)

/ Dy + ) No, (dy).

which yields
|DRy(¢%)]* < 4e7*“ Ry(¢”) Ri(|D|?).
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Substituting in (10.5.15) yields

d —2tw
G | R oa(Riean = —27 | (D

= 2% [ |Dyfdp,
H

due to the invariance of u. Integrating over ¢ yields

/Rt(soz)log(Rt(soz))du—/ ©*log(¢®)dp
H H

1
> (1 —e 2 Dy|dp.
> 5o (=) [ Doy

Finally, letting ¢ tend to +o0o and recalling (10.1.4) gives

1
L e e e Mo
H w JH
and the conclusion follows. O
10.5.2 A generalization

Here we assume, besides (10.1.1), that

There exist My, wy > 0, such that | QY24 Q™1/2|| < Mye 1, t > 0.
(10.5.16)

This assumption is obviously fulfilled when Q! is bounded.

Proposition 10.5.6 Assume that (10.1.1) and (10.5.16) hold, and let p =
Ng... Then for all p € Wé’Q(H, W) we have

/ o —Pldp < — / QY2 Dy|dp. (10.5.17)
Proof. For any h € H, t >0, z € H, we have
(QEDRp(w). 1) = [ (Deleta+1).Q2e4Q /%1 N, ().
Consequently for t > 0 and x € H we have

’(Ql/QDRtQO)(.Z')’Q < €—2wlth(|Q1/21)()0‘2)(x)7 pE Wé’Q(H, 1). (10.5.18)

Now the conclusion follows arguing as in the proof of Proposition 10.5.2. O
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10.6 Some additional regularity results when (@
and A commute

In this section we consider the case when A and @) commute and A is self-
adjoint.
We assume that

( (i) A:D(A)CH — H is self-adjoint, and there existsw > 0
such that (Az,z) < —wl|z|?, x € H,
(it) Q€ LT(H), Ker Q@ ={0}, Q commutes with A,
(171) Qoo = —% QA1 is of trace class,
(1v) there exist an orthonormal basis (ex) on H and sequences of
positive numbers (o), (qr), (Ax), such that

Aey, = —agey, Qe = qrek, Qoo = Ageg, k €N.
(10.6.1)

Obviously A\ = %q— k € N. We still denote by p the Gaussian measure
Ng..-

When (R;) is strong Feller, we have seen that R, f belongs to WP (H, 1)
for all ¢ > 0 and f € LP(H,pu). We shall prove that in the present case
a smoothing property holds on the directions of ). We have in fact the
following result.

Proposition 10.6.1 (i) Let f € LP(H,u) and t > 0. Then we have R f €
Wé’2(H, w) and

[ 1QDRsPa < 022 [ |
H H
(i) Let f € LP(H, ), and A > 0. Then R(\,L)f € Wé’p(H,u) and
[ 1QDROL fPdn < ()X [ |fiPdn
H H
Proof. Let h € H and f € UCy(H). Then, by using the Cameron-Martin
formula, we can prove that there exists the derivative of R;f in the direction

Q'/2h, and we have

(DR.f(x),Q"/2h) = /H (AQV2h, @ 2y) F(x + ) No, (dy)

_ 2 / 1/2 tA thA)_l/Qh, Qt_l/2y>f(emx + y)No, (dy).
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By the Holder inequality we find moreover

{QY2DR, f(x), h)|?
<2 / [(—A) 2t (1 — 24128, Q7 2y) PN, (dy) Ri(f2) ()

=2|(=A)" 2 (L = )T Ry(£7)(2) < (te) " [BPRi(f7) ().
From the arbitrariness of h it follows that
Q2 DRyp() < (te) ™1/ Ru(f*)(x), (10.6.2)
which yields
1QY2DRipllo < (te) ™2 [ £]o- (10.6.3)

Moreover, integrating (10.6.2) with respect to u and recalling that u is
invariant for (R;), (i) follows for p = 2, and, by interpolating with (10.6.3),
for any p > 2. Finally (ii) follows using Laplace transform. O



Chapter 11

Perturbations of
Ornstein-Uhlenbeck
semigroups

In this chapter we consider the following differential operator in the separable
Hilbert space H:

Nog(z) = 3 THD*0(@)] + {z, ADg(x)) + (F(x), Dg), = € H,

where A is a self-adjoint operator and F': H — H a nonlinear mapping.
Several results can be proved for a more general operator of the form

Nog(z) = 3 THCDXp(@)] + {z, ADp(w) + (F(x), Dy), € H,

where C' € LT(H), but we shall limit ourselves to operators of the first
form for the sake of simplicity. Thus we shall assume that assumptions
(10.1.8) hold. We shall denote by u the Gaussian measure Ng (!) where
Q=—3 A7, and by (R;) the Ornstein-Uhlenbeck semigroup in L*(H, p):

Ryp(z) = /HSO(e”‘x +y)No,(dy), z€ H, ¢ € L*(H,pu).

Lo will represent its infinitesimal generator.

Here, §11.1 is devoted to the case when F' is Borel and bounded whereas
§11.2 concerns the case when F' is Lipschitz continuous and dissipative.

"Warning: @ plays here the réle of Qo in Chapter 10.

238
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More general situations, concerning reaction-diffusion equations and
stochastic quantization , are studied in [79], [99] and [96], [97]. Also, some
Kolmogorov equations coming from Burgers and Navier-Stokes equations
are studied in [86], [113] and [87].

11.1 Bounded perturbations
Here we shall assume, besides (10.1.8), that F' is bounded, that is
(1) A:D(A)CH — H is self-adjoint and there exists w > 0 such that
(Az,2) < —wlz|?, © € D(A),
(1) A=t e Li(H),

(iid) F € By(H; H).
(11.1.1)

We are concerned with the differential operator
Nop = Lap + (F(:), D), ¢ € D(Ly).

Proposition 11.1.1 N, is the infinitesimal generator of a strongly contin-
uous semigroup (P?) on L?(H, ). Moreover

(i) the resolvent R(\, N3) of No is given by
R\ No) = R\, Lo)(1—Ty) ", A> Ao, (11.1.2)
where
Taip(x) = (F(z), DR(\, Lo)¥(x)), ¢ € L*(H, p), . € H, (11.1.3)
and

Ao = 7||F||2 = 7 sup | F(z) %, (11.1.4)
zeH

(i) Ea(H) is a core for Na,

(iii) if p € L2(H,p) is nonnegative then R(\, N)y is nonnegative for all
A>0.

Proof. (i) Let A > Ao, f € L?(H, i1). Consider the equation

Ap = Lo = (F(-), Dp) = f. (11.1.5)
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Setting 1 = Ap — Loy, equation (11.1.5) becomes
Ty = f, (11.1.6)

where T, is defined by (11.1.3). Taking into account (10.3.3) and that we
have || A¢]| < t1/2, ¢t > 0, we find

7T
Tl <[5 VPl Il

Therefore if A > A\g equation (11.1.6) has a unique solution and (11.1.2)
follows.
(ii) Let ¢ € D(N3) = D(Ls). Since E4(H) is a core for Lo, there exists
a sequence (¢y,) C E4(H) such that
on— ¢, Lapn — Lap in L*(H, p).

By Proposition 10.3.1 it follows that ¢ € WY2(H, 1) and

lim |Dyp — D, |?dp = 0.
H

n—oo

Consequently
Jim Nopy, = Lag + (F, Dg) = Nap,

and the conclusion follows.

Finally, (iii) follows from Proposition 6.6.4 when F' € UCy(H; H) and,
then, when F' € By(H; H), by approximating F' by a sequence of functions
(F,) C UCy(H; H), such that ||F,llo < ||F|lo, and F,(z) — F(x) as n —
oo p-a.e. O

We now consider the adjoint semigroup (P?)* of (P?); we denote by Nj
its infinitesimal generator and by X* the set of all its stationary points:

S ={pe L*(Hu): (P})'¢=¢ t>0}.
Lemma 11.1.2 (P?)* has the following properties.
(i) For all ¢ >0, u-a.e, one has (P2)*¢ > 0 p-a.e.
(1t) X* is a lattice, that is if p € X* then || € ¥*.

Proof. Let ¢ > 0, u-a.e. Then for all v > 0, u-a.e, and all t > 0 we have

/ ¢ (P o dp = / Pyp o dp >0,
H H
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by Proposition 11.1.1(iii). By the arbitrariness of + this implies that (P?)*p >
0 p-a.e, and (i) is proved.

Let us prove (ii). Assume that ¢ € ¥* so that ¢(x) = (P?)*(z). Then
we have

()] = [(P) p(2)] < (PF)*(l¢])(2). (11.1.7)

We claim that
lo(@)| = (P (le)(x), p-as.

Assume in contradiction that there is a Borel subset I C H such that u(I) >
0 and

()| < (PE)*(l¢l)(x), z € 1.

Then we have
/ (@) u(dz) < / (B2)" (|l (@) pu(d). (11.18)
H H
On the other hand
/H (B2) (leldi = (P2 () 1) paqarp = (91 D ragarp = /H ldp,

which is in contradiction with (11.1.8). O
We prove now a regularity result for the domain D(NJ) of the infinites-
imal generator of the adjoint semigroup (P?)*.

Proposition 11.1.3 We have D(N3) C WY2(H, ).
Proof. Let A > 7||F|jp and f € L?(H, ut). Let us consider the bilinear form
b: Wh2(H, ) x WH2(H, 1) — R defined as

b(wv) = A [ wodp~ [ (AQDY. Do)~ [ (FDv)dn
H H H
Clearly b is continuous since AQ € L(H), see [72], and
b, 0)[ < Ao 1Vl 2 + [AQUIDYN 221, | D]l L2 (11,09

HIE ol Dvll L2 (101 2 11,10)-

Moreover b is coercive since, recalling the Lyapunov equation (10.1.5), we
have

1
) =% [ wdu 5 [ 1DuPau— [ (FDo)vdn
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By the Lax-Milgram theorem there exists ¢ € W12(H, 1) such that

b(1),v) :/vad,u, ve WY (H, p).

Choosing v € D(L2) we have, due to (10.2.2)

/ budp — / (Nov)hdp = / Fudy.

Consequently ¢ € D(N3) and A\ — N3¢ = f. The conclusion follows from
the arbitrariness of f. O
The following result is proved in G. Da Prato and J. Zabczyk [102].

Proposition 11.1.4 There exists an invariant measure v for (P?) abso-
lutely continuous with respect to p. If vy is another invariant measure for
(P?) absolutely continuous with respect to u, then vy = v.

Proof. Let A > 0 be fixed and let ¢g be the function identically equal to
1. Clearly ¢ € D(N3) and Napy = 0. Consequently 1/ is an eigenvalue of
R(\, N2) since

1
R(\, Na)po = X ©0-

Moreover 1/ is a simple eigenvalue because p is ergodic. Since the em-
bedding W12(H, ) C L?*(H,p) is compact and D(Ls) € WY2(H, ) by
Proposition 10.3.1, it follows that R(\, N2) is compact as well for any A > 0.
Therefore R(\, N5) is compact and 1/ is a simple eigenvalue for R(\, N3).
Consequently there exists p € L?(H, u) such that

1
= p. 11.1.9
NG ( )

It follows that p € D(N5) and N5p = 0. Since ¥* is a lattice, p can be
chosen to be nonnegative and such that | y PAp = 1.
Now set

R(X, N3)p

v(dz) = p(z)p(dz), © € H.

We claim that v is an invariant measure for (P2). In fact taking the inverse
Laplace transform in (11.1.9) we find

(Pt2)*p =p, t=0,

which implies for any ¢ € L?(H, i)

/PfsodVZ/ Py pduz/ sO(Pf)*pduz/ pdv.
H H H H
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It remains to show uniqueness. Let v; be another invariant measure of
Pt2, and assume that vy << pand p; = %. Then we have Ptzpl =p1, t >0,

and consequently R(\, N2)p; = % p1. Therefore p = p; since 1/ is a simple
eigenvalue of R(A, N3). O

Remark 11.1.5 If (P?)*1 = 1 then v = p.

Remark 11.1.6 One can show that P; is irreducible and strong Feller, so
that the invariant measure v is unique, see S. Peszat and J. Zabczyk [184].

We now study the regularity of the density p. First notice that, since
p € D(N3), by Proposition 11.1.3 we have that p € WLY2(H, ).

The following result was proved in V. Bogachev, G. Da Prato and M.
Réckner [19].

Proposition 11.1.7 We have
1
/ Ddeu—/<F,Dp)pdu. (11.1.10)
2 Ju H

Moreover \/p € WY2(H, i) and we have

2 /H|D\/ﬁ|2 dug/H|(F,Dp>|du. (11.1.11)

Proof. Since v is an invariant measure for (P?) we have

0 =/ Nayp p dp =/ chppdw/ (F,Dg)p dp, ¢ € D(L).
H H H
Thus, since p € W2(H, 1) we have by Proposition 10.2.3
1
2/ (Dp, Dp)dp = / (F, Dy)pdp, (11.1.12)
H H
for all ¢ € D(Ls). Since D(Ly) is dense in W2(H, ;1) we can conclude that
(11.1.12) holds for all ¢ € WY2(H, ). Finally, setting ¢ = p we obtain
(11.1.10).

Moreover, setting in (11.1.12) ¢ = log(p + ¢), with ¢ > 0, and again
using the Lyapunov equation , we find

2/ \D\/p+€|2du=/<F,Dp>de§/ [(F, Dp)l|dp.
H H pt+e H

Now (11.1.11) follows letting ¢ tend to zero. OJ
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Corollary 11.1.8 We have
/\D\fp|2 dug/ |F|2pd. (11.1.13)
H H

Proof. Since Dp = 2,/p D(,/p), we have

[ E.Dpldn =2 [ |F.D(/5) DB
H H

Consequently, by the Holder inequality we have

</11’<F’Dp>’d“>254/H|F|2Pd“/H|D(fp)l2du.

Now the conclusion follows from (11.1.11). O

When F' is sufficiently regular we can give an explicit expression for Nj.
Let F' € Cy(H; H). We say that F' has finite divergence if for any x € H the
series

[e.e]
div F(z) := Y  DypFi(x), x € H,
k=1

where Fj(z) = (F(z), e), is convergent and moreover div F' € Cy(H). If in
addition the function

QX) = H, o — (Q 'z, F(x)),

is extendible to a uniformly continuous and bounded function, we say that
F has finite divergence with respect to u, and we set

div,F(z) = div F(z) — (Q 'z, F(x)), = € H.

The following result is an easy consequence of the integration by parts for-
mula (9.2.1)

Lemma 11.1.9 Assume that F € C}(H; H) has finite divergence with re-
spect to p. Then for any ¢, € WY2(H, 1) we have

/(F,Dgp)@/}du:—/ <p<F,D1p)du—/ div, F(z) pvdp. (11.1.14)
H H H
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Proof. It is enough to consider ¢,9 € E4(H). In this case taking into
account (9.2.1) we find

[ 1#Dewau=Y" [ FDwo vau

" — Ju
o0 o0 1

= - Z/ ¢ (DeFytp + FeDptp) dp+ Y — / rpFrppdp
k=1 H k=1 )\k H

— [ wvdivFaus [ (F.DUdn~ [ (@ e Fypudn
H H H

and the conclusion follows. O

Proposition 11.1.10 Assume that F € C’I}(H;H) has finite divergence
with respect to p. Then D(N3) = D(Ls) and, for any ¢ € D(N3) = D(L2),
we have

N§w = Lot — (F(-), D) — divF(:) . (11.1.15)
Proof. Let ¢,1 € D(Lg). Then, taking into account (11.1.14), we find

/H Nog iy = /H Loy + /H (F, D)y

= /sﬁszﬁdu—/ w(F,Dw>du—/ div, Fepdp. O
H H H

Now, recalling the characterization of the domain of Lo given in §10.2.1, we
obtain the result

Corollary 11.1.11 Under the assumptions of Proposition 11.1.10 we have
p € D(Ls). Moreover p € W22(H, 1) and |(—A)/2Dp| € L*(H, p).

11.2 Lipschitz perturbations

We assume here that

(i) A:D(A)CH — H is self-adjoint and there exists w > 0 such that
(Az,2) < —wlz|?, x € D(A),
(”) A_l S Ll(H)7
(ii7) F' is Lipschitz continuous and dissipative
(F(z) = F(y),z —y) <0, z,y € H.
(11.2.1)
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Let us consider the differential operator

1
Nop(z) = §Tr[D2<p(x)] + (x, ADp(x)) + (F(x), Dp(x)), v € H,p € Eo(H),

and let us introduce a transition semigroup (F;) that will be naturally related
to Ny. Specifically we set

Pyp(x) = Elp(X(t,2))], ¢ € UCy(H), (11.2.2)

where X (¢, ) is the solution of the differential stochastic equation
t t
X(t) = ez + / IR (X (s))ds + / eE=)AqW (s), (11.2.3)
0 0

studied in Chapter 7. It is well known that equation (11.2.3) can be reduced
to a family of deterministic equations by the change of variable Y (t) =
X(t,z) — Wy(t), where

t
Wat) = / CAGY (s, £ > 0.
0

In this way we obtain
Y'(t) = AY (t) + F(Y (t) + Wa(t)), Y(0)=z. (11.2.4)

Lemma 11.2.1 For any m € N there is Cp, > 0, depending only on A and
|F||1, such that

E|X (¢, z)*" < Con(1 4 e ™ z|*™), ze€H, t>0. (11.2.5)

Proof. Multiplying (11.2.4) by |Y(¢)|*" 2Y(¢t) and taking into account
assumptions (11.2.1) gives, for a suitable constant C} |

S SR < el YO+ (EWa), Y ()Y ()P

HEY () + Wa(t) — F(Wa(t)), Y ()Y ()2

IN

—w[Y ()P + (F(Wa),Y (£)|Y ()"

IN

w m m
—§|Y(t)|2 + Co[F(Wa) 2.
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By the Gronwall lemma it follows that
t
Y ()P < emmet P 2m0§/ e I F(Wa(s)) " ds,
0

and finally, for some constant C2,

(X (¢ 2)P™ < CRem ™z

+Cy, (/ot e ™ F(Wa(s)) P ds + WA(t)Q’;)1 2 ;

Now the conclusion follows taking expectation and recalling that F' is sub-
linear and

sup E|Wa(1)*™ < +00. O
>0

We now show, following G. Da Prato and J. Zabczyk [102], the existence
of an invariant measure v for the semigroup (P;). Then we study properties
of (P;) on L?(H,v).

To prove the existence of an invariant measure it is convenient to intro-
duce the solution X (¢,s,xz),t > s, € H, of the equation

t
X(t,s,x) =94 4 / VAR (X (u, s, 2))du + Was(t),  (11.2.7)

S

where
t
Was(t) = / =AW (). (11.2.8)

As in [102] we will show that there exists the limit in L?(Q, F,P; H)

(= lim X(0,—s,x),

s§——+400

and that the law of ( is the required invariant measure.
Lemma 11.2.2 There exists ( € L*(Q), F,P; H) such that

lim X(0,—s,z) =n in L*(Q,F,P;H). (11.2.9)

S§——+00
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Proof. Let z € H be fixed, and set Xs(t) = X(¢,—s,z), t > —s, and
Ys(t) = Xs(t) — Wa,—s(t). Then we find

t
Y(t) = e+ 4 4 / eDAR(Yy(0)) + Wa,_s(0)) do.

Therefore Ys(¢) is the mild solution of the following initial value problem:

{Dt s(t) = AYs(8) + F(Ys(t) + Wa (1)),

Y(os) = (11.2.10)

In the following we assume that Y,(¢) is a strict solution to (11.2.10);
otherwise we use an approximation of Yy(t) by strict solutions. We divide
the remainder of the proof into three steps.

Step 1. There exists C; > 0 such that E (|Y;(¢)|?) < C for any ¢ > —s.

We have in fact

S IVOP = (AYS(0), V() + (F((8) + Wao(1)), ()
= (AY(0), Ya(0) + (F(Y:(0) + Wao(0)

—F(Wa, (1)), Ys(t)) + (F(Wa, (1)), Ys(1))

IN

—w|Ys(t)* + [F(Wa_s(t))] [Ys(t)]

IWI

IN

—oVa O + )P + 2 [F(Wa_(0)P

|w|
w 2 2 2
< =5 @) +m(a+b|WA,—s(7§)| ),

where a, b have been chosen such that |F(z)|? < a4+ blz|?, = € H. It follows
that

1Y, (t)]? < e @0+ |z + e =) (a4 b|Wa,_(0)|})do.

4
||
Now the claim follows from the estimate

t
E|Wa,_(t)]* = / Tr[e?4)do < Tr Q.
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Step 2. There exists n, € L?(Q; H) such that 1i21 X(0,—s,z) =g in
S—1T00
L2(; H).
Let s > s1, then we have

{ Dt(Xs - Xs1) = A(Xs - X51) + F(XS) - F(Xsl)’
(Xs — Xs;)(—51) = Xs(—51) — .

It follows that
1d

§£|Xs - X51|2 < _W|Xs - Xs1|23

and so
[X5(0) = X5, (0)” < 72| X (=51) — 2.
Recalling Step 1, we see that there exists a constant Cy > 0 such that
E (|X5(0) — X4, (0)]?) < Cae 5.
Consequently (X(0)) is a Cauchy sequence and Step 2 is proved.
Step 3. We have that 7, is independent of x.
Let z,y € H, and set
ps(t) = Xs(0,—s,z) — X5(0,—s,y).
Then we have
{ Dtps(t) - Aps(t) + F(X(07 _va)) - F(X(07 _S7y))7
ps(—s) =z —y.

It follows that 1d
S lpsOF < —wlp, @),
which yields
ps(B)] < | — yle=+),
As s — 400 we obtain 7, = 7, as required. OJ
We can now prove the following result.

Theorem 11.2.3 There exists a unique invariant measure v for (P;) and
for any ¢ € Cy(H) and x € H there exists the limit

t——+o00

lim_Prp(o) = [ plu)u(dy). (11.2.11)

Thus v is ergodic and strongly mizing.
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Proof. Denote by v the law of (. Given ¢ € Cy(H) we have
Fip(z) = Elp(X(t,0,2))] = Elp(X (0, —t,2))].

Consequently, by the dominated convergence theorem, it follows that

t——+o0

lim Prp() = E[p(Q)] = /H () (dy). (11.2.12)

If s > 0 and zg € H it follows that

/H Psp(y)p(dy) = lim Prysp(zo) = /H e (y)u(dy),

so that u is invariant. The last statement is left to the reader. O
By Theorem 11.2.3 and Lemma 11.2.1 we have the following result.

Proposition 11.2.4 Assume that assumptions (11.2.1) hold. Then for any
m € N there exists ¢, > 0, depending only on A and | F||1, such that

/ 2> v (dz) < . (11.2.13)
H

Proof. Denote by v, the law of X (¢,z). Then by Lemma 11.2.1 it follows
that for any 8 > 0,

|?/|2m / 2 —muwt| |2
W, (dy) < ™y (dy) < Cou(1+ e~ ™M™, 2 € H.
/H]__i_ﬁ‘ypm 2 ( y) H|y’ L, ( y) ( ’ ‘ )

Consequently, letting ¢ tend to oo we find, taking into account (11.2.11),

Y™ < o
b T gy V) = O

which yields (11.2.13). O

With the same proof as for Theorem 10.1.5 we see that the semigroup
(P;) can be uniquely extended to a strongly continuous semigroup of con-
tractions in LP(H,v), p > 1. We shall still denote by (F;) the extension and
by N, the corresponding infinitesimal generator.
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11.2.1 Some additional results on the Ornstein-Uhlenbeck
semigroup

In this subsection we prove, for further use, some properties of the Ornstein-
Uhlenbeck semigroup

Ripla) = / oM+ y)Noy(dy), t>0, z e I,
H

where Ng, is the Gaussian measure on H with mean 0 and covariance op-
erator (¢, and ¢ is a continuous function from H into R having polynomial
growth.

Let us introduce the space Cp2(H) of all mappings ¢ : H — R such that
the function H — R, z — -2 helongs to Cy(H). Cy2(H), endowed with

1+[z[?>
the norm

()]
H 1+ |

lellp,2 == sup

is a Banach space.

We define CI}J (H) as the space of all continuously differentiable functions
of Cy2(H) such that

[Do(z)]
n 1+ |z|?

| Dl == sup < 4o0.

The following result has been proved by S. Cerrai; see [36].

Proposition 11.2.5 R; maps Cy2(H) into itself for all t > 0 and
[Reello < (14 Tr Qo) [[lb,2- (11.2.14)

Moreover for all ¢ € Cyo(H) and any t > 0 we have Ryp € C;’Q(H) and

_ 2
IDRiplnz < 8672 (142 Tr Q% + [Tr Quol?) llolz.  (11.2.15)
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Proof. For any x € H we have

|Ryp()] 1+ |etz + y|?
—= < elbe | ————5— No.(dy)

1+ z|2 — 1+ |z|?

1+ |tz + |y|?
_ No, (d

1+ |z + |y|?
= YL N (d

IN

< ol (1+ /H yl? NQtwy)),
< Jlellp2 (1 + TrQy),

and (11.2.14) follows. To prove (11.2.15) we notice that, from the Cameron-
Martin formula, we have

(DRl 1) = [ (AhQr Pu)oles + ) No, (). e H

where A, = e!4Q; "/? fulfills ||A,]| < t~/2, t > 0. By the Hélder inequality
it follows that

(DRipal )P < [ 1(0h @) PN, )
< [ ot +)Na ()
= Ath|2/ lp(e"z + y)|2Ng, (dy).
Consequently

IDRip(@)]? < | A / o + )P No, (dy), = € H.
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It follows that

|DRyp(x)]? 20 12 (1+ |e"a + y[*)?
0+ 2P)2 < (A llellp 2 (1 [2P)2 N, (dy)
(1+ [2*)* + |y|*
< SIMPIlE [ S Nadd)
<

8 A2l 2 /H (1 + ly[*)No, (dy),

and the conclusion follows. O
R; is not a strongly continuous semigroup on Cpo(H). Its infinitesimal
generator can be defined through its Laplace transform as in S. Cerrai [35]:

F\)f(x) = /OJFOO e MR f(x)dt, f € Cpa(H), A>0.

It is easy to check that F(A) maps Cpo(H) into itself for all A > 0 and
that F'(\) is a pseudo-resolvent. Consequently there exists a unique closed
operator Ly in Cpo(H) such that

R\, Lys) = (A= Lya) ' = F(\), A>0.
Ly 5 is called the infinitesimal generator of Ry on Cho(H).

Remark 11.2.6 By E. Priola [188] it follows that ¢ € D(Lp2) and Ly 2¢ =
1 if and only if ¢ € Cp2(H) and

(i) we have .
tim 1 (Byo(x) — ¢(x) = w(a). = € H.

. 1
(ii) sup o [|Rhp — ¢llc, » () < +o0.
h>0

The following result is an immediate consequence of (11.2.15).
Proposition 11.2.7 We have
D(Lyz) C Cyo(H), (11.2.16)

with continuous embedding. Moreover if f € Cpo(H), A > 0 and ¢ =
R(\, Ly2) f, we have

1/2 |

Dol < |5 (42T Q%+ 10 Q) Ilhae (11.217)
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By an explicit verification one can check that £4(H) C D(Lyp2) and
Lyop = %Tr[D%o] + (z, A*Dy), p € E4(H). (11.2.18)
Remark 11.2.8 It is easy to check that, for any ¢ € £4(H), we have
%LH(I) Rip = ¢ in Cpa(H), }g% RiLyop = Loy in Cyo(H). (11.2.19)
This fact will be used in the proof of Proposition 11.2.10 below. This is the

reason for working in the space Cp2(H).

We need some results on approximation by functions in £4(H), collected in
Lemma 11.2.9 and Proposition 11.2.10, see G. Da Prato and L. Tubaro [99].

Lemma 11.2.9 For any ¢ € Cyo(H) there ezists a multi-sequence (pr,) =
(Pn1mans) C Ea(H) such that

lim pp(z):= lim lm Um @, p,ns(x) =@(z), x€H, (11.2.20)

n—oo n1—00 N2—00 N3—00

and

[onlloz < llellse- (11.2.21)

Proof. Let ¢ € Cyo(H) and let (P, )n,en be a sequence of finite dimen-
sional projection operators on H strongly convergent to the identity. Then,
for each ny € N there exists a sequence (¢n; ny)ngen C E(H) such that

hinoo@m,m(x) =¢(Pp ), x € H,

na
and
"Pm,m(w)’ < |o(Pny )| <
7 = 7 = H‘PHb,Q'
1+ |Py, | 1+ |Py, x|
Hence we have | (@)
Pnq,na (LT
T+ S e llb,2

Set finally
Py noins (T) = Pnymy(n3(ng — A*) '), x € H.
Then ¢, = ©nymong C EaAH), limy, oo on(x) = p(x), « € H, and
|[Oninamns (@) [@nine (n3(ng — A*) " 12)[? 14 |ng(ng — A*)~a?

1+ |z)? 1+ |ng(ng — A*)~lx|? 1+ |z|?

< H‘Pmmz”b,Z < H‘pr,2-

Therefore the multi-sequence (@n, nyny) fulfills (11.2.20) and (11.2.21) as
required. [J
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Proposition 11.2.10 For any ¢ € D(Lyz) there exists a multi-sequence
(en) = (Pnimonzmg) C EaA(H) and Cy, > 0 such that for all v € H

Jim oo () = @(x),  lim Lyopn(r) = Loop(z), lim Doy(z) = Dp(z)
(11.2.22)

and

b2 + [Denllpe < Co. (11.2.23)

lenlle,

Proof. Set f = ¢ — Ly and let (fn) = (fninoms) C Ea(H) be a multi-
sequence fulfilling (11.2.20) and (11.2.21) (with ¢ replaced by f). Setting
¢on = (1 — Ly2)~ ' f,, we have, taking into account Proposition 11.2.7,

m ga(r) = pla), wel,
n—oo
lim Lyopn(z) = Lyop(r), € H,
n—oo
lim Dyp,(x) = De(z), z€H,
n—oo
and
lonllp.2 < [ flle2 < (lellb2 + ([ Lo2¢llb2),
| Lb,27 < @llellbe + 1 Lo2¢llb,2)-

Notice that ¢, does not belong to £4(H) in general. So we introduce now
a further approximation of ¢,. Set for any M, N € N

1 N M k
PN (T) = 17 e UTIR, L & ful2),
h=1k=1
so that
lon N (@)] < ([ f o2
and
Ly 2n,m,n (@ ZZ (h+30) R et L2 fn(2).

h=0 k=1

Now, by Remark 11.2.8 it follows that R; L2 fy, is continuous on ¢ in Cy o (H ).
Therefore for any n = (n1,n2,n3) we have

400 . 1 N M (h & )
— — +7
/0 € RiLyofadt — 57 Y D e "R, b Lyafy

h=1k=1

=0.
b2

lim
M,N—o0
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Therefore for any ¢ € (0, 1] there exist M., N, such that

| Ly2on — Lo o@n N b2 < €.

Consequently
ii_r{(l) Ly 2¢n m. N. () = Lpapn(z),

and
| Lo2¢nm Nl < N[ Lo 2nlln2 + €

Now the conclusion follows. O

11.2.2 The semigroup (P,) in LP(H,v)

We are here concerned with the contraction semigroup (P:) defined by
(11.2.2) on LP(H,v), p > 1. We denote by N, its infinitesimal generator.

We are going to show, following G. Da Prato [80], that N, is the closure
of the linear operator Ny defined by

Nop = Log + (F(), D), ¢ € Ea(H). (11.2.24)

Notice that for ¢(x) = o (z) = ¢m?) € H, with h € D(A*), we have
1
Nopn(z) = |i{z, A*h) + i(F(x),h) — §|h|2 on, v € H. (11.2.25)

First we show that IV, is an extension of Nj.
Proposition 11.2.11 Let ¢ € Eo(H). Then ¢ € D(Np) and Npp = Nop.

Proof. Let ¢ € £4(H) and p > 1. By the It6 formula (see Chapter 7) we
have

1 I
hm - (Pro(x) — p(x)) = Illin%) 7 / P;Nop(x)ds = Nop(z), € H.
h—0 — 0

Moreover, taking into account the invariance of v, we have

1 ) h ds
/th | Prp(x) — ()] l/(dx)z/H /0 PsNOSO(x)Z

/ | 1PNog@P 5 vtdn) = [ [ Nagla) (o)

P
v(dx)
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Since Ny has linear growth and (11.2.13) holds, it follows by the dominated
convergence theorem that

}lllm . (Prp — @) = Nop, in LP(H,v). O

Obviously Ny is dissipative in LP(H,v) and consequently closable, let
us denote by N, its closure. The main result of this subsection is that
N, = N,. To prove this result we need a lemma.

Lemma 11.2.12 We have D(Ly2) C D(N,) and for all ¢ € D(Ly2)
Npp(z) = Lygp(@) + (F(x), Dp(x)), @ € H. (11.2.26)

Proof. Let us choose a multi-sequence (¢y,) C £4(H) such that (11.2.22)-
(11.2.23) hold. Then for any = € H we have

Nown(z) = Ly 2¢n(x) + (F(x), Dpn(2)) = Lop(z) + (F(z), De(x)),

as n — oo. Taking into account (11.2.25), Proposition 11.2.10 and the Lip-
schitzianity of F, we see that there is a constant C7 > 0 such that

|Nown(z)| < C1(1+ |z]?), = € H.

Now by (11.2.13) and the dominated convergence theorem it follows that
Nopn — Loy + (F(x),Dy) in LP(H,v). O

We first consider the case when ' € CL(H; H), the subspace of C'(H; H)
of all Gateaux differentiable functions having weakly continuous Gateaux
derivatives.

Proposition 11.2.13 Assume, besides (11.2.1), that F € CL(H; H). Then
N, is the closure of Ny in LP(H,v).

Proof. Let f € C}(H), A > 0 and set

o(z) = /0+00 e MP,f(x)dt, =€ H.

Since F' € CL(H; H), then there exists the Gateaux derivative X,(t,z) of
X (t,z), see Chapter 7. Moreover, setting n"(t,z) = X,(t,z) - h, for any
h € H, we have that n"(t, ) fulfills the following equation:

{ th7 ( 3 ) Z (t,$) + DF(X(t,l‘)) ’ ﬁh(tw), (11'2'27)
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Now, multiplying both sides of the first equation in (11.2.27) by 7"(t, z),
and taking into account the dissipativity of F, we find

d
- ") < 2wl (¢, 2) .

It follows that || X,(t,z)|| < e™!, t > 0. Consequently ¢ is also differen-
tiable in the direction A and we have

<D¢uxhw:[fme*WMDf@xuwxXAu@-MLhefﬂ
and

1
1D¢llo < + 1D fllo- (11.2.28)

Let us show now that ¢ € D(Lp2) so that, by Lemma 11.2.12, ¢ € D(N)).
Set
Z(t,x) = ez + Wa(t), t >0, z € H,

so that .
X(t,x) = Z(t,x) +/ eU=DAR(X (s, 2))ds.
0

For any h > 0 we have

% (Rup(x) — ¢(x)) = % E[p(Z(h, 2)) = ¢(2)]

1 " s
— 1 B et - [ MO ) plo)
— 5 Be(X(h,) - ¢(z)

e [(Petx(na), [ ' IAF (X (5, 2))ds ) | + ol

where limy_,q OTh) = 0. By taking the limit h — 0 we find, recalling Remark

11.2.6, that ¢ € D(Lp2) and
Lyop = Npp — (Do, F).
Consequently

Ap(z) = Lo (x) — (F(z), Dp(x)) = f(z), x € H.
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Therefore we have proved that (A — N,,)1(C}(H)) C D(Np). Since Ci(H)
by t

is dense in LP(H,v), this implies that N, = N, he Lumer-Phillips

theorem [161]. O
We now consider the general case.

Theorem 11.2.14 Assume that assumptions (11.2.1) hold. Then N, is the
closure of No in LP(H,v).

Proof. Let us first define a C' approximation of F. For any 3 we set
Fa(z) = / e A G y)Ng,(dy), v € H.
H

Then, by the Cameron-Martin theorem, the mapping (F'(-), h) is differen-
tiable for any h € H and for any k € H we have

(DEOH)F) = [ Nk Q)P + ), )N (d).
where Ay = Q, /2¢tA Moreover F 3 is dissipative since
(Fp(x) = Fj(T),x =)
= [ (Pt 1) = P15+ 9),e (o~ 2)) N (dy) < 0

for all z,7 € H.
Let f € C}(H), X > 0. Arguing as in the proof of Proposition 11.2.11
we can consider the solution ¢z € D(Ly2) of the equation

Apg — Lo2ps — (Fp(x), Dpg) = f.

By Lemma 11.2.12 we have that ¢ € D(N,) and

Apg — Nppg = [+ (Fp(z) — F(x), Dpg).

Now we have, recalling (11.2.28), and using the dominated convergence the-
orem,

lim (Fy(+) ~ F(2), Dig) = 0, in L/(H,v).
Therefore A — N, has dense image in LP(H,v). This concludes the proof
again by the Lumer-Phillips theorem [161]. O
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11.2.3 The integration by parts formula
Proposition 11.2.15 For any ¢ € E4(H) we have

1
/ Noy pdv = —/ |Do|dv. (11.2.29)
H 2 Jm
Proof. In fact, by a simple computation, we have

No(¢?) = 2Nop ¢ + |Dp|?, ¢ € Ea(H).

Since the measure v is invariant for Ny we have Ny(p?) = 0 and the conclu-
sion follows integrating the identity above with respect to v. O
Since £4(H) is a core for Na, by (11.2.29) it follows that the linear
operator
D : EA(H)C D(Ns) — L*(H,v; H), ¢ — Dy

is continuous and consequently it can be extended to all D(N3) (endowed
with the graph norm). We shall still denote by D its extension. By Propo-
sition 11.2.15 we get

Proposition 11.2.16 For any ¢ € D(N2) we have

/ Noy pdv = —/ |D|?dv. (11.2.30)

A first important consequence of the integration by parts formula is the
Poincaré inequality. For all p € L?(H,v) we set

5= /H p(@)w(dz).

Proposition 11.2.17 Assume that (11.2.1) holds. Then for any ¢ € D(N3),
we have

1
/\go—cp|2dl/§ / | D|?dv. (11.2.31)
H 2w Jg

Proof. The proof is very similar to that of Proposition 10.5.2. Let ¢ €
D(N3). Then P,y € D(N2) and DP,p = NaP,p. Multiplying both sides of
this identity by P, and integrating with respect to v we find, thanks to
(11.2.30),

1
th / \PtcpIQdy—/(NgPtcp)Ptgody——/ |DPip|?dv.  (11.2.32)
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Next, we prove that
|DP,p(x)|? < e ' P|Dp(z)|?, = € H. (11.2.33)

For this we need to introduce a weakly differentiable approximation Fj of
F as in the proof of Theorem 11.2.14.
We have

(DPPo(x), h) = E(Dp(XP(t,x)), X2(t,x)h), =, h € H,

where X% and Pf are defined as X and P; with F replaced by Fj. It follows
that

IDP o(x)* < e ' P} |Dp(a)?, = € H. (11.2.34)

Now it is easy to see that Ptﬁgo(x) — Pyp(x) as  — 0. Therefore, letting 3
tend to 0 in (11.2.34) gives (11.2.33).
Consequently by (11.2.32) it follows that

1 _
th / |Pyp|dv > — 2tw/ P(|Dp|?)dv = —5¢ 2tw/ |Dy|?dv,
H H

taking into account the invariance of v. Integrating over t gives

/H\Ptg0]2du—/ 2d1/>—2— e 2t) / |Dop|*dv.

Finally, letting ¢ tend to +o0, and recalling (11.2.11), gives

_ 1
@2~ [ pavz-5- [ Dol
H w JH

and (11.2.31) follows, since

/ o — oPdv = / S — (7).
H H

We have already seen in §10.5 that the Poincaré inequality yields the
spectral gap property for No.

Proposition 11.2.18 Let 0(N2) be the spectrum of No. Then we have

o(No)\{0} C{Ae€C: Re A< —w}. (11.2.35)
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Let us prove now the logarithmic Sobolev inequality. The proof is similar
to that of Proposition 10.5.3. We use the following notation:

ol = [ le@Poda). ¢ € 3(.0),
Proposition 11.2.19 For any ¢ € D(N3) we have

1
/ P log(?)dv < - / Do lPdv + [ll3 0g(ll2]2).
H W JH

Proof. It is enough to prove the result when ¢ € E4(H) is such that
p(x) > e >0, x € H. In this case we have

O (Bue) tog(Pi(p?))dv = / NP, (%) log(Pi(¢?))dv + / NP (o%)dv.
H H

dt Jg
Now the second term in the right hand side vanishes, due to the invariance

(11.2.36)

of v. For the first term we use the identity

1
[ Neg@v=—3 [ g()IDgPar
H H

with ¢'(€) = log&. Therefore we have

d 1 1
G | Pt oaPeay = — [ oo RGP (11239

As before, we first consider the C! approximation Fg of F. We have for any

(11.2.37)

heH,
(DPP (%) (w), h) = 2E[p(X° (¢, 2))(Dp(X(t, ), XL (¢, 2)h)]

It follows by the Hélder inequality that
(DPP(%)(2), h)|” < 4e*E[p*(XP (¢, 2))JE[| Dy > (X (1, 2))),

which yields
IDP](p*)? < 4¢Pl (0%) PP (|D¢]?),

and, as 3 — 0,
|DE(¢%)|? < 4e7*“ Bi(9%) P(ID]?).
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Substituting in (11.2.38) gives

d —2tw
) R G T A | Pl
H

= —26_2t“’/ |Dp|?dv,
H

due to the invariance of v. Integrating over ¢ gives

/ P loa(P(?))dv > — (1— e7") / Dyfdv.
H

Finally, letting ¢ tend to +o0o, and recalling (11.2.11), gives

1
HsoH%log(HsOI@)—/ ©*log(p®)dv > —— / |De|*dv
H W JH

and the conclusion follows. O

Remark 11.2.20 In a similar way we can prove that for any p > 1 and
¢ € D(N,) we have

1
[ st < o= [ 1Delrav +elploslel). (11239
H w JH
Moreover (FP;) is hypercontractive.

11.2.4 Existence of a density

Here we want to prove that the invariant measure v of (F;) is absolutely
continuous with respect to the Gaussian measure ;1 = Ng where Qv =
f0+°° etdetA xdt, x € H.

Here we assume, besides (11.2.1), that

There exists 6 € (0,1/2) such that A~*° € L (H). (11.2.40)
Moreover it is convenient to consider the approximating problem
dX,(t) = (AX,(t) + Fo(X,(t)))dt + dW,, X, (0) =x € H, (11.2.41)

where F), are defined by

F
Fn(q:):n_{_(|$)|, x € H, neN.
n+ |z
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We denote by Xy, (-, x), be the mild solution of (11.2.41) :

t t
X, (t,x) = o + / U=DAR (X, (s, 2))dt —I—/ =AW, x € H,
0 0
(11.2.42)

and by P/* be the corresponding transition semigroup

Pi'o(x) = Elp(Xa(t, z))], ¢ € Cy(H).

By Propositions 11.1.3 and 11.1.4 there exists a unique invariant measure v,
for problem (11.2.42) which is absolutely continuous with respect to i = Ng
with @ = —% AL

We denote by N} the infinitesimal generator of P/ in LP(H, vy,). Arguing
as before we see that Ny is the closure of the linear operator Ny, defined
by

Nope = Loy + (Fu(z), Dp), ¢ € Ea(H),
where )
Lop = §Tr[D2<p] + (z, A*Dy), ¢ € Es(H).

Therefore the following identity holds:

1
/N%P sodvnz—/ |Dy|2du,. (11.2.43)
H 2 H

Moreover from (11.1.13) the following estimate holds:

/|D VPn)| d/,L</ |F(x)|2dv,,. (11.2.44)

Theorem 11.2.21 Assume that (11.2.1) and (11.2.40) hold and that the

embedding D(A) C H is compact. Then v << u and the density p = % is

such that \/p € WY2(H, pi) or, equivalently, Dlogp € Wh2(H,v).

Proof.
Step 1. We have that (v,) is tight.

Since the embedding of D(A) into H is compact, it is enough to show that
for any 3 € (0,6) there exists cg > 0 such that we have

/y )2 |?v,(dz) < cg. (11.2.45)
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Let kg > 0 be such that
|(—A)Pet x| < kpt Plz|, z € H, t > 0.

Now by (11.2.42) it follows that

(A Xa(t,2)] < ﬁﬁt_ﬁlﬂﬂlJr/’»ﬁ/O (t = 8)"°|Fn(Xn(s,2))|ds

AVt A gy (s
+ /O (—4) AW (s)] .

Consequently
El(—A) Xa(t2)? < 33t |af?

1-28
+3%51_26/ X, (s,2))|*ds

+3K2 / ~28 Ty[es4es4 ) ds.
0

Setting t = 1 and integrating with respect to v, gives

1
/|(—A)ﬁx|2dun < 3rjle)? + 3K —— /\Fn(x)|2dyn
H 1-28 Ju

t
—&-3/%/ 5720 Tr[esAes4 ) ds.
0
Now (11.2.45) follows, taking into account Proposition 11.2.4, since |F,,(z)| <
|F(z)|, x € H, n€N.
Step 2. Conclusion.

Let p, = dd%; then by (11.2.44) the sequence (,/py,) lies in a bounded subset
of WY2(H,v). Since the embedding

WY2(H, ) C L*(H, p)

is compact, see Chapter 8, there exists a subsequence (p,, ) convergent to
some p in L'(H, ). Since the sequence (v,) is tight we have, as n — oo,

/ dv = lim odvy, = lim / @pnkd,u:/ epdu, ¢ € Cy(H),
H k—oo Jp H

k—oo J

so that v << u. O
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Corollary 11.2.22 The embedding
WY2(H,v) c L*(H,v)
is compact. Thus P; is a compact operator on L?>(H,v) for any t > 0.

Proof. This follows from G. Da Prato, A. Debussche and B. Goldys [88]. O
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Gradient systems

We are given on a separable Hilbert space H a self-adjoint operator A :
D(A)CH — H strictly negative and such that A~! is of trace class and a
mapping U : H — (—00, +0].

We are concerned with the differential operator

Nop(z) = %TY[DQSO(QJ)] + (2, A"Dp(z)) — (DU (z), Dp(x))

= Ly(x) = (DU(x), Dp(x)), ¢ €&a(H), v € H,

where L is the Ornstein-Uhlenbeck generator introduced in Chapter 6 and
EA(H) is, as before, the set of real parts of all exponential functions of the
form e*?) where h € D(A*).

Let us introduce a measure v in H by setting

v(dz) = p(x)Ng(dz), =€ H,

where @ = —3 A71, p(z) = Z e V@) z e H and Z = S e 2V y(dx).
Our goal is to show that Ny is dissipative in LP(H,v), p > 1, and its
closure N, is m-dissipative. For p = 2 this amounts to saying that Ny is
essentially self-adjoint.
Several papers have been devoted to this problem, we quote in particular

e the Dirichlet forms approach, see S. Albeverio and M. Réckner [5], V.
Liskevich and M. Rockner [159], etc.,

e the papers by J. Zabczyk [216], G. Da Prato [77], [78], [81], G. Da
Prato and L. Tubaro [97], [99].

267
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We notice that similar results can be proved for more general operators
of the form

Now(x) = %Tr[QD%(x)] + (2, A"Dy(z)) — (QDU(z), Dp(x)), « € H,

where Q € L*(H) commutes with A and y = Ng_ with Qo = —3QA7L,
see [159] and [97] for application to stochastic quantization . But we will
restrict to the first case for the sake of brevity.

Here, §12.2 is devoted to general results, §12.3 to the case when U is a
convex lower semicontinuous function.

12.1 General results
12.1.1 Assumptions and setting of the problem
Concerning A we shall assume

A is self-adjoint and there exists w > 0 such that
(Az,z) < —wlz|?, z € D(A), (12.1.1)
moreover A™1lis of trace class.

We shall denote by p the Gaussian measure Ng of mean 0 and covariance
operator () = —%A*I. Since (@ is of trace class, there exist a complete
orthonormal system (e) in H and a sequence of positive numbers () such
that Qer = Agex, k € N. For any x € H we set x5, = (x,ep), h € N.

Concerning U we shall assume that

U:H — (—o00,+00] is Borel and Z = / e 2U@) y(dzx) € (0, +00).
H
(12.1.2)
Then we set p(z) = Z e 2V 2 ¢ H, and assume that

p, /p € WHA(H, p). (12.1.3)
Now we consider the differential operator
Nowp = Lo + (DU, D), ¢ € Ea(H),
where DU = —% D log p. We notice that

Dlogp € L*(H,v; H), (12.1.4)
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since

D 2
/|D10gp|2dy:/ |'0|d,u:4/ |D/p *dp < +o0,
H H P H

by (12.1.3).

Lemma 12.1.1 For any n € N we have
/ |z|"dv < +o00. (12.1.5)
H

Proof. We have in fact by the Holder inequality,

2
(/ |:1;\”d1/> S/ ]:x\Q"d,u/deu. O
H H H

Obviously the measure v is concentrated on the set {U < +o00} which has
positive p-measure in view of (12.1.2) We notice that there are important
cases when pu({U < +o0}) = 0, see L. Zambotti [224].

We end this subsection by giving two examples.

Example 12.1.2 Let H = L?(0,1),
Az = Diz, x € D(A)=H*(0,1)N Hj(0,1),

and

1
i/x‘l({)df if z € L0, 1),
Ulx) = 0
+oo ifx ¢ L4(0,1).

Then {U < +oo} = L*(0,1) and p(L4(0,1)) = 1.
Moreover U is differentiable in the directions of L5(0,1) and

DU(x) = —23, x € L5(0,1).

Finally we claim that

/|DU ) 2p(dz) = /dg/ ) < 400, (12.1.6)

so that assumptions (12.1.1)-(12.1.3) are fulfilled.
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To prove (12.1.6) notice that, since formally for any £ € [0, 1],

2(€) = Y (wen)en(é < Zek >
k=1

<Q1/2w,iekk(§)€k>,

k=1

3|

we can write () = W, (z), where 7, defined as

i eklig €k,

k=1

>H>—‘

belongs to L2(0,1).
Now the integral in 12.1.6 is equal to [} [Wy, (2)|°u(dz), and, by an
explicit straightforward computation, one can easily see that it is finite.

Example 12.1.3 Let U be the convex lower continuous function H — R
defined by

—log(1 — |z?) if|z| < 1,
Ulz) =
+oo if|z| > 1.

We have
(1 - Jz*)?
g1 (1= ly[?)pu(dy)

if |z <1,
ple) =

0 if|z|>1,
Moreover U is differentiable on B(0,1) = {x € H : |z| < 1} and

2z

DU(z) = m7

lz] < 1.

Finally,
/ |DU () |*v(dx) = 4Z_1/ 2| pu(da).
B(0,1) B(0,1)

So assumptions (12.1.1)-(12.1.3) are fulfilled.
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12.1.2 The Sobolev space W"*(H, v)

We proceed here as we did in §10.2 for the definition of the Sobolev space
WY2(H, 11). So we first prove an integration by parts formula.

Lemma 12.1.4 Let ¢,v € Eo(H) and k € N. Then we have

/ Dy dy = —/ © Dypdy +/ [xk — Dy, logp] pdu. (12.1.7)
H H FARY:

Proof. Let us start from the identity
| Dug v = [ Dug v dn.
H H

Since p € WH2(H, i), we can apply the integration by parts formula (9.2.1)
and we find

1
D dv = — D d — d
/H ke dy /Hw k(Yp) AH-)\k /H$k90¢7/

1
= —/ Dy dy—/ oDy logpdv + — / Tredy. O
H H MNe Ju

Proposition 12.1.5 For any k € N the operator Dy, is closable on L*(H, v).

Proof. Let (¢,) be a sequence in £4(H) and g € L?(H,v) such that
¢on — 0, Dppn, — g, in L*(H,v).

We have to show that ¢ = 0. Let v € £4(H). Then by Lemma 12.1.4 we
have

/ Dyon bdy = —/ on Dy dv +/ Lk bdy — / Dy log p onib dv.
H H H )‘k H
(12.1.8)

Clearly the first and the third term on the right hand side tend to 0 as
n — o00. Concerning the second we have

lim Tppnhdy = 0. (12.1.9)
n—oo H
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In fact

‘/ Trppnpdy
H

2

< / phdv / w® pdp
H H

1/2 1/2
< / phdv ( / pzdu) ( / xizb“du) — 0.
H H H

Now, letting n — oo in (12.1.8) yields

/ gdy = 0,
H

so that the conclusion follows from the arbitrariness of g. [

If ¢ belongs to the domain of the closure of Dy in L?(H,v) (which we
shall still denote by Dy,) we shall write Dy € L2(H,v).

Now we consider the derivative operator

D: E4(H)CL*(H,v) — L*(H,v; H).

The proof of the following result is similar to that of Proposition 9.2.4 and
it is left to the reader.

Proposition 12.1.6 The operator D 1is closable.

If ¢ belongs to the domain of the closure of D (which we shall still denote
by D) in L?(H,v) we shall write Dy € L?(H,v; H).

Now we define W12(H, v) as the space of all functions ¢ € L?(H,v) such
that Dy € L?(H,v; H). Endowed with the inner product

(0 )W = /H s /H (D, Di)dv

WL2(H,v)is a Hilbert space. In an analogous way we can define W"?2(H, v),
k> 2.

12.1.3 Symmetry of the operator N,
Let us consider the linear operator
Now = Lo — (DU, Dy), ¢ € E(H), (12.1.10)

where L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup
(R¢) introduced in Chapter 6.

We shall prove first that Ny is well defined in L?(H,v), secondly that it
is symmetric.
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Lemma 12.1.7 For all p € E4(H) we have Nop € L*(H,v).

Proof. We have in fact

[ Woglar = [ |LoPav+ [ (DU Doy
H H H

2/ Lo(DU, Dy)dv.
H

Since ¢ € £4(H) there exist a,b > 0 such that
() < a+bla], =€ H.

Then we have

/]ch\2d1/ < 2a2+262/ 22 pdp
H H

1/2 1/2
2a” + 2b* (/ p2d,u> </ :1:|4d,u> < +o0.
H H

Moreover, recalling (12.1.4), as DU = —% Dlog p, we find

IN

/ (DU, D)Pdv < g2 / DU 2dv
H H

1
= LIl [ 1D1ogpPdy < 4.
H

Finally,

1/2 1/2
SHsle( / rm&w) ( / \Dwdu) .
H H

and the conclusion follows. O

‘/ Lo(DU, Dy)dv
H

Proposition 12.1.8 For all p,¢ € E4(H) we have

/Ng(pi/}dyz—l/ (Dp, DY)dv. (12.1.11)
H 2/)u

Therefore Ny is symmetric in L*(H,v).
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Proof. Let ¢,1 € £4(H). Then we have

/H Nogtpdy = /H Loty - /H (DU, D).

Since p € WY2(H, 1) we have p € WH2(H, 1) and

1
[ zevetn = 5 [ (De.Dwn
1 1
= —Q/H(D%Dwdv—2/H<Ds07Dlogp>1/}dv

1
— — [ {De.DvYdv+ [ (Dg. DU
2 )y H
and the conclusion follows. O

Remark 12.1.9 Arguing as in Eberle [109], we see that Ny is dissipative
in LP(H,v) for all p > 1. In what follows we shall denote by N,, the closure
of Ny in LP(H,v).

12.1.4 The m-dissipativity of N; on L'(H,v).

Here we follow G. Da Prato and L. Tubaro [99].

We first introduce an approximating problem. Let (F;,) C Cp°(H; H) be
such that

lim F, = DU in L*(H,v;H).

n—oo

Since £4(H) is dense in L?(H, v), such a sequence can be easily constructed.
Then consider the approximating equation

Apn, — Lipp, + <Fn(')’D30n> =f (12'1'12)

Lemma 12.1.10 Let f € Cy(H) and A > 0. Then equation (12.1.12) has a
unique solution v, € D(L)NC}(H) and

1
lenllo < 5 1/ lo- (12.1.13)

If in addition f € CF(H), k € N, we have ¢, € C’fH(H).
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Proof. Let us recall that, in view of Proposition 6.6.4, the linear operator
Npp = Lo+ (Fn, Do), ¢ € D(L),

is m-dissipative on Cy(H ). Consequently for any A > 0 and any ¢ € Cy(H)
there exists a unique solution ¢ € D(L) of equation (12.1.12) and (12.1.13)
holds. Moreover, by Corollary 6.4.3 we have ¢ € C}(H). The last statement
follows easily arguing as in Proposition 6.6.5. O

Lemma 12.1.11 Let ¢ € D(L). Then ¢ € D(Ny) and
Nip = Lo — (DU, Dy). (12.1.14)

Proof. By Proposition 11.2.10 there exist a multi-sequence () =
(Phkykoksks) C Ea(H) and M > 0 such that

pr(x) — ¢(x), Do(x) — Do(x), Lop(r) — Lo(x), © € H,

and
lok(@)| + [Dor(@)] + |Low(z)| < M(1+ |2]*), x € H.

It follows that
Nipn(z) — Lyp(z) — (DU(:), Dp(z)), = € H,

and that
|Nion(x)| < M(1+ |z|*) + M|DU(z)|, = € H.

Now the conclusion follows from (12.1.5) and the dominated convergence
theorem. [J

Lemma 12.1.12 Let f € C}(H) and A > 0. Then the solution ¢, to
(12.1.12) belongs to D(Ny) and we have

leon = LSOn - <Fn(‘)aD90n>- (12'1.15)

Proof. By Lemma 12.1.10 we have ¢, € D(L) and by Lemma 12.1.11 we
know that ¢, € D(N7p). Thus the conclusion follows. O

Theorem 12.1.13 Under the assumptions (12.1.1), (12.1.2) and (12.1.3),
Ny is m-dissipative on L'(H,v).
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Proof. Let f € Cy(H) and let ¢, be the solution to (12.1.12):
Mon = Lipn + (Fu(-), Depn) = f.
Then by Lemma 12.1.11 ¢,, € D(N1) N C}(H) and
Nign = Lon — (DU(:), Dep).
Therefore
Aon, — N1y, = f — (E,(-) — DU(+), D). (12.1.16)

It follows, taking into account (12.1.11), that

1
)\/ @?Ldu—i-/ |D<pn|2dl/:/ fgondy—/ on(Fy, — DU, Doy, dv.
H 2 Ju H H

Moreover, in view of Lemma 12.1.10, [|¢n|lo < 3 || f|lo, and consequently

1
/\/ go%dl/—i—/ | Dy |2dv
H 2)m

1 1
< S+~ 1flo / |F, — DU| |Dpydv
) ) .

1 1 4
< MU+ [ petavs st [ 1F - pURay
Therefore there exists a constant M7, independent of n, such that
/ |Dipp|?dv < M;. (12.1.17)
H

It follows that

lim (F,(z) — DU(x), Dy,) =0 in L'(H,v), (12.1.18)
and so
lim (Ap, — N1p,) = f in L'(H,v).

Therefore the closure of the range of A — N; contains Cy(H) and so it is
dense in L'(H,v). Now the conclusion follows from a classical result due to
Lumer and Phillips [161] . O
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12.2 The m-dissipativity of Ny on L?(H,v)

In this section we are going to prove, following G. Da Prato and L. Tubaro
[97], the following result.

Theorem 12.2.1 Assume that, besides the assumptions (12.1.1),(12.1.2)
and (12.1.3), we have |DU| € L*(H,v). Then N is self-adjoint on L*(H,v).

Proof. The proof is similar to that of Theorem 12.1.13. However, we need
to show, instead of (12.1.18), that

lim (F,(-) — DU(-), Dg,) = 0 in L*(H,v). (12.2.1)

n—oo

To this purpose we need an estimate
/ | Dy |*dv < Mo, (12.2.2)
H

for the solution ¢, of the approximating equation (12.1.12) where A > 0
and f € CZ(H).

To find (12.2.2) we first estimate Dy p,, h € N. Differentiating (12.1.12)
with respect to xj gives

/\Dh‘Pn - NODhQOn + <Fn - DU7 DDh(PTL>
+ahDhS0TL + <Dth7 DSOTL> = th7 (1223)

where a, = ﬁ Multiplying both sides of (12.2.3) by Dppn, integrating
with respect to v and taking into account (12.1.11), yields

1
/\/ |Dh§0n|2dy+2/ DDhSOn\QdVJF/ an| Dyspn|*dv
H H H

1
—1-2/ (Fn—DU,D(Dhcpn)Q)du—l-/ (DyFy,, Dpyn)Dpondy
H H

:/ th Dhgondu.
H

Summing up over h gives
1
A/ |D<,pn|2dz/+/ Tr[(D2<pn)2]dy+/ I(—=A)Y2 Do, |2dv
H 2 Ju H

+/ (D%, Doy, F, — DU)dv + 1 = —2/ Nown fdv, (12.2.4)
H H
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where

e ¢}
I= Z / Dy F,, i, Dipn Dy dv,
hk=1"H

and F,, , = (Fy, ex). Notice that for the factor Dy F,, j, appearing in I there
is no chance to have an estimate independent of n (in fact only a uniform
estimate of I, on L*(H,v) is available). For this reason we transform I by
an integration by parts. Using (12.1.7) we obtain

oo
I = =3 [ Fux DuDion Duion dv
hk=1"H

oo
- Z / Fn,k DkSOn Dl%son dv
hk=1"H

oo
1
+ — / zp F, & Dy, Dy, dv
h%_:l An T o

+2 ) / DpU Fy Dion Dyipn dv.
hk=1"H

Consequently

I = _/ (D%, Dy, F,)dy — 2/ Nown(Fy, Dpy)dv.
H H

Substituting in (12.2.4) gives

1
)\/ ]Dcpn]2dv+2/ Tr[(D2¢n)2]du+/ \(—A)l/QDLpnPdu
H H H

= / (D?p, Dgon,DU>dl/+2/ N0g0n<Fn,D<pn>du—2/ Nopn [ dv.
H H H
(12.2.5)

Let us estimate the first two terms on the left hand side of (12.2.5). Recalling
the elementary inequality

(Gz,y)|> < Tr[G?]|z|y)*, =,y € H, G € LT(H),
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we obtain for the first term,

2
‘ / (D?p, Dy, DU)dv
H

§/ Tr[(D2cpn)2]du/ ]D90n|2]DU|2dV
H H

g/HT&"[(Dngn)Q]du </H\Dg0n|4d1/>1/2 (/H|DU]4du>1/2.

(12.2.6)

Concerning the second we have

2
‘/ NO‘Pn<Fn7 D(Pn>dy
H

1/2 1/2
g/ | Nogn|*dv (/ |D<pn|4du> (/ \Fn]4dy> . (12.2.7)
H H H

Now, substituting (12.2.6) and (12.2.7) in (12.2.5) yields

1
A / D + - / Te[(D%pn)]dv + / (= A)Y2 Dy dv
H 2 H H

< ( /H Tr[(DQan)Q]dy)l/Q ( /H |Dcpn]4dy>1/4 ( /H ]DU\4du)1/4
ngn\QdV) v < /H ]Dgon\4dy> v < /H yFn|4dy> v

—2/ Nopn f dv. (12.2.8)
H
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To conclude, we need another independent estimate for [}, [De,[*. We have

/\D<pn|4du = Z/ (Dpon) X (Drgn ) dv
H

h,k=1

= /Dhson (Drgn (Drpn)?) dv
h,k=1

= - Z / SDnDhSDn DkSDn) dv

h,k=1

4}:/%m%m%mm%w
h,k=1

+2 Z / Pn DhU Dh@n (Dk¢n) dv
h,k=1

+ Z / ThPn Dh‘Pn Dk@n) dv.

hk= 1
Therefore
/]Dgon 4dy = / cpn ]DcpnIle/
/ D?@y Dipp, Dipy)dv
/ (DU, Dipy) | Dipu2d
/ (Az, Dp,)| Dy |2dy,
and hence

/]Dgon\4dy = —2/ ©n Ngcpn]Dgon\2dl/
H H

—2/ g0n<D2g0n Dy, Dpy)dv.
H
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This yields

|D 4d < 2||f||0 N, 2d 12 D 4 12
enl'dv < N\ | Nown|“dv | Dipn|*dv
H H H

1/2
+2”J;”° /H (Tr[(D2p,,)%]dv) "/ < /H |D<pn]4du> .
(12.2.9)

Now, comparing (12.2.8) with (12.2.9), we see that there exists M > 0 such
that

1
/ Tr[(thpn)2]dV+/ |(—A)1/2Dg0n\2dv+/ |Dpp|tdv < M,
2 Ju H H
(12.2.10)
and the conclusion follows. O
12.3 The case when U is convex
Here we assume, besides (12.1.1)-(12.1.3), that
(1) U is convex, nonnegative and lower semicontinuous, (12.3.1)
(i1) Je > 0 such that [, |DU* edv < +o0. e

Our goal is to show that Ny is self-adjoint and that P, = e'2 is strong
Feller. We follow here [78] and [81], see also [96].

It is convenient to introduce some approximations of U that are convex
and regular, namely the Yosida approximations U, of U:

lz —y|*

Ua(a:):inf{U(y)+ yEH},er,a>0.

The following properties are well known, see e.g. [64]:

lirrb Us(z) = U(z), x€ H, a>0. (12.3.2)
linb DUy(z) = DU(x), v € H p-ae., a>0. (12.3.3)
|DUy(z)] < |DU(x)|, z € H p-a.e., a>0. (12.3.4)

Moreover U, € C1(H) and DU, is Lipschitz continuous.
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Let us introduce as before an approximating equation,
Apa — Lppa + (DUq, D) = f, X >0, (12.3.5)

with p > 1. Here by L, we mean the infinitesimal generator of the Ornstein-
Uhlenbeck semigroup (R;) in LP(H, p).

By a solution of (12.3.5) we mean a function ¢, € CS’I(H)DD(LP), p>1
which fulfills (12.3.5). (1)

Notice that this definition is meaningful. In fact if ¢, € Cl? a ND(Ly), we
have, in view of (12.3.5), D, € LP(H, u)NL*(H, p); therefore (DU,, Dy, )
€ LP(H, p) since DU, is Lipschitz continuous.

Lemma 12.3.1 Let f € C}(H), A\,a > 0. Then equation (12.3.5) has a
unique solution p, € Cl?’l ND(Ly), p > 1. Moreover the following estimate
holds:
1
leally < 5 IDfllo, A >0. (12.3.6)

Proof. Since DU, is Lipschitz continuous, we know by Chapter 7 that the
stochastic differential equation

dX = (AX — DUL(X))dt + dW;, X(0) =z, (12.3.7)

has a unique solution X,(-,z). Set

+o00o
o) :/o e ME [f(Xa(t,z))] dt, z € H.

We claim that ¢, belongs to D(L,) N C’,?’l(H) and is a solution of (12.3.5).
In fact ¢, € CS’I(H) since f € C}(H) and for all z,y € H,

[E[f(Xa(t,2))] = E[f(Xa(t, y))]|

IN

||f”lE|Xa(t7x) - Xa(tvy)|

A

< e Iflile —yl.

Moreover, since f—(DU,, Dp,) is Lipschitz continuous, it is not difficult
to show that ¢, € D(L,) and (12.3.5) holds. O
Now we are ready to prove the following result.

1We recall that Cl?‘l(H) is the subspace of Cy(H) of all Lipschitz continuous mappings.
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Theorem 12.3.2 Assume, besides (12.1.1)-(12.1.3), that (12.3.1) holds.
Then Ny is essentially self-adjoint in L?(H,v). Moreover the following iden-
tity holds for the closure Ny of Ny:

/ Nop dv = —;/ (D, Dy)dv, ¢,1p € D(N3). (12.3.8)
H H

Proof. We are going to prove that for A > 0, the closure of (A—Ny)(Ea(H))
contains C} (H). Since C} (H) is dense in L?(H,v), this will prove the result
by the Lumer-Phillips theorem [161] .

Let in fact f € C}(H), A, > 0 and let ¢, be the solution to (12.3.5),

with p > 4. Since £4(H) is a core for L, (Proposition 10.2.1), there exists

a sequence (gp&n)) C E4(H) such that

P = 0ar Lppl) = Lppa, in LP(H, ), (12.3.9)

as n tends to oo. Since, by Proposition 10.6.1, D(L) C WP(H, ;) with
continuous inclusion, we have

D™ — Doy, in LP(H, u; H), (12.3.10)

«

as n tends to co. We claim that

n1L%<DUa,D¢<”>> = (DU,, Dp,) in L*(H,v). (12.3.11)

«

In fact, since DU, is Lipschitz continuous, there exists a constant C, > 0
such that |DU,(z)| < Co(1 + |z|), € H. It follows that

/H (DUy, D™ — Do) [2dv

<z /H (1+ 122D — Dgale >V du

1/2 1/2
<z¢? ( /| <1+\xr>4e4’fdu) ( / !Dwén)—D<Pa!4du> ,

and so (12.3.11) follows.
Set now
F8 =25 — Ly + (DU, D).
Then, since L*(H,u) C L?(H,v), with continuous embedding, we have,

taking into account (12.3.11), that fén) — fin L*(H,v) as n — co. But we
have
Apl) = Nopl) = f + (DU — DU.), D).
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Then by (12.3.1) it follows that

lim (DU — DU,), De™) = (DU — DU,), Dg,) in L*(H,v).

«
n—oo

Consequently

lim ()‘ - NU)(QO&”)) = f + <DU - DUa7D90a>a

n—oo

in L?(H,v). This implies

f+ (DU — DUy, Dpy) € (A — No)(Ea(H)). (12.3.12)
We claim that
lim (DU — DUq, Dipa) =0 in L*(H,v). (12.3.13)
We have in fact by (12.3.6),

(AR
/ (DU — DU, Dy,)|*dv < SVE |DU — DU, |dv.
H H

Now (12.3.13) follows from (12.3.3). Therefore, letting a tend to 0 in
(12.3.12), we have f € (A — Ny)(Ea(H)). This means that (A — No)(Ea(H))
contains C} (H) and, consequently, coincides with L*(H,v).

Finally the identity (12.3.8) follows from (12.1.11). O

Remark 12.3.3 From identity (12.3.8) it follows that, setting ¢» = 1, v is
an invariant measure for the semigroup P, = e*¥2, ¢ > 0. Moreover it implies
that D((—Nz)'/?) = WL2(H,v).

Let us denote by (Pf) the transition semigroup

Pio(x) = Elp(Xa(t, z))], ¢ € Co(H),

where X, is the solution to (12.3.7). Clearly the probability measure v,
defined by

va(de) = Z, eV p(dz), Zo = / e 2o W p(dy),
H
is invariant for (Pf) and v, is weakly convergent to v as a — 0. The
unique extension of (P) to L?(H,v,) will be denoted by the same symbol.
Moreover we shall denote by N, the infinitesimal generator of (Pf).
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Proposition 12.3.4 Let f € C’I}(H) and A > 0. Then the following state-
ments hold.

(i) We have R(\,Na)f € C’,?’l(H) and
1RO, Na)fll < 5 1£lh (12.3.14)

(ii) For any a > 0 we have

1
[R(A, N2) f — RN, No) fllp2(a,0) < 2 [ £ DU — DUal| 2 (f1,0)-
(12.3.15)

(iii) We have
lim R(\, No)f = R(\, Na)f in L*(H,v).

Proof. We first prove that o, = R(\, N,)f belongs to the domain of Nj.

Thanks to Proposition 11.2.10 there exists a sequence (cpgn)) C E4(H) such
that for p > 4,

o7 = ar Lyl — Lypa in LP(H, 1)

DY = Dy, inLP(H,pu; H),

as n tends to co. Then the sequence (N()(pgn)) is convergent in L?(H,v), so

that o € D(N).
Now from the identity

Aoa — Nowo = [+ (DU, — DU, Dgp,,),

and (12.3.6) it follows that

(DU — DU,, D$0a>HL2(H,u)

>| =

[RB(A N2) f = R(X No) fll 2 (a0 <

1
< 55 If1LIDU = DUz,

A

Thus (ii) and (iii) are proved. Finally (i) follows from the estimate

IR NSl < 5 I O
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Theorem 12.3.5 For any f € E4(H) we have

lim P f = e™N2f in L2(H,v). (12.3.16)
a—

Proof. We recall that, by the Hille-Yosida theorem, for any a > 0 we have

t —n
PYf = lim (1 —— Na> f inL*(H,uv,),
n—oo n
and
t —n
P,f = lim <1— = NQ) f in L*(H,v),
n—oo n
Moreover
o t " 1
Prf—(1-_Na) f < INafll£2(H,v0)s (12.3.17)
L2(H,vy)
and
t o 1
Pif — (1 - Nz) / < N2l 22 (F,0)- (12.3.18)
L2(Hyv)
Taking into account the obvious inequality
Il L2 a0y < 2014/2271/2”1/]”L2(H,Va)7 (12.3.19)
it follows that
t —n
\Pof = PE fleeany < |Pf — (1 - N2> f
L2(Hw)
-n t -n
(CORSE
n n
L2(Hw)
167 t -
+|Prf - (1—Na> f
n L2(Hyw)
1 _
< - (||N2f||L2(H,u) +2)*7 I/QHNafHL?(H,Va))

_l’_

<1—tN2>_nf— (1—tNa>_nf
n n

L2(Hyv)
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Moreover the following identity holds.

(-t) s (-40) s
SN (COCON

¢ —n+1+h
X <1 - — Na) f
n

By Proposition 12.3.4 it follows that

RO
n n

< nf[f[1IDU = DUa|| £2(#,0) -

L2(Hyw)

Finally, it follows that

o 1 _
\Pef = P fle2any < - (HNQfHLQ(HJ/) + 27 1/2HNOéfHL2(H,Va))
0l fl1[[DU — DUa||p2(51,0),

and the conclusion follows. O

We end the introductory part of this section by proving the strong Feller
property of P;.

Proposition 12.3.6 Assume (12.1.1)-(12.1.3) and (12.3.1). Then the semi-
group P, = et >0, is strong Feller .

Proof. By Theorem 7.7.1 we know that the semigroup (Pf) is strong Feller
for any a > 0. Moreover, for any f Borel and bounded the following estimate
holds:

[P f () = PRl < 72 fllole = yl, @,y € H, ¢ >0. (12.3.20)

Now the conclusion follows, letting a tend to 0. O
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12.3.1 Poincaré and log-Sobolev inequalities

We first prove the strongly mixing property for the measure v.

Proposition 12.3.7 For any ¢ € L?>(H,v) we have

lim V2 = /Hcpdu =o. (12.3.21)

t——o0

Proof. It is enough to show (12.3.21) for ¢ € £(H). In this case we have

|20 (z) — | < |2 p(a) — Pro(x)| + | PRo(x) — Bal + [@a — @,
(12.3.22)

where

Lpa:/ pdvg.
H

By Theorem 12.3.5 for any € > 0 there exists a. > 0 such that for any

a < Qg

e — Pal <, [l€M2p - Plollrzaw < e

Taking into account (12.3.19), we find from (12.3.22)

tN2

le"20(x) = Dllr2myy < 26+ 1PFo — PallLe(my)

< e+ ZZ7V2|PPo — Bl 2 (-

Recalling that P is strongly mixing, see G. Da Prato and J. Zabczyk [102],
the conclusion follows. O

Theorem 12.3.8 For all p € WY2(H, v) we have

1
/ lp — P|2dv < / |Dy|*dv. (12.3.23)
H 2w g

Proof. The Poincaré inequality for the measure v, follows from Proposition
11.2.17:

1
/ |0 — Pal?dva < Qw/ | D [%dv,. (12.3.24)
H H

Now it is enough to let o tend to 0. O
In a similar way, see Proposition 11.2.19, we can prove the log-Sobolev
inequality.
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Theorem 12.3.9 For all p € WY2(H,v) we have

1
[ opePav< o= [ IDePav + elBlog(lelp).  (123.25)
H w JH

where

loll3 = /H () P (d).
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Chapter 13

Second order
Hamilton-Jacobi equations

This chapter is devoted to the study of Hamilton-Jacobi equations in a sep-
arable Hilbert space H, and to their relationship with stochastic optimal
control problems . We shall be essentially concerned with the case of semi-
linear equations, which correspond to stochastic optimal control problems
driven by additive noise.

More precisely let us consider the following controlled system on H :

{ dX(t) = (AX(t) + G(X (1)) + z(t))dt + Q2dW (t), t € [0,T],
X(0)=z€ H,
(13.0.1)

where A : D(A)CH — H is a linear operator, G : H — H is a continuous
mapping, () is a symmetric nonnegative operator on H and W is a cylindrical
Wiener process on a probability space (€2, F,P), see Chapter 7. X represents
the state, z the control and T > 0 is fixed.

Under suitable assumptions, which we will make precise later, problem
(13.0.1) has a unique mild solution which we shall denote by X (t,z;z) or,
for short, by X (¢, ).

Given g, € UCy(H) and a convex lower semicontinuous function h :
H — [0,400), we want to minimize the cost functional

T
J(z,2) = E (/0 (X (£ 25 2)) + h(=(0)] dt + o(X (T, 2 z))) . (13.02)

293
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over all z € L%,(0,T; L*(Q, H)), the Hilbert space of all square integrable
processes adapted to W defined on [0,7] and with values in H.
We denote by

J*(x) = inf{J(z,2): z € L%,V(O,T; LQ(Q,H))}

the value function of the problem.
Using the dynamic programming approach, we look for a regular solution
of the Hamilton-Jacobi equation (1)

{ Dyu = 3Tr[QD?u] + (Az + G(x), Du) — F(Du) + g, (13.0.3)

u(0) = ¢,
where the Hamiltonian F is given by the Legendre transform of h:

F(z) =sup {(z,y) — h(y)}, z € H. (13.0.4)
yeH

Then we show that the optimal control z* is related to the optimal state X*
by the feedback formula

2*(t) = =DF(Du(T — t, X*(t,x))), t € [0,T], (13.0.5)
where X* is the solution of the closed loop equation

dX = (AX + G(X) — DF(Du(T —t, X)))dt + Q*/2dW (t), t € [0,T],
{ X(0)=x€ H.
(13.0.6)

Finally, the optimal cost is given by
J(x) =u(T,z), € H. (13.0.7)
Possible choices of h are the following.

(i) Let h(z) = 1 |z|?, * € H. Then the Hamiltonian F is given by
F(z) =3 |z?, x € H.

2 lef?, if|2] < R,

+o0, if |z] > R.

3 el if Jo| < R,

Rlz| - & if |2 > R.

(ii) Let R > 0 and h(x) = {

Then F(z) = {

We set in the following D = D,, D? = D2.
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Note that in case (a) F' is locally Lipschitz continuous, whereas in case (b)
it is Lipschitz continuous.

We shall also consider the problem with infinite horizon that consists in
minimizing the cost functional

+oo
Jo(z,2) =E (/0 e Mg(X (L, x5 2)) + h(z(t))] dt) ) (13.0.8)

over all z € L%, (0, +00; H), where A > 0 is given. We denote by
J5(x) = inf{J(z,2) : z € LY (0, +00; H)}

the optimal cost.
In this case, we look for a regular solution of the stationary Hamilton-
Jacobi equation

Ao — %Tr[QD%p] — (Az + G(x), Dg) + F(Dy) = g. (13.0.9)

We show that the optimal control z* is related to the optimal state X™* by
the feedback formula

2*(t) = —=DF(Dp(X*(t,x))), t >0, (13.0.10)
where X* is the solution of the closed loop equation

{ dX = (AX + G(X) — DF(Do(X)))dt + QY/2dW (t), t > 0,

X(0)—ac 0. (13.0.11)

Second order Hamilton-Jacobi equations are a classical subject in the finite
dimensional case, see the monograph by W. Fleming and M. Soner [114] and
references therein.

In infinite dimensions they were studied first, when the cost functional
is convex, by V. Barbu and G. Da Prato [9] and then by M. G. Crandall
and P. L. Lions, see [59], using the approach of viscosity solutions . For a
presentation of this method see M. G. Crandall, H. Ishii and P. L. Lions
[58]. The viscosity approach applies to fully nonlinear equations but does
not allow us to prove existence of regular solutions , and so the feedback
formula (13.0.5) can be only intendended in a weak sense. Also it requires,
with the exception of the paper by F. Gozzi, E. Rouy and A. Swiech, see
[136], that the operator @ is of trace class.

The approach presented here consists in solving (under suitable assump-
tions) the Hamilton-Jacobi equation (13.0.3) by generalizing the classical
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finite dimensional theory of semilinear evolution equations to the infinite
dimensional case. This will make meaningful the feedback formula (13.0.5).

This approach was introduced in G. Da Prato [65], then it was devel-
opped by P. Cannarsa and G. Da Prato in [28], [30], by F. Gozzi in [133],
[134], by F. Gozzi and E. Rouy in [135]. Recently Hamilton-Jacobi equa-
tions have been also considered in spaces L?(H,u) where p is a suitable
probability measure on H, see [55], [56], [57], [128].

For the sake of simplicity we shall present here only basic facts concerning
a simple situation when the nonlinear mapping G is Lipschitz or locally
Lipschitz continuous. However, these results can be considered as a first
step in studying more general situations.

Some more general Hamilton-Jacobi equations, arising in optimal control
problems for the reaction-diffusions equation, have been studied by S. Cerrai
in [39], [42] and in the monograph [43]. Moreover control of turbulence for
Burgers and Navier-Stokes equations has been considered by G. Da Prato
and A. Debussche in [83], [84] and [85].

We quote also some recent results about the ergodic control by G. Tes-
sitore [208] and B. Goldys and B. Maslowski; see [131].

Finally, very few results seem to be available for controlled equations
with multiplicative noise. A systematic study of this case has been started
by M. Fuhrman and M. Tessitore, by using backward equations; see [122],
[123]. We also recall an approach based on the Hopf transformation due to
G. Da Prato and J. Zabczyk [103].

Here, §13.1 is devoted to assumptions and some preliminaries. We solve
the Hamilton-Jacobi equation when the Hamiltonian H is Lipschitz contin-
uous in §13.2 and in §13.3 when it is locally Lipschitz. Applications to the
control problem are presented in §13.4.

13.1 Assumptions and setting of the problem

We shall assume that

(i) Ais the mﬁmteszmal generator of a Cy semigroup et on H,
(i) Q € LT (H) and fo Tr[e’4Qe’A ds < 400, t >0, x € H,
(#i1) G € C{(H; H),
(iv) e!A(H) C QY?(H) and there is § € (0,1)such that
1Q~12et4| < Ot~ %, t € (0,1].
(13.1.1)
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By assumptions (13.1.1)(i), (iii) it follows, recalling results of Chapter 7,
that the differential stochastic equation

{ dX(t) = (AX(t) + G(X (1)) + z(t))ds + Q'/2dW (t), t € [0,T],
X(0)=x€ H,
(13.1.2)

has a unique mild solution X(-) = X(-,z) on [0,7]. That is X(-) is an
adapted stochastic process such that X (0) = z and for ¢ € [0, T,
t t
X(t,x) = ea + / =94 2(s)ds + / eU=DAG(X (s, 2))ds + Wa(t),
0 0
where
t
Wa(t) = / et=AQ2qW () (13.1.3)
0
is the stochastic convolution.
Remark 13.1.1 The assumption (13.1.1)(iv) implies that
A = Q%) < Kt 2", t € [0,1], (13.1.4)
where
t *
Qir = / eAQe’ wdx, t>0, v € H.
0

Therefore, the Ornstein-Uhlenbeck semigroup (R;) introduced in Chapter 6,

m¢mw3@¢wmx+ww@ww,wevauﬂ,

is strong Feller.
To prove (13.1.4), let us consider the controlled system

¢ =A+Qu, €0)=x,
and notice that, for fixed T' > 0, the control
1

u(t) = ~7 Q V2, t €[0,T),

drives z to 0 in time 7. Since, in view of (13.1.1)(iv) (see Appendix B),

C2
T1+8

2],

T
AraP < [ Jutt)Par <
0

the conclusion follows.
Notice that in hypothesis 13.1.1(iv) one could replace the condition

1Q~12etA| < O3, t € (0,1], with (13.1.4).
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Example 13.1.2 Let d € N, H = L?([0,7]?%), and let A be the Laplace
operator on O = [0, 7]¢ with Dirichlet boundary conditions:

d
Az =Ax=> Dz, x € D(A) = H*(0) N H}(O). (13.1.5)
k=1

As is well known, A is self-adjoint and
Aey, = — ke, k= (ki, ..., kq) € N,

where e, (€) = 2%/2 sin k1€, . . . sin kqéq.
Let us choose Q = (—A)~# with § > 0. Then we have

Qey, = |k| %Pey,, k= (k1, ..., kq) € N, (13.1.6)

where > 0. As is easily seen, the operator @, is of trace class if and only
if 2+28>d.

Thus we can take () = I if and only if d = 1, and 8 < 1 if and only if
d < 4.

Finally, if d < 4 and Q = (—A)™” with d/2 — 1 < 8 < 1 we see which
(13.1.1) holds.

It is useful to consider Galerkin approximations of problem (13.1.1).
They will require additional assumptions (which are however often fulfilled),
but they will allow simplifications in several proofs.

Let us assume

(i) there are an orthonormal basis (er,) C D(A) and a sequence (i) of

positive numbers such that Qer = Aper, k € N|

(i) we have lim,_ o eArx = ez, x € H, where A,, = I, AIl,, and

M,z =1 _ (x ex)er, =€ H,

(7i1) there is 3 € [0, 1) such that le/?(—An)*ﬁ/2 € L(H), where

Qn = HTLQ7 An = HnAHn’

moreover there is C1 > 0 such that HQ;lmeM"H < C1t=P2 e o,1].
(13.1.7)

Now we consider the approximating problem

{ an(t) = (Aan<t) + Gn(Xn(t)) + an(t))dt + Han/QdW(t)y
Xn(o) = IL,x,
(13.1.8)
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where G, (z) = II,G(Il,x), x € H.
The mild solution X, of problem (13.1.8) is given by the solution of the
integral equation
t
Xn(t) = o + / =94 (G, (X,(5)) + Tpz(s)|ds + WE(t), t >0,
0
(13.1.9)

where
t
Wan(t) = / U= AIL QY 2aW (s), t > 0. (13.1.10)
0

Notice that X,,(t) € II,,(H), and so problem (13.1.9) is in fact finite dimen-
sional.
The following result was proved in G. Da Prato and J. Zabczyk [101].

Proposition 13.1.3 Assume that (13.1.1) and (13.1.7) hold. Let x € H,
n € N. Then we have
lim X,(t) = X(t) in L*(Q; H), (13.1.11)

uniformly on t € [0,T].
Proposition 13.1.4 Assume that (13.1.1) and (13.1.7), hold. Let

Riola) = [ ple o+ y)Nop(dy), ¢ € UCHH),
H
where .
Qnit = / e AnQetAnds,  t> 0.
0
Then there exists Co > 0, such that

IDRYo(2)| < Cot= 5" |l@llo, € H,p € UCy(H). (13.1.12)
Moreover, for all p € UCy(H), we have
?’LILII;O Rio(z) = Ryp(x), t>0,v€ H, (13.1.13)
and
lim DR¢(z) = DRyp(x), t>0, z€H. (13.1.14)

Proof. We first notice that (13.1.12) follows from Remark 13.1.1. We have
moreover

(DR} o(x), h) = /H<An,th, Q;;/ 2y)yp(etna +y)No,, , (dy),

where A, ; = Q;’y ?¢t4n The conclusion follows letting n tend to co. O



300 Chapter 13

13.2 Hamilton-Jacobi equations with a Lipschitz
Hamiltonian

We assume here that (13.1.1) and (13.1.7) hold and consider the problem

{ Dyu = Lu + (G, Du) + F(Du) + g, (13.2.1)

u(0) = ¢,

where L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup
(R;) introduced in §6.3.3 and F': H — R is Lipschitz continuous. Moreover
v,g9 € UCy(H) are fixed.

We write problem (13.2.1) in the integral (or mild) form

u(t,") = Ryp + /0 Ri_s[(G, Du(s,-)) + F(D(u(s,-))) + glds.  (13.2.2)

We will look for a solution of (13.2.2) in the space Zp consisting of all
continuous bounded functions u : [0, T]x H — R such that u(t,-) € UC}(H)
for all ¢ > 0 and the mapping

(0,7 x H — H, (t,2) — t3" Du(t, ),

is measurable and bounded.
It is easy to check that Zp, endowed with the norm

145
lullzp = sup [lu(t,-)llo+ sup 7= [[Du(t,-)lo,
te[0,T] (0,717

is a Banach space.
The following result was proved in P. Cannarsa and G. Da Prato [27]
when 5 =0, and in F. Gozzi [133] if § € (0,1). For the linear case see §6.5

Theorem 13.2.1 Assume that (13.1.1) hold, that F' : H — R is Lipschitz
continuous and that p,g € UCy,(H). Then equation (13.2.2) has a unique
solution u € Zp.

Proof. We write equation (13.2.2) as

u(t, ) =vy(u)(t) + Rep + /0 Ry _sgds,

where

Y(u)(t) :/0 Ris[(G, Du(s,-)) + F(D(u(s,-)))lds, t € [0,T].
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Thanks to (13.1.12) and (13.1.14) it is easy to see that v maps Z7 into itself.
Let us show that v is a contraction on Zr. In fact, if u,u € Zr we have (?)

(W), ) =v@)(E o < (\F|!1+HG||1)/O [Du(s, ) — Du(s, -)lo ds

IN

Y] _
<|F||1+||G||1>/0 5 ds o — ) 2.

2 _
= 725t 7 UFL+ G~z

Moreover, taking into account formulae (13.1.12) and (13.1.14),

< K(|F|ly +1IGII) /0 (t— )~ 5 | Dus,-) — Dus, -)|lods

1+8 1+8

t
< K([F[l + IIGHl)/ (t—s)""2 5" > ds[Ju—Tulz
0

1+8 148

1
SK(IIFII1+IIG|!1)tﬁ/ (1 —0) 2 0" = do |lu—1ulz-
0

It follows that

£ | Dy(u)(t, ) = Dy(@)(t, ) o

1
1-8 _1+8 148 _
<Kt> (HFH1+HGHl)/ (L—0) 2 0 2 do|lu—1lz, te0T]
0

Therefore v is a contraction on Z7, provided Tp is sufficiently small, and so
there exists a unique solution of (13.2.2) on [0, Tp]. Finally this solution can
be continued in the whole interval [0, 7] by a standard argument. [J

Let now consider the approximating problems

un(t,) = R oI, + /O R (G Duun(s, ) + F(Dun(s,-)) + gn) ds.
(13.2.3)

By Proposition 13.1.4 we obtain, using standard arguments, the following
result.

2We recall that ||F||; is the Lipschitz norm of F.
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Theorem 13.2.2 Assume that (13.1.1) and (13.1.7) hold, and that F : H —
R is Lipschitz continuous and that @,g € UCy(H). Then equation (13.2.3)
has a unique solution u,. Moreover

lim u,(t,x) =u(t,z), t € [0,T], x € H, (13.2.4)
and
lim Duy(t,z) = Du(t,z), t € [0,T], x € H. (13.2.5)

13.2.1 Stationary Hamilton-Jacobi equations

We assume here that (13.1.1) and (13.1.7) hold and that F' : H — R is
Lipschitz continuous.
We are concerned with the stationary equation

Ao — Lp — (G,Dy) — F(Dyp) =g, (13.2.6)

where A > 0 and g € UC,(H) are given.
Let us consider the approximating equation

Aon — Lpon, — (G, Dpy) — F(I1,Dey) = g, (13.2.7)

where g,(z) = ¢g(Il,(z)), * € H. Here L (resp. L,) is the infinitesimal
generator of (R;) (resp. (R})).

By Corollary 6.4.3 it follows that D(L) C UC}(H). Moreover, in view
of (13.1.12) and (13.1.14), there exists a constant K; > 0 such that for all
A >0, and g € UCy(H), we have

IDR(\, L)g(x)| < KiA7 |gllo, = € H. (13.2.8)

We first prove existence of a solution to (13.2.6) when A is sufficiently
large.

2
Lemma 13.2.3 Let Ao = K| 7, where K is defined in (13.2.8). Then for
all X\ > Ao and g € UCy(H) there exist unique solutions ¢ € D(L) and
on € D(Ly,) of (13.2.6) and (13.2.7) respectively.
Moreover

lim p,(z) =p(z), z€H. (13.2.9)

n—oo
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Proof. Let A > \g. Setting A¢p — Ly = 1 equation (13.2.6) becomes

For all 4,1 € UCy(H), we have

18 _
|GlloK1A™ 2 ||t — 3]lo,

” <G7 DR()‘v L)l/} - R(Av L)W HO

IN

_1s —
[F 1K A2 [[¢ = 9o

IE(DR(X, L)y) = F(DR(A, L))llo

IN

Therefore the mapping
¢ — (G, DR(X, L)) — F(DR(A, L))

is a contraction in UCy(H) and hence equation (13.2.6) has a unique solution
©.
Existence and uniqueness of a solution ¢, of (13.2.7) can be proved
analogously. Finally (13.1.14) follows from a straightforward argument. O
We want now to remove the condition A > A\g. To this purpose we intro-
duce the operators

Ko = Lo+ (G,Dy)+ F(Dy), ¢ e D(L), (13.2.10)
and
Knp=Lyp+ (Gn, Do)+ F(I1,Dyp), ¢ € D(Ly,). (13.2.11)

Notice that K, is dissipative on UCy(H), by the maximum principle in finite
dimensions. We recall that this implies

H@ - @HU < H‘p —p- )‘(Kn(p - Kn@)”(ﬁ A> 0, P, P € D(Ln)'
Therefore, by Lemma 13.2.3, K, is m-dissipative on UCy(H), see e.g. [64].

Theorem 13.2.4 Assume that (13.1.1) and (13.1.7) hold and that F : H —
R is Lipschitz continuous. Then K is m-dissipative on UCy(H). Conse-

quently for all X > 0 and g € UCy(H), there exists a unique solution
v € D(L) of (13.2.6).

Proof. Let A > Ao, ¢,% € D(L). Set

g=Xp—Kp, g=\Xp— Kp,
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and g, (x) = g(Il,x), g, (x) = g(Il,x). Let ¢,, B, be such that
Apn — Knon = gn, A, — Kn®y, = G-
From the dissipativity of K, it follows that

_ 1 _
I = Bullo < 5 llgn = Fulo
Therefore )
lon(2) — @ ()] < X lg —9llo, = € H.

Letting n tend to infinity and taking the supremum on z, we find

_ 1 _
le —@llo < X lg —gllo, « € H.

This shows that K is dissipative, and therefore is m-dissipative by Lemma
13.2.3.0

We end this section with an estimate on the gradient of the solution ¢
of (13.2.6), independent of F. This estimate will be useful later for studying
Hamilton-Jacobi equations with locally Lipschitz Hamiltonians.

Proposition 13.2.5 Assume that (13.1.1) and (13.1.7) hold and that F €
C’g(H). Assume in addition that €' is a contraction semigroup, G is dis-
sipative, X\ > 0 and g € C}(H). Let ¢ be the solution to (13.2.6). Then we
have

1Dello < [|Dgllo- (13.2.12)

Proof. In view of (13.1.14), it is enough to prove the result assuming that
H is a n-dimensional space. Thus we write equation (13.2.6) as

n n n
A — % Z D3 — Z an ;T Dnyp — Z Gy Dnp — F(II,Dy) = g,
h=1 hok=1 h
(13.2.13)
where ap, , = (Aeg, ep) and G} = (Gp, ep), h, k€ N.
Setting ¢; = D;p, differentiating (13.2.13) with respect to z; and mul-
tiplying both sides by ;, we obtain

1 n n n
MGF = o D DRy b — Y angtrDithy b = > GRDutbs
h=1

k=1 h=1

= (D;Gn; = > an gty — Y DhF (L, D) Dyt by = Djg ;.
h=1 h=1 h=1
(13.2.14)
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Since
DR 5 = 5 DAW) — (Duty)
(13.2.14) can be written as
n
A7 — iz M D3 (47 Z An(Dntps)? Z ank Tk Dp (¢
h=1 gyt

n

—*ZG"Dh (v3) Zawwj N (DGR bnts

h=1

5 3" DRF (D) Da(w?) = Dygiy (13.2.15)
h=1

Summing up over j and setting z = |Dy|?, we find

Ao i QD] + ;hzz (D)2 — (Az, Dz) — (G(x), D2)

~(ADy, Dg) ~ (DG - D, Dg) = 3 (DF(IL,Dip), D=) = (D, D).
(13.2.16)

Therefore

Az — % Tr[QD?z] — (Az, Dz) — (G(z), Dz) — %(DF(Hano), Dz)

< (D¢, Dg).

By the maximum principle in finite dimensions it follows that ||[Dyp|2 <
3 I1Dgllo [|IDello, which yields the conclusion. O

13.3 Hamilton-Jacobi equation with a quadratic
Hamiltonian

We assume here that (13.1.1) and (13.1.7) hold. We are concerned with
existence and uniqueness of solutions for the problem

{ Dyu = Lu+ (G,Du) — L[ Dul* + g,

w(0) = o, (13.3.1)
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with ¢, g € UCy(H). Again we consider the approximating problem

{ Dyuy = Lyt + (Gr, Duy) — 3|, Dug |* + g, (13.3.2)

u(0) = pn,

For a more general method that does not require Galerkin approximations
see F. Gozzi [134].

We write problems (13.3.1) and (13.3.2) in integral form:

u(t, ) =Rtso+/0 Ry [(G,Du(s,-));|Du(s,-)|2+g} ds, (13.3.3)

¢ 1
un(t,-) = R} pn +/ R} [(Gn,Dun(s, D) — i\HnDun(s’ )’2 + gn] ds.
0

(13.3.4)

We will look as before for a solution of (13.3.1) in the space Zr introduced
previously.

Theorem 13.3.1 Assume that (13.1.1) and (13.1.7) hold and in addition
that ||| < evt, t > 0, for some w € R, and G is dissipative. Then for
any ¢ € C}(H) the equations (13.3.3) and (13.3.4) have unique gs u and uy,
respectively. Moreover

lim wy,(t,z) = u(t,z), t >0, x € H, (13.3.5)
n—oo
and
lim Duy,(t,z) = Du(t,z), t >0, z € H. (13.3.6)
n—oo

Proof. Since by Proposition 13.1.4 |DR}¢(x)| < C’lt_#HgoHo, existence
and uniqueness of local solutions in a suitable interval [0,7p] (as well as
the convergence of u, to u in Zg,) follows by a standard argument, see P.
Cannarsa and G. Da Prato [30] for details. To continue the solution to [0, 7]
it is enough to find an a priori estimate for the finite dimensional parabolic
problem (13.3.2), which we write in the following form (dropping the index
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n in u for simplicity):

4 1 n n
Diu = 52)\;1D,21u—|— Z ah7kkahu
h= k=1
1< (13.3.7)
+3 6D - L 5 2 (Dh)* + g,
h h 1
U(O,a?) = $n,

where Dyu = (Du,ep), ap = (Aeg,en), G = (Gn,en), v = (x,ex),
gn(z) = g(I1,2) and ¢, (z) = p(I1,x).
Since the local solution is regular, we can assume from now on that

v,9g € UCL(H).

Setting v; = Dju, and differentiating with respect to x;, we obtain

Dy = 53 Wby 3 anernDuny + 3Gy
h=1 h,k=1

n n n
— Z DpuDyv; — Z ap,jVUp — Z D;Grvn + Djgn. (13.3.8)
h=1 h=1 h=1

Now, multipling both sides of (13.3.8) by v; and summing up over j, we
obtain

1 1 o S
§Dt|v|2 = B Z )\hD;%UjUj—F Z ah,kxk(DhUj)Uj
jJ’L:l h7k7.7:1
— Z Dpu)(Dpvj)v; Z G}, (Drvj)v; Z ap, jURY;
h,j=1 h,j=1 h,j=1
n
— Y D;Ghopvj + Djgnv;. (13.3.9)

h?]:1
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Notice that

n

1 & 1 1
5 2 WDivs = 1 D DRl =5 3 Ml Dl
j,h=1 h=1 Jh=1
n 1
Z ap prrDpvjv; = §<ATL$7D‘U‘2>’
h.k,j=1
(13.3.10)
n 1
Z GZ(DhUj)Uj = §<Gn7D|’U|2>a
h,j=1
" 1
Z DpuDpvjv; = §<DU,D‘U|2>~
h,j=1

Now, substituting (13.3.10) into (13.3.9), we find

Difol* < %TY[QDQ(IUIQ)H(AMJan(w)—DU(t,x),D\vP)

1 1
Hwlv? + §|Dgn]2 + §|v\2.

Finally, the required a priori estimate follows again from the maximum
principle. OJ

13.3.1 Stationary equation

We assume here that (13.1.1) and (13.1.7) hold. We are concerned with the
equation

1
Ao — Lo — (G, Dg) + §|Dg0\2 =g, (13.3.11)
where A > 0, and g € UCy(H). We set
1
K¢ = Lg + (G, Dp) = 5|Dgl*, ¢ € D(L).

We recall that, in view of Proposition 4.2.1, we have D(L) C UC}(H), so
that the above definition is meaningful.

Proposition 13.3.2 K is dissipative.
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Proof. Let A >0, ¢; € D(L), i = 1,2, and set
1 .
9i = Api — Loi — (G, Dy;) + §|D90i|27 i=1,2.

Then for any € > 0 we have

D> e |Dgil*

1
Mgi — Loi — (G, Dg;) + = SR Lk 1 E—
Pi Pi < ’ (Pz>+ ? 9 1+6‘D§0i’2

21+¢|Dpi|2
By Theorem 13.2.4, applied to the function F' defined by

1 Jzf?
21+elz)?’

F(z)= x € H,

it follows that

2
1 : [Dei ()|
1= @200 = 5 ll91 — 92llo + 57 sup T LD N2
lin =2l < 3l —alo+ 9w > =0 G

Therefore, for £ — 0, we have

1
o1 — w2llo < X g1 — g2llo- O

Theorem 13.3.3 K is m-dissipative.

Proof. Let A > 0 and let g € UC(H). For any € > 0 denote by ¢, the
solution to

1 |Dp.|?
Ao — Lo. — (G, D el o
e = Lp- = (G, Dye) + 21 + ¢ De.|?
It follows that
1 e |Dp|*
\o. — Lo (G. D ~|Dy.|? = - IZrel
Pe @e(G, Dpe) + 2’ @el g+ 2 1+ e|Dy. 2

By Proposition 13.2.5 we have
[1D¢ello < C(N)1Dgllo, € > 0.

Therefore )
lim[Ape — Lpe + *|D90€|2] =9
e—0 2
This implies that the closure of the image of A — K contains UC} (H). Since

UC}(H) is dense in UC,(H) (Theorem 2.2.1), this shows that the image of
A — K is dense in UCy(H). This yields the conclusion. O
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13.4 Solution of the control problem

We assume here that 13.1.1 and 13.1.7 hold. We study the control problem
only in the case of quadratic Hamiltonian.

13.4.1 Finite horizon

We are concerned with the following optimal control problem.
Given ¢, g € UC}(H), minimize

J(T,2,2) = E (/OT [g(X(t)) 4 ;\z(t)|2] dt + @(X(T))) L (1340)

over all controls z € LIQ/V(O,T; L?(2; H)), subject to the state equation
(13.1.2).
We set

J(T,z) =inf {J(z): z € L0, T; L* (% H)) }, (13.4.2)

J* is the value function of the problem.

We say that 2* € L%, (0,T; L*(Q; H)) is an optimal control, if J*(T,z) =
J(T,z,z*). Then the solution X* of (13.1.2) corresponding to z* is called
an optimal state and the pair (z*, X*) an optimal pair.

We are going to show existence of an optimal control. We first prove two
basic identities.

Proposition 13.4.1 Let z € L%,(0,T; L*(Q; H)), X(-,x) (resp. Xn(-,2))
be the mild solution of (13.1.2) (resp. (13.1.8)) and let u (resp. uy) be
the mild solutions of Hamilton-Jacobi equation (13.3.1) (resp. (13.3.2)) with
F(z) = |z|*. Let moreover z € L3,(0,T; L*(; H)) and z,(t) = IL,2(t), t €
[0,T]. Then the following identities hold:

T
u(T,x) + %E </0 |z(s) + Du(T — s, X(s,x))|2ds> =J(T,x,z), (13.4.3)
and

un(T,z) + %E </0Tzn(s)+Dun(T—s,Xn(s,x))]2ds>

= E (/OT [g(Xn(t)) - ;yzn(t)ﬂ dt + gon(Xn(T))> . (13.4.4)
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Proof. Since u, is regular, by Itd’s formula (see Chapter 7) we have

dsun(t — s, Xn(s,2)) = —Dyun(t — s, Xp(s,2))ds
1 2
+§Tr[QnD un(t — s, Xn(s,x))]ds

+(An Xn(s,2) + Gp(Xn(s,x)) + 2(s), Dun(t — s, Xn(s,x)))ds

+(Dun(t — s, Xn(s,2)), QL2dW (s))
= 1Dt — 5, X 5,)) + Taz(s)? — S[Tu2(s)]? — g(Xo (5,)) | ds

+(Duy(t — 5, Xn(s,x)), QY 2dW (s)).

Setting ¢ = T, integrating over s in [0,77], and taking expectation we find
(13.4.4). Now (13.4.3) follows letting n tend to infinity. O

Theorem 13.4.2 There exists an optimal pair (X*, z*) for problem (13.4.1)
and the feedback formula holds:

2*(t) = —Du (T —t,X*(t)), t € [0,T]. (13.4.5)
Moreover the optimal cost J*(T,x) is given by
JNT,z) =u(T,x). (13.4.6)
Proof. We first note that, in view of (13.4.3), we have
w(T,z) < J(T,x,2), z€ L3 (0,T;L*(Q;H)). (13.4.7)
Let now X,, be the solution to

dXn(t) = [AnXn + Gu(Xy) — Dun(T — t, X, (t))]dt + Qi *dW (2)
X,(0) =10z,

(13.4.8)

and set 2z, (t) = —Du, (T —t, X,,). Then we have
t t
Xo(t,z) = eray, +/ el= Az (s)ds +/ MG, (2 (s))ds
0 0

+Wan(t), (13.4.9)



312 Chapter 13
and, in view of (13.4.4),

(T, z) = E </0T [g(Xn(t)) + ;|zn(t)|2} dt + gon(Xn(T))) . (13.4.10)

Consequently, there exists a positive constant C' such that

E </0T ]zn(t)|2dt) < un(T,2) < C. (13.4.11)

Therefore, there exists a subsequence (zy, ) of (z,) which converges weakly in
L%,(0,T; L*(Q; H)) to an element 2*. From (13.4.9), it follows that (X, )
converges weakly in L, (0,73 L*(Q; H)) to an element X* and we have

t
X(t,x) = ez + / et =A% (5)ds + Wa(t). (13.4.12)
0

Now from (13.4.3), it follows that w(7T', z) = J(T, z, z*), so that z* is optimal.
|

Remark 13.4.3 The equation

{ dX = [AX + G(X) — Du(T —t, X (t))]dt + QY2dW (t), t € [0, T,
X(0)=z€H,

(13.4.13)

is called the closed loop equation. It can be solved directly either when
et t > 0, is compact, see P. Cannarsa and G. Da Prato [31] and F. Gozzi
[133], or when u is of class C2, see [27], [134]. In the second case the optimal
control is unique.

13.4.2 Infinite horizon

We are here concerned with the following optimal control problem.
Given A > 0,9 € UC}(H) nonnegative, minimize the cost functional

o0 1
Joo(z,2) =E </ e M [g(X(t)) + 2]2(15)\2] dt) , (13.4.14)
0
over all controls z € L%, (0, +o0; L*(Q; H)), subject to the state equation
(13.1.2).
We set

Ji(x) =inf {J(z,2) : z € Ly (0, +oo; L*(Q; H)) } . (13.4.15)
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We say that 2* € L%,(0,400; L*(%; H)) is an optimal control, if J¥ (x) =
Joo(z, 2*). Then the corresponding solution X™* of (13.1.2) is called an opti-
mal state, and the pair (2*, X*) an optimal pair.

We are going to show existence of an optimal control. As before we start
with an identity.

Proposition 13.4.4 Let z € L¥,(0, +00; L2(Q; H)), X (-, x) be the solution

of (13.1.2) and let ¢ be the mild solution of the Hamilton-Jacobi equation
(13.3.11). Then the following identity holds:

+o0
o(x) + %E (/0 e M|z(s) + D@(X(S,$))|2ds) = Joo(z,2). (13.4.16)

Proof. We assume that ¢ € U C’g (H), otherwise we proceed using Galerkin
approximations . By It6’s formula we have

de (X (t,2)) = e M[(L = N)p(X(t,2)) + (G(X(t,2)), Dp(X (t, )))]dt

+e M ((Dp(X (1)), 2(1) + (Dp(X (1, 2)), QW (1)) )
= N (;D@(xu,x)) + z(t>!2) dt + (De(X (t, ), Q/*dW (t))

— 5 VIR0 ~ g(X(1,2)).

Then (13.4.16) follows taking the expectation and integrating with respect
to t from 0 to infinity. O
Arguing as in the proof of Theorem 13.4.2 we find

Theorem 13.4.5 There exists an optimal pair (z*,X*) for problem
(13.4.14). Moreover the following feedback formula holds:

25(t) = —Dp(X*(t)), tel0,T]. (13.4.17)
Finally, the optimal cost JX_ (x) is given by

Ji () = o). (13.4.18)
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13.4.3 The limit as — 0

We assume here that (13.1.1) and (13.1.7) hold. We fix € € [0, 1] and consider
the following optimal control problem.
Given @, g € Cl}(H ) nonnegative, minimize

J(T,z,2) =E (/OT [g(Xa(t)) + ;|z(t)]2} dt + go(XE(T))> . (13.4.19)

over all controls z € L%V(O, T; L?(Q; H)), subject to the state equation

{ dX.(t) = (AX.(t) + G(X(t)) + 2(t))dt + /e QV2dW (t), t € [0,T],
X.(0) =z € H.
(13.4.20)

Obviously for € = 0 the problem above reduces to a deterministic problem

DiXo(t) = (AXo(t) + GXo() +2(0), t€ 0.T], 1350,
Xo(0) =2z € H. o
We set
JH(T,x) = inf {J.(T,2,2) : z€ L{(0,T; L*(% H))} . (13.4.22)
Moreover, we consider the Hamilton-Jacobi equation
{ Dy, = eTr[QD?u.] + (Azx + G(z), Duc) — 3|Duc|* + g, (13.4.23)
us(0) = ¢. o

Obviously, for e = 0, problem (13.4.23) reduces to the first order equation

{ Dyug = (Az 4+ G(x), Dug) — 5|Duol* + g, (13.4.24)
up(0) = . o
Proposition 13.4.6 We have
lin% ue(T,z) = Ji(T, x). (13.4.25)
e—

Proof. For all n € N there exists ¢, € L%(0,T; H) such that
1
Jo(T,x) < Jo(T,z,¢n) < J5(Tox) + e

Moreover
Jo(T,x,22) > J5 (T, x),
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and, due to Proposition 13.4.1,
ue(T,x) < J (T, x, (). (13.4.26)
It follows that
ATy, 25) = BT, 25) < we(Tyw) — J3(T,x)
1
< J(T,z,(n) — Jo(T, 2, Cp) + o (13.4.27)

Notice now that for any z € L}, (0,7 L?(Q; H)) we have
T
I(T2) = BT, ) = B [ ((000) — g(Xols ) )
0

+E(p(Xc(s,2)) — p(Xo(s,2))) — 0
ase — 0.
Thus the conclusion follows. O

Remark 13.4.7 J;j(T,x) can be considered as a viscosity solution of (13.4.23).
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Hamailton-Jacobi inclusions

14.1 Introduction

Let H be a separable Hilbert space and X (¢,x), t > 0, = € H, a solution of
a stochastic evolution equation on H,
{ dX(t) = (AX(t) + F(X(t))dt + G(X (t))dW (t),

X(0) s ek (14.1.1)

defined on a probability space (2, F,P) with a filtration (F;):>0. Let «, g, h
be real functions on H, with g > h. For arbitrary ¢ € [0, 4+00) and stopping
time 7 < ¢ define the functional

Ji(r, @) =B (el eX O (X (7, 0)) 1y + g(X (7, 0)1y]) s (14.1.2)
and let V' be the corresponding value function

V(t,z) = sup Ji(, z). (14.1.3)
T<t
A heuristic dynamic programming argument leads to the following Hamilton-
Jacobi inclusion for the function V,
DV (t,z) € 3$Tr[G(z)D*V(t,2)G*(2)] + (Az + F(x), DV (t,z))
+a(z)V(t,z) — 0lk, (V(t,x)),
V(0,x) = g(z), z€ H, t>0.
(14.1.4)

The inclusion (14.1.4) will be considered in a Hilbert space H = L?(H, )
where p is a properly choosen measure. In (14.1.4)

Kp={feH: f=hj,

316
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Ik, is the indicator function of K} :

OiffGKh,

) ={ S (141.5)

and Olf, is the subgradient of I, .
Let us recall that the subgradient of Ix, of the function Ig, is a set
valued mapping defined on the domain D (01, ) = K}, by the formula

Oli,(f) = [ €H: (&n—f) <0, Vi € Ky} (14.1.6)

It is easy to see that
Olk, (f)={¢eH: {<0and &(z) =0if f(z) > h(z)}. (14.1.7)

Our aim in the present chapter is to show that (14.1.4) has a solution which
can be interpreted as the value function (14.1.3). Note that if V (¢, z) > h(z),
for some ¢t > 0 and all z € H, then (14.1.4) becomes the usual Kolmogorov
equation,

D,V (t,x) = %Tr[G(x)DQV(t, z)G*(z)] + (Ax + F(x), DV (t,x))
+a(z)V(t, x),
V(0,z) = g(z).
(14.1.8)

We shall follow J. Zabczyk [218] and [222].

14.2 Excessive weights and an existence result
For ¢ € By(H) and I" € B(H) define, as usual,
Pio(z) = E[p(X(t,x))], Pz, I') = Plp, t >0, x € H.

Let w > 0. A measure y on (H,B(H)), finite on bounded sets, is called
w-excessive if

Pru(l) < e*'u(l), t>0,T cB(H), (14.2.1)

where Pju is given by

Pru(T) = /HPt(m,F)u(dm), £>0,T € B(H). (14.2.2)
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In particular if 4 is an invariant measure for (P;), that is P/yu = p for all
t > 0, finite or not, then p is 0-excessive or, shortly, excessive for (P;). It
turns out that w-excessive measures are natural weights in which the formula
(14.1.4) should be considered. Unlike invariant measures, w-excessive mea-
sures exist for arbitrary Markovian semigroups (P;). For instance if v is a
finite measure on H and w > 0, then

+oo
w= / e “*Plvds (14.2.3)
0

is w-excessive. If the formula (14.2.3) defines a measure p for w = 0 finite
on bounded sets then pu is 0-excessive. Both facts follow from the identity

+o0
Piy = et / e “*Plvds.
t

We will require that

For arbitrary ¢ € Cy(H), the function of two variables Pyp(x),
t>0, x € H, is continuous.
(14.2.4)

We have the following result.

Proposition 14.2.1 Assume that a measure p is w-excessive, w > 0, for
(P), and that (14.2.4) holds. Then the semigroup (P;) has a unique exten-
sion from By(H)NL?(H, i) to a strongly continuous semigroup on L*(H, 1)
such that

1Pl 22 (rr ) < ez, t>0. (14.2.5)

We show first that for arbitrary nonnegative measurable 1, we have

/H UH Pt(ﬂ”’dy)wy)} pldr) < 6‘”/H¢(y)u(dy)- (14.2.6)

Notice that (14.2.6) holds for the characteristic function 1) = xr and there-
fore for ¢) nonnegative and simple. Since an arbitrary measurable ¢ > 0
is a limit of an increasing sequence of nonnegative simple functions the in-
equality (14.2.6) holds in general. If now ¢ € By(H) N L?*(H,u) then, by
definition,

2

\PtsOI?{:/H’/HPt(x,dy)SO(y) p(dz),
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and by the Hélder inequality

'/ Pi(x, dy)p ‘ (/ Py(z, dy) >% (/HRt(ﬂff,dy)\so(y)|2>é

Consequently,

Pipl?, < /H Py, dy) o) (),

and taking into account (14.2.6)

| Pyl < e‘”t/H lo(y)*e(dy).

This shows that the operator P; can be extended from By(H)N L?(H, j1) to
the whole of L?(H, ;1) and that (14.2.5) holds. To show that the extended
semigroup is strongly continuous note that the set Cy,(H)NL?(H, ) is dense
in L2(H, p1). Tt is therefore enough to show that for ¢ € Cy(H) N L?(H, ),

hm/ |Pyp(z (2)|?u(dz) = 0. (14.2.7)

Assume first that ¢ € H is a bounded, continuous function such that ¢ =0
outside of an open set U C H, u(U) < 400 . Then

1Pip— ol = / Pp(ar) — pla)| 2 d) (14.2.8)
_ /H Pup(a)p(a)ulde) + [E Pp(a)2au(da) + [l
However,
/UPtgo(x) wu(dz) /Ptcp Yu(dx),

and by the dominated convergence theorem

lim UPW(&?) SO(CE)M(dﬂ?):/UsD(CE)IQM(dw): -

Moreover
lir? Sélp 1Pl < Nl

and consequently

limsup || Py - eliz < —2llliF; + el + llellz
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Since the functions ¢ with the imposed properties form a dense set in H,
the proof of the proposition is complete. [

The new extended semigroup will be denoted by (P;) like the initial one.
With a similar proof one can demonstrate also the validity of the following
generalization of Proposition 14.2.1 concerned with the semigroup

Typ(x) = Eeh «X@mdo g X (¢ 2)) 11> 0, 2 € H. (14.2.9)

Proposition 14.2.2 Assume in addition to the assumptions of Proposition
14.2.1 that « is a continuous function on H bounded from above by a. Then
(T}) has a unique extension to a strongly continuous semigroup on L*(H, i)
such that

Tyl 2y < e2F9E ¢ > 0. (14.2.10)

Let £ be the infinitesimal generator of the semigroup (73) considered on
H = L*(H,p) and D(L) its domain. We will consider an abstract version of
(14.1.4) in the form

{Dtu(t,x) € Lu(t,x) — 0k, (ult, z)), (14.2.11)

u(0) = g

A locally Lipschitz H-valued function u(t), ¢ > 0, is said to be a strong
solution to (14.2.11) if for all t > 0, u(t) € K, N D(L), u(0) = g and the
inclusion (14.2.11) holds for almost ¢ > 0 and p-almost all x € H. If h € H
and g € Kj and there exist functions g, > h,, converging in H to g and
h respectively, for which the inclusion (14.2.11) has a strong solution u,
converging uniformly on bounded intervals of Ry to a continuous u we call
u a generalized solution of (14.2.11).

Theorem 14.2.3 Assume that (14.2.4) holds and that « is the continuous
function from above. If the functions h and g are in D(L) and g > h then
the inclusion (14.2.11) has a unique strong solution.

Proof. The theorem will be a consequence of a result on maximal monotone
operators , see e.g. [25], and of a lemma.

Let M be a transformation from a set D(M) C H into the set of non-
empty subsets of a Hilbert space H and w a nonnegative number. The
transformation M is said to be w-mazimal-monotone if the operator M+wl
is maximal monotone, see [25, page 106], and [64, page 82]. If M is w-
maximal-monotone then, for arbitrary A € (0, %), the range of I + AM is
the whole of ‘H and for arbitrary y € H, there exists a unique z € D(M)
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such that y € x + AM(x). The unique element y is denoted by Jx(z) and
the family of transformations 7, A € (0, %), is called the resolvent of M.
Operators My = (I — Jy), A € (0, 1) are called Yosida approzimations of
M. If N is a maximal monotone operator on H then the sum M + N: is
w-monotone but not always w-maximal-monotone.

The following result is due to Brézis, Crandall and Pazy [26].

Theorem 14.2.4 Assume that operators M and N, defined on subsets of a
Hilbert space 'H, are respectively w-maximal-monotone and maximal mono-
tone. If for arbitrary y € H, arbitrary A > 0 and arbitrary 6 € (0, %) there
exists a solution xi of the problem

y € x+6(Maz+ Nyx)

such that for each § € (0,1) the functions Nyz§, X > 0, are bounded as
A — 0, then the operator M + N, with the domain D(M) N D(N), is w-
mazximal-monotone.

First we derive from Theorem 14.2.4 the following crucial proposition.

Proposition 14.2.5 Assume that an operator L is an infinitesimal gener-
ator of a Cy semigroup of positive linear operators (1y) on a Hilbert space
H = L*(E, i) such that for some v >0

Tiply < e|iply, t >0, 1 € H. (14.2.12)
If ¢ € D(L) then the operator
—L + 0, (14.2.13)

s y-maximal-monotone.

Proof. It is well known that a linear operator —L is y-maximal-monotone
if and only if it generates a Cpy semigroup of linear operators satisfying
(14.2.12). Let M = —L and N = 0If,. Then N is maximal monotone, see
[25], and

1
Na() = =3 (e =mT A >0,n € H.
The proposition is now a consequence of Theorem 14.2.4 and of the following
lemma.
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Lemma 14.2.6 If ) € (0, %) , A> 0, Y € H then, for arbitray v € H, the

equation

1
v=v—-20 <£v + X(go - v)+) (14.2.14)
has a unique solution vy such that

oo, =

H

~(p —vy)

3 [(E(@—w—wr

H

Proof. Define R, = (¢ — L)™', ¢ > 4*. Then the basic equation is
equivalent to

i1 (Gv) +Ria (F((e—v)T+v)).  (14.2.15)

Since the norm of the operator R1 1 is at most (% — 7+%)_1 and the real
6 A

function z — % ((a — 2)* + z) is Lipschitz with constant 1, the transformed

equation (14.2.15) has a unique solution by the contraction mapping prin-
ciple.
Since ¢ € D(L), there exists a function n € H such that

1
p=TRin, sp-Lo=n,
or, again by the resolvent identity,

P =Ryt (+3¢)

1

A
Taking into account that vy satisfies the transformed equation (14.2.15) one
gets, by subtraction,

1 1
UA—¢:R%+% <5¢—77>+)\R(1;+1 [(QO—U)\)JF—(()O—U)\)].

1 +
4 (r59)

>

Consequently,

p—uy <R

=
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In particular,

and
N
o] = e 1)
H
3 1 *
< “(p—1p) — L
S T-u71 (5(90 ) n) .
1 +
< ’(5&0—1/1)—5?7) ,

as required. O

To complete the proof of Theorem 14.2.3 it is enough to use Proposition
14.2.5 and recall, see [25], that if an operator M = —L+-0If, is y-maximal-
monotone then the differential inclusion

dzgf) + Mz(t) 30, 2(0) =z € DM), (14.2.16)

has a unique strong solution z(¢,x), ¢t > 0, and for arbitrary z € D(M),
the inclusion (14.2.16) has a weak solution denoted also by z(t,z), t
Moreover the operators S(t) : D(M) — D(M), t > 0, are given by

S(t)r = z(t,z), t >0, x € DIM). O

It is of interest to notice that implicitly we have shown existence of a
solution to the stationary inclusion

0 € LV(x)— Ok, (V(z)) (14.2.17)

on the value function V for a stopping problem on an infinite time interval.
In fact we have the following result.

Theorem 14.2.7 If assumption (14.2.4) is satisfied with a < —w and the
function ¢ is in D(L) then the inclusion (14.2.17) has a unique strong so-
lution.
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Proof. Define G = L — (“’T*a)[ . Then G generates a Cjy semigroup satisfying
the inequality (14.2.12) from Proposition 14.2.5 with v = 0. Consequently
the operator

w—+a
—L+ <2> I+ 0I,,

is maximal monotone. In particular for arbitrary A > 0 the inclusion

0+ A— Lo+ (“‘;“) W+ Ik, (1) (14.2.18)

has a unique solution ¥ € D(£) U K. However (14.2.18) is equivalent to

1 wHa
‘(ﬁ ; )mw—a&(w

Taking 1 = —(242), the result follows. O

14.3 Weak solutions as value functions

In this section we sketch the proof that weak solutions to (14.2.11) are in
fact identical with value functions. For more detils we refer to [218]. On the
functions h, g and on the (discount) function o we impose continuity and
growth conditions, usually satisfied in applications.

( (i)  The functions h, g are continuous and bounded on bounded sets
and h < g,

(ii) for an arbitrary compact set K C E and arbitrary T > 0
E(sup, e x supre ooz (1 (X (1 2)] + [H(X (£,2))]) < +o00,

(#i7) for arbitrary T > 0 there exists a function ¢ € H such that
E(supiepo, 7y (lo(X (£, )] + [ (X (¢, 2))]) < ((2) ;= € H,

(iv) the function « is contivous and bounded from above by a constant
a7

a(z)<a, z€H.
(14.3.1)

We can state now the main result of the present section.

Theorem 14.3.1 Under assumptions (14.2.4) and (14.3.1), the value func-
tion V(t,x),t > 0,z € H, is continuous and is a weak solution of the
Hamilton-Jacobi inclusion (14.2.11). If, in addition, ¢, € D(L) then V
is the unique strong solution of (14.2.11).
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Proof. The fact that V is continuous has been established, in the present
generality, in [218]. The proofs of the remaining parts of the theorem use the
penalization technique, see [11] and [204], and will be divided into several
steps.

Step 1. The functions h and g are in Cyp(H) N D(L).

Consider first the so called penalized Hamilton-Jacobi equation,

A _ A 1 A +
Df\V (t,z) = LVA(t,x)+ 5(h—V(t,x))", (14.3.2)
VA0,x) = g(z), z€ H, t >0,
in its integral form:
1 t
VAt) = Tog + A/ Ty(h =Vt —s)tds, t>0. (14.3.3)
0

Note that the transformation ( — (¢ — ) satisfies a Lipschitz condition
both in H and in Cp(H). By an easy contraction argument the equation
(14.3.2) has a unique solution in C(]0,T]; H), first for small 7', and then for
all 7' > 0. By a similar argument the equation (14.3.3) also has a unique
solution in C([0,T]; Cy(H)) for arbitrary 7" > 0. It is clear that if h €
Cy(H) N'H then the two solutions coincide.

Let A > 0 be an arbitrary positive number and v (¢),t > 0 an Fi-adapted
process taking values in the interval [0, %] Define functionals

Jo(pz) = E[/o e./'(f(oc(X(ff,af)—¢(0))d0¢(t)h(X(t’x))dt}

HE (el oo -uoNdeg (¥ (s, 2)) ) (14.3.4)
and consider the following value function:

Va(s,z) = sup Jy(u,x) (14.3.5)
0<u(-)<%
where the supremum is taken with respect to all processes u(t),t > 0, (F)-
adapted, having values in the interval [0, §].
We need the following result.

Proposition 14.3.2 Assume that conditions (14.2.4) and (14.3.1) hold and
that h,g € Cy(H), g > h. Then

(i) Vs, z) = Vi(s,x), for all A >0, s >0, x € H,
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(ii) Va(s,z) T V(s,x), as A | 0, fors >0, x € H.

The proof from [204] can be adapted to the present, more general situ-
ation. The following lemma is a generalization of the first part of Lemma 1
from [204].

Lemma 14.3.3 Let (x¢)t>0, (¥)t>0 and (ar)e>0 be progressively measur-
able, real processes such that x and v are bounded and « is bounded from
above and locally integrable. If T € [0,+0c] and (wi)ejo,yq i a right contin-
uous process such that for each t € [0,T],

T
wy =E (/ el ardr%ds[]—}) , P-a.e.

t

Then, for each t € [0,T],

T *S
W:E(/(%WFWW@3+%W@@UQ,Pma
t

Denote M = —£ and N = 09Ik, . Then the Yosida approximations N
are given by the formula

_ !

Na(n) N\

(h—m)T,A>0,neH.
Moreover the penalized equations (14.3.2) are of the form

DV + MV + N\ VA =0,
VM0) =g(z), = € H,

and the solutions V* (t),t > 0, form a continuous semigroup of transforma-
tions g — S*(t)g,t > 0, on H. By Theorem 14.2.4 and Theorem 14.2.7,
the operator M + N is “’Tﬂ—maximal—monotone and the value function V is
identical with the strong solution of the equation

{—DtV e MV, +NV,

V) = gla), zeH. (14.3.6)

Let S(t),t > 0, be the semigroup determined by (14.3.6). We need a version
of Bénilan’s theorem [10]

Theorem 14.3.4 Assume that the assumptions of Theorem 14.2.7 hold.
Then, for arbitrary x € D(M + N), S*(t)x — S(t)z uniformly on bounded
subsets of [0, +00).



Hamilton-Jacobi inclusions 327

Proof. One shows, see [25, page 35], that for arbitrary § € (0,1) the limit
mgo = limy_,¢ :):‘f\ is the unique solution of the inclusion

y€x+o(M(z)+N(x)).

This means that for arbitrary § € (0,1) and y € H,

(I + (M +NA)>_1y — (I +0(M +N))_1y

as A — 0. The result follows now from Benilan’s theorem, see Theorem 4.2
in [25] or [10]. O

Taking into account Lemma 14.3.3 and Benilan’s theorem, S*) — S,
uniformly on bounded intervals of R, as functions with values in H. Since
S*p = V) and Vj converges to the value function V pointwise the value
function V' is the strong solution of the Hamilton-Jacobi inclusion (14.2.11).

In the remaining part of the proof all elements from H having continu-
ous versions are identified with those versions. The functions h and g are
approximated by more general ones.

Step 2. The functions h and g are in C(H).
For natural n > %w + a, define

—+00
Gnn = / e MTynds, n € H.
0

The functions

(w+a)
2 b

hn =nGuh, gn =n, Gpg, n >

are in D(£) and h,, — h, g, — g as n — 400 both in H and uniformly on
compact subsets of H. Moreover the corresponding continuous functions
(Vi) converge to the value function V uniformly on compact subsets of
[0, +00) x H. This in turn implies, that V,,, regarded as H-valued functions,
converge uniformly on bounded intervals of Ry to V.

Step 3. The functions h, g satisfy assumption (14.3.1) .

By Step 2 it is enough to show that there exist sequences (hy,), (gn) of
functions from Cy(H) such that h, — h, g, — g asn — +oo in H, hy, < gn
and the corresponding value functions V,,, n € N, converge to V, as H-
valued functions, uniformly on bounded intervals. Moreover V is the value
function correponding to the data (h, g).
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It turns out that it is enough to choose h,, g, n € N, identical to h, g,
on balls B,, with a fixed center o and radius n and such that on H

\hn| < 1R|, |gn] < 9], neN. O

In some situations the domain D(L) of the generator £ can be completely
described and the concept of strong solution of (14.2.10) becomes very ex-
plicit. This is the case when for instance X is an Ornstein-Uhlenbeck process
satisfying

dX = AXdt + BdW, X(0) ==,

for which the semigroup e'4 generated by A has an exponential decay,
let ) < Me™, ¢ > 0,

for some positive v and the operators e!4Q, t > 0, are self-adjoint with
() = BB*. Then the Gaussian measure u = Ng_ with

+oo .
Qoo = / Qe dt
0

is invariant for the corresponding transition semigroup (R;), see §10.1. The
domain D(M2) of its generator My is given by (Theorem 10.2.6)

D(My) = WGP (H, ) N W5 (H, )

and the operator My is an extension of the differential operator
1
5 THQD*¢] + (2, A" D), = € H.

The abstract theorem is, therefore, applicable.

14.4 Excessive measures for Wiener processes

The results obtained in the previous section are applicable if, in particular,
the measure p is invariant for X. For instance, if X is an Ornstein-Uhlenbeck
process discussed in Chapter 9. However, invariant measures, even with
infinite total mass, do not exist for all Ornstein-Uhlenbeck processes. This
is so for the most important case of the Wiener process as we will show now.
We have in fact the following result.

Theorem 14.4.1 If u is an invariant measure for a nondegenerate Wiener
process, on an infinite dimensional Hilbert space H, finite on bounded sets,
then u(I') =0 for allT' € B(H).
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The following proof, due to S. Kwapien [153], is based on two lemmas.

Lemma 14.4.2 If u is an invariant measure for a nondegenerate Wiener
process, finite on bounded sets, and f is a bounded Borel function with
bounded support then

hz) = /H f(x+ y)u(dy), « € H,

is harmonic for the heat semigroup.

Proof. Note that

Pih(z) = /H Wz + 2)Nio(d2)
-/ [ [tz putdy)| Nio(a2)

= /f(l‘+u),u*NtQ(du), xeH, t>0.
H

Since p * Nyg = p, t > 0, the result follows. O

Lemma 14.4.3 If h is a nonnegative harmonic function for the heat semi-
group then for arbitrary x,a € H,

1
= (h(m + QY24) + h(z — Q1/2a)) > h(z).
Proof. By the Cameron-Martin formula we have

h(z + QY%a) = Pih(z + QY%a) = / hiz +Q'%a+ 2)Nig(dz)
H

:/ h(x + 2)Ngi/24 4 (dz)
H

= \/}I h(x —+ 2)67%‘a|2+<(tQ)71/2Z’(tQ)71/2Q1/2a>NtQ(dZ)

2
_ la|

=e 2t/ h(:c+z)e%<(tQ)_l/22’a>NtQ(dz),
H
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Consequently

% (h(x +QY2%a) + h(z — Ql/Za)>

1 al? —_ - z,a ——= - z,a
= 56_% h(z + 2) [e\}?«t@ 2z, ' te vl 2, >NtQ (dz).

H

Since, for any o € R, 3(e” + e7?) > 1 and h is a nonnegative function we
have

% (h(x +QY2%a) + h(z — Ql/Qa)>

(1/2 a2
>e 20 | h(zx+2)Nyg = e_%Pth(x) > e_%h(:c).
H

Letting t — +o0o we obtain the result. O

Proof of Theorem 14.4.1. Assume that p # 0 and that for some r >
0, u(B(0,7)) > 0. Let f = 1p(,) and (e,) be an orthonormal basis of
eigenvectors of (). Define

W)= [ Ja+pntdy), o€ B
H
Then h(0) = pu(B(0,r)) > 0, and by Lemma 14.4.3

(h(2re;) + h(—2re;)) > u(B(0,7)), i € N.

N =

Consequently, there exists a sequence (g;) with ¢, = 1 or —1 such that
h(2re;e;) > w(B(0,71)).

But

h(2re;e;)) = /HlB(o,r)(QTEierl-Z)M(dz)

= M(B(Z?“Eiei,T)) > M(B(()?T))’
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and the balls B(2re;e;, r), i € N, are disjoint. Therefore

w(B(0,3r)) > ,u(U B(eriei,r))

=1

> Zu (2reqei,r))

v

> 1B (0.7)

a contradiction. O

Thus the L?(H, ) theory cannot be developed if one restricts the con-
siderations to p being an invariant measure. A plausible possibility would
be to choose p as an w-excessive measure. Unfortunately p cannot be chosen
to be a Gaussian measure.

Theorem 14.4.4 Gaussian measures are never w-excessive for the heat
semigroups with @ # 0.

Proof. Assume that a measure Ny, g is w-excessive for the heat semigroup

Pip(x) = / o(x + 2)Nig(dz), t >0, x € H.
H
Then
NtQ * Nm,R < ethm,Ra t > 0.

Consequently, for any A € H

/ e Ny % Ny g(da) < e“’t/ N Ny, p(de),
- H

and therefore

%(tQ)\ A H(Am)+ 3 (RAN) <€wte()\,m> (R, /\)

or equivalently, for arbitrary A € H, %(Q)\, A) < w, a contradiction if @ # 0.
O

It is easy to check that the measure p = f0+oo Nygdt is bounded on
bounded sets and is excessive for the heat semigroup.

Here is another positive result, see J. Zabczyk [221].
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Theorem 14.4.5 Assume that Q is a diagonal operator on H = (* with
positive eigenvalues (Ap)nen such that Y > A\, < +oo. There exists an

w-excessive measure ( for the corresponding heat semigroup of the form
[e.e]

p= X, _1 fin, where u, are measures on R, if and only if

> VA < oo (14.4.1)
n=1

If (14.4.1) is satisfied one can choose

1 -
tn(dx) = 5)\;1/46)‘"1/4‘:”'@:, n € N.
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Appendix A

Interpolation spaces

This appendix is devoted to the basic interpolation theorem, which is proved
in §A.1. In §A.2 we present a characterization of some interpolation spaces
between a Banach space and the domain of a linear operator. We recall that
the basic definition of interpolation spaces is given in §2.3.

A.1 The interpolation theorem

The main result of this section is the following.

Theorem A.1.1 Let X, X4,Y, Y7 be Banach spaces such thatY C X, Y1 C
X1 with continuous embeddings. Let moreover T be a linear mapping T :
X — X4, T:Y — Y, such that for some M, N > 0

[Txllx, < Mllzllx, [ITylly; < Nllylly-

Then T maps (X,Y )y into (X1,Y1)p00, and

T2)(x, v1)00 < M7TOIN? [2l(x )y € (XY )g00-
Proof. Let z € (X,Y )y . Then we have
[Tﬂ?](Xl’yl)g’oo = sup t™’ inf{||a1||x, + t||b1lly, : @1 + b1 = Tx}

te(0,1]

IA

sup t~%inf{||Talx, +t|Tblly, : a+ b=z}
te(0,1]

335
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< sup t~?inf{M|a||x + tN|b|ly : a + b=z}
te(0,1]

N
=M sup t ?inf {HCLHX +t—|blly:a+b= w}
te(0,1] M

0

NY 4.
=M sup Vi Oinf{||a|x + s||b]ly : a +b =z}
s€(0,N/M]

< M'"ON[z](x vy O

6,00 "

A.2 Interpolation between a Banach space X and
the domain of a linear operator in X

We are given a linear closed operator A : D(A)CX — X, generator of a
strongly continuous semigroup in X, which we denote by e*4. We set

lzllx = ll=l, z€X, [zlpa) = lzl+|Az], z € D(A),
and
(X,D(A))p00 = Da(0,0), 6¢€(0,1). (A.2.1)

Proposition A.2.1 Let 6 € (0,1). Then we have

DA(6,00) = {3: e X: sup t7 s —z| < +oo} : (A.2.2)
te(0,1]

Moreover there exists C4 > 0 such that for all x € D 4(0,00) it holds that

1 gy tA
Gyl loaee < Il sup =7l e = ol < Callelipoe (423
Proof. We set
Az) = sup etz — a])
te(0,1]
and proceed in two steps.

Step 1. If A\(x) < 400 then © € Dy (0, 00) and there exists C7 > 0 such
that ||z p,9,00) < C1A(2).

We have in fact
ez — x| < AMx)t?, e (0,1).
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For all t > 0 we set

I 1t
a = T—- / e Ards = = / (x — e*Az)ds,
t Jo t Jo

1 t
by = = / e*Azds.
t Jo

Consequently by € D(A) and Ab; = etA%. It follows that

40
0+1

1 t
o <5 [ Sasa@ < 7o M)

and
1Bl peay < 110l + [ Abe]l < [|]| + ()t
So K(t,x) < Ct? and the conclusion follows.

Step 2. If z € D4(0,00), then A\(x) < 400 and there exists Cy > 0 such
that )\($) < CQHxHDA(G,oo)‘

Let x € Dy(f,00) and ¢ > 0. For all ¢ € (0,1) there exist a; € X and
by € D(A) such that

laell + t(lfbell + 11Abe 1) < ¢ (N[l .y (6,00) +2)-

For all £ > 0, > 0 it holds that

3
Ay — 2 = e¥ay — ap + 840 — by = $ay — ag + / egAAbtdﬁ.
0

It follows that
o4z = all < [26° + €| (12l (0,00) +):

and the conclusion follows since ¢ is arbitrary. O
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Null controllability

B.1 Definition of null controllability

Let H and U be Hilbert spaces. We are given a linear operator A : D(A)C
H — H, infinitesimal generator of a strongly continuous semigroup (etA)
such that, for some M > 0, |[e!4|| < Me*t, t > 0, and a linear bounded
operator B € L(U; H). We assume for simplicity that the kernel of BB* is
equal to {0}. We are concerned with the differential equation

Y (1) = Ay(t) + Bu(t), t>0,
{ y(0) =z € H, (B.1.1)
where u € L2 _(0, +00,U).

Problem (B.1.1) has a unique mild solution y(-) = y(-, x; u) given by
y(t) = ea + Lyu, t>0,
where

t
Ltu:/ =4 Bu(s)ds.
0

We say that system (B.1.1) is null controllable in time T > 0, if for all
x € H there exists u € L2(0,T;U) such that y(T,x;u) = 0. If the system is
null controllable in any time, it is called null controllable.

Example B.1.1 Assume that U = H, and B = I. Then system (B.1.1) is
null controllable. In fact, given T > 0,z € H, and setting

1
u(t) = — ez, telo,T], (B.1.2)

we have y(T,x;u) = 0.

338
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B.2 Main results

We will need a result on linear operator theory; see e.g. G. Da Prato and J.
Zabczyk [101, Appendix A

Proposition B.2.1 Let H and Z be Hilbert spaces, T € L(U;H) and S €
L(H). Then the following statements are equivalent.

(i) S(H) C T(U).
(ii) There exists C > 0 such that |S*z| < C|T*z|, x € H.

Now we can prove the following result.

Theorem B.2.2 System (B.1.1) is null controllable in time T' > 0, if and
only if one of the following statements holds.

(i) eTA(H) C Lp(L*(0,T;U)).

(ii) eTA(H) C Q;D(H), where
T *
Qrz :/ eABB* e’ xds, x € H. (B.2.1)
0

Moreover, if system (B.1.1) is null controllable in any time, we have
Lp(L*(0,T;U)) = ;/Q(H) = constant, T > 0. (B.2.2)

Proof. It is obvious that statement (i) is equivalent to null controllability
in time 7. Now notice that, as easily checked,

(Lra)(t) = B*eT=047 g,

It follows that

T
LyLix :/ eABB*e*V xds, x e H. (B.2.3)
0
Consequently
" 1/2
HLTxH%%o,T;U) = ’QT/ xf?, (B.2.4)

from which, in view of Proposition B.2.1,

Ly(L*(0, T3 U)) = Qyf*(H). (B.2.5)
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Thus (i) and (ii) are equivalent.
Let us prove the last statement. First notice that, setting

T
Sru = / e*ABu(s)ds, w € L*(0,T;U),
0
we have
Ly (L*(0,T;U)) = Sr(L*(0,T; U)).
This implies
Lp(L*(0,T;U)) C Ly4(L*(0,T:U)), > 0.

Finally, let us prove the converse inclusion. Let z € Lp(L*(0,T;U)) =
Sr(L%(0,T;U)), and let u € L*(0,T;U) be such that Lyu = z. Then we

have

T—e¢ €
x = / e*ABu(s)ds + T4 / e*ABu(s + T — €)ds.
0 0

Since system (B.1.1) is null controllable in any times, there exists z €
L?(0,T — ¢;U) such that

c T—e
(08 [ T -yt = [ e eo)ds.
0 0

Thus
T—e
r = /0 e*AB(u(s) + 2(s))ds,

and consequently, € Ly (L?(0,T — &;U)) as required. [J

B.3 Minimal energy

We assume here that system (B.1.1) is null controllable. We fix "> 0 and
x € H, and we consider the affine hyperplane

Ve ={ue L*0,T;U) : Lru=—eTz}.

Then we denote by @ the projection of 0 on V,; 4 is called the strategy of
minimal energy driving x to 0 and it is the element of L?(0,T;U) charac-
terized by the following conditions:

(i) Lra=0,
(B.3.1)
(i) Lrn=0= (@,m)r20,10) = 0.
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Now, we want to find an expression for 4. For this we need some preliminary
considerations. First of all we set

Ap = Q2™ T > 0. (B.3.2)

By condition (ii) of Theorem B.2.2 and the closed graph theorem, it follows
that Ar is bounded for all ' > 0. Moreover, in view of (B.2.4) and Propo-

sition B.2.1, it follows that L (H) = 1T/2( H), and |L%. QT1/2y| lyl, Vy €
;/2(H). Since Q%F/Q(H) is dense in H, because Ker BB* = {0}, it follows
that L}Q;l % s uniquely extendible to a linear bounded operator on H,

denoted byL% QT Such that

1L5Q 2| = 1. (B.3.3)
We can now prove the following result.

Theorem B.3.1 Assume that system (B.1.1) is null controllable in time
T >0, and let x € H. Then the control of minimal energy driving x to 0 is
given by

1/2

U= —L5Qp " Arx. (B.3.4)
Moreover, the minimal energy E(1) := \ﬁ|%2(0 7.1) is given by
E(a) = |Arz|?. (B.3.5)

Proof. Let @ be defined by (B.3.4). We are going to check that conditions
(i) and (ii) of (B.3.1) are fulfilled. Condition (i) holds since

LTU = —LTL QTI/ ATI‘ = —LTL QT1/2 ATQS' = — TAx.

Let us prove (ii). Assume that Lpn = 0. Then we have

(@) L2(0.rm) = — <L*TQT1/ *Arz, n> = (Ara,Q7*Lrn) =o.

L2(0,T;H)

It remains to prove (B.3.5). Recalling (B.3.3) we have

2
e ~—1/2
L:Q7 P Ara
L2(0,T;H)

W%?(O,T;H) = < ‘AT?UF'

The proof is complete. O
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Example B.3.2 We continue here Example B.1.1, assuming U = H and
B = 1. Let u be defined by (B.1.2). Then we have

T MT Y2 ifw <0,
|Apz|? < T2 / etz 2dt <
0 Me*T T-1/2if b > 0.

Example B.3.3 Let U = H and B = QY2 with Q symmetric and non-
negative. Assume that system (B.1.1) is null controllable, and moreover
that

e(H) c QY2(H), t > 0, (B.3.6)
and that
T
/ 1QY2etAz)?dt < 400, t>0, z € H. (B.3.7)
0
Then the control
u(t) = —T71 Q™2 z, >0, (B.3.8)

drives = to 0 in time 7T, and so
T
|Apz|? < T2 / QY 2etA )2 dt. (B.3.9)
0

Assume in addition that the semigroup (e*4) is analytic,
e < M, [[Ae' || < Nt7, t >0, (B.3.10)

and that there exists a € (0,1/2), such that Q = (—A)~®. Then by (B.3.9)
it follows that

|Apz| < CaT~" V22|, =z € H, (B.3.11)
for some positive constant Cl,.
The following result is a particular case of [196].
Theorem B.3.4 Assume that system (B.1.1) is null controllable; then

lim Apz =0, x€ H,
T—~+o00

if and only if the algebraic Riccati equation
PA+ A*P—-PBB*P=0, P >0, (B.3.12)

has a unique solution P = 0.
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Equation (B.3.12) should be understood in the sense that
2(PAx,2) — |B*Pz|* =0, 2 € D(A).

Proof of Theorem B.3.4. For arbitrary operator R > 0 and ¢t > 0 denote
by P(t) the unique solution of the Riccati equation

{ 4 P(t) = P(t)A+ A*P(t) — P(t) BB*P(t), t >0, (B.3.13)
P(0) = R.
Then
t
(P(t)Rz,2) = inf [/ lu(s)|?ds + (Ry®“(t), y=“(t)) |, (B.3.14)
v LJo
where y(t) = y™"(t),t > 0, is the solution to the equation
dy
pri Ay + Bu, y(0) = =x. (B.3.15)

We proceed now in two steps.
Step 1. For arbitrary t > 0, s > 0, P(s)AA = A, Ayps.

Let a(o), o € [0,t + s], be the control which transfers a given state = to 0
in time t 4+ s with minimal energy. Then

t+s
(AL, Avsst,z) = / li(o)|2do
0

_ /0 li(0)|*dor + /fs li(0) 2o

/0 (o) Pdo + (AT A" (5), 4" (s)).

Therefore
(AfpsAipsz, ) > (P(S)A;Atx,@_

On the other hand for arbitrary control u

/O " u(o) Pdo + (AT Ay (s), 57 (5))

S t+s
=/ |u(g)\2dg+/ |a(n — s)[?dn,
0 S
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where @(n), n € [0,t], transfers the state y**(s) to 0 in time ¢ with minimal
energy. Consequently the control

(o) = u(o)if o < s,
oy = u(s)if s <o <s+t,

transfers z to 0 in time ¢ + s. Therefore
S
/ lu(o)|*do + (Af Ay™"(s), y™"(s)) = (AfysAryst, T),
0

and thus
<A:+5At+sl'7x> < <P(S)ArAtxax>'
This completes the proof of Step 1.

The operator valued function AjA;, ¢ > 0, is decreasing and therefore
there exists a symmetric nonnegative limit

t—+o00
Now from (B.3.13), it follows easily that, see e.g. [215],
PA+4+ A*P - PBB*P =0, P>0.

Therefore, if A} A; does not tend to 0 as ¢ tends to 400, the equation (B.3.12)
has a nonzero solution.
Assume now that AfA; — 0 as t — 4+00. We need another step.

Step 2. For arbitrary R > 0 and ¢ > 0 we have P(t) < AJA;.

Let in fact u(o), o € [0,t], be a control which tranfers z to 0 in time ¢, with
minimal energy. Since y**(t) = 0,

Widwo) = [ futo) o = [ ju(o)Pda -+ 40,070 0) = (PO ),

so the proof of Step 2 is complete.

Finally, if P > 0 is a solution to (B.3.12), then P(t) = P(t)* < AjA,
and so P = 0 as required.

The proof of the theorem is complete. [J

Assume now that the system (B.3.15) is finite dimensional: dim H <
400, dim U < +o0.
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Theorem B.3.5 Assume that system (B.1.1) is null controllable and finite
dimensional. Then . liin A; Ay =0, if and only if
— 100

max{ReX: A€ og(4)} <0.
Proof. Assume that max{Re A: A € 0(A4)} > 0. Then

Ao O By )
A= 2o B=
( Ao A > ’ < By )’

where A is in Jordan form with A corresponding to eigenvalues with
strictly positive real parts. The pair (—Agg, Bo) is controllable and the
matrix —Ag is stable (all eigenvalues have negative real parts). Therefore
the equation

(—Apo)Ro+ Ro(—Aop)" + BoBy =0, Rp>0,
has a unique solution Ry > 0 which is strictly positive definite. Consequently

Ry ' (—Ao) + (—400) Ry ' + Ry ' BoBy Ry ' = 0.

_( Byt 0
po (0.

Then P # 0 and (B.3.12) holds. By Theorem B.3.4,

Define

Jim Afh: £

Assume now that there exists P # 0 such that (B.3.12) holds. We can
assume that P is diagonal of the form

(PO
P(00)

where Py has positive elements on the diagonal. Let
=i o= (5)
(2% &)-(5 8)(20)
0 0 Ao A Ao Als 0 0
(00 (o) s (5 5) o

Then
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Therefore

PoAop, PoAo n ApoPo 0\ ([ PoBoBgPy 0
0 0 A5 Py 0 0 0

- (49)

PyAop + AS,OPO — PyBoByPy =0

and equivalently

and
P()AOJ, Aalpo =0.

Consequently Ag 1 = 0. Moreover
(—A070)P(;1 + P(;l(—A070)* + B().Ba< =0,

and the pair (—Ag, Bo) is controllable. Thus, by a classical result on the
Lyapunov equation, see J. Zabczyk [215], the matrix —Agq is stable and
therefore

sup{ReA: Xeo(4)}>0. O
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Semiconcave functions and
Hamilton-Jacobi semigroups

C.1 Continuity modulus

We use notation introduced in §2.1 and §2.2. In particular, for any ¢ €
UCy(H) we define the uniform continuity modulus w, of ¢ by setting

wy(t) = sup{lp(x) —p(y)l: z,y € H, |z —y[<t}, t>0.  (C.L1)
Proposition C.1.1 Let ¢ € UCy(H), then the following statements hold:
(1) wy is not decreasing,
(11) wy is subadditive,

we(t +5) <wy(t) +wy(s), t,s >0, (C.1.2)

(1) wy is continuous in [0, +00).

Proof. Assertion (i) is clear, let us prove (ii). Let ¢,s > 0, then for any
€ > 0 there exist z.,y. € H such that

‘xs - ys‘ <t+s, w@(t—i- 3) <e+ ‘@(xe) - @(ya)|'

S t .
715 Te + 75 Ye; then we have

Define z. =

t S

fts (ma_ye)a Ze_ya:t+8 ($a—y5)7

Te — 2 =

347
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so that |xe — z:| <, |2z —ye| < s. Consequently

we(t +5) < et |p(ze) — p(ze)| + l(ze) — o(ve)]

< et w(t) +wy(s).

The conclusion follows from the arbitrariness of €.

Finally let us prove (iii). We first show continuity of w, at 0. Since ¢ is
uniformly continuous, for any € > 0 there exists t. > 0 such that

[z =yl <te = () — p(y)| <e.

Then t < t. = w,(t) < ¢, so that w, is continuous at 0. Now let us prove
right continuity of w, at tg > 0. If h > 0 we have

wy(to) < wyp(to + h) < wy(to) +wy(h),

so that
0 < wy(to + h) — wy(to) < wy(h),

and, by the proved continuity of w, at 0, we have
lim wy(ty + h) = wy(to).
B O 90( 0 ) 30( 0)

Left continuity of w, can be proved in a similar way. OJ

C.2 Semiconcave and semiconvex functions

A function ¢ : H — R is said to be semiconvex (resp. semiconcave), if there
exists K > 0 such that

K K
wewm+2nﬁ<mpxawm—2mﬁ,

is convex (resp. concave). We will need the following result proved in [155].

Proposition C.2.1 Assume that ¢ € C’g’l(H) is both semiconcave and
semiconvex, and let K > 0 be such that

K K
x — o(x) + 5|:E|2 is conver and x — @(x) — 5|$]2 is concave.

Then ¢ € Cp' (H) and [¢]11 < K.
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Proof. We first prove that for any ¢t € [0, 1] the following estimate holds:

otz + (1 = t)y) — to(x) — (1 = t)e(y)|

K
< gt(l — )|z —y?, z,y € H. (C.2.1)

In fact, since ¢(z) + & |z|? is convex, for any z,y € H we have

otz + (1 —t)y) + g te + (1 —t)y|?

< tip(a) 1 o+ (1= t)ply) + (1~ )5 [yl

which yields

plt -+ (1 t)y) — tiolw) — (1~ t)ply) < o 11— D)l — yl”

_ K
2

In a similar way, using concavity of ¢(x) |z|?, we prove that

pltz -+ (1~ t)y) — til) — (1~ t)ply) = 2 (1~ Bl — P,

and so (C.2.1) is proved.

For any z,y € H, we denote by ¢'(z) - y the derivative (if it exists) of ¢
at z in the direction y :

)y = %90(28 )|
Now we proceed in several steps.

Step 1. Existence of the directional derivative.
Let z,y € H be fixed and set

p(z + Ay) — p(x)
hy

F(\) = , A>0.

Then, if A < p we have

F(\) - F(u) = jﬂ[um ) — Ao+ ) — (1 — Npl@)].
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Setting o = %, it follows that

—_

F(A) = F(p) = X[so((l —a)z + oz + py)) — ap(z + py) — (1 — a)p(z)].

Now, from (C.2.1) with ¢ = «, it follows that
K 2
FO) — F()] < = My (C22)

Thus F' is uniformly continuous on (0,+o00) and so there exists the limit
limy o F(\) = ¢'(x) - 3.

Step 2. For any x € H the directional derivative ¢'(x) belongs to L(H)
and [|¢'(z)l| < 5 + [¢h.

We leave to the reader the simple proof of linearity of ¢'(z). Moreover, from
(C.2.2) with pp =1 we get

K
2

' (2) -y — el +y) + ()] < 5 [yl

Now, letting A tend to 0, we find

K
/(@) - y| < glyP + [elilyl,

and the conclusion follows.

Step 3. If dim H < 4oco then the following statements are equivalent.

(i) It holds that
1
sle(r +2hy) = 20(x + hy) + p(@)| < Klyl*, @y € H.

(ii) It holds that

¢'(z) = ' (Y < K|z —yl, x,y€H.

If o € UCE(H) then the equivalence of (i) and (ii) is easy and it is left to
the reader. Now the conclusion follows from the fact that UC’E (H) is dense
in UC}(H).

Step 4. If dim H < 400 then the conclusion of the proposition holds.
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We have in fact
p(x + 2hy) — 2¢(z + hy) + ¢(z)
= -2 [go (1(37 + 2hy) + 13:) — 1go(a: + 2hy) — Lp(m) .
2 2 2 2
Thus by (C.2.1) it follows that
(@ + 2hy) — 20(x + hy) + ¢(z)| < Kh?|y|%,

and Step 4 is proved.
Note that we present a different proof when dim H = +o00, since U Cf(H )
is not dense in UCY(H), see §2.2.

Step 5. Conclusion when dim H = +o0.

Let z,y, z be fixed. Since the subspace spanned by z,y, z is of dimension
less than or equal to 3, by Step 4 it follows that

¢ (@) -2 = ¢ (y) - 2| < Kl — 2],
which yields
l¢'(z) ='Wl < K|z —yl, =z,y€H,
by the arbitrariness of z. Since, as is well known, continuity of the directional
derivatives implies differentiability of ¢, we have

[Dp(z) = D¢'(y)|| < K|z —yl, z,y€H.
Therefore ¢ € U C; 1(H) as required. O

C.3 The Hamilton-Jacobi semigroups

In this section we introduce two semigroups of nonlinear operators on
UCy(H) that are the key tool for the definition of inf-sup convolutions.
For any ¢ € UCy(H) and for any t > 0 we set

Usp(z) = inf {cp(y) Lzl } = inf {@(x —y)+ “"2} (C.3.1)

yeH 2t yeH 2t
and
B lz —y? ly|?
Vip(x) = sup ¢ o(y) — —; =sup (@ —y)— T - (C3.2)
yeH yeH

We set moreover

Uwp=Wop=¢ @eUCyH). (C.3.3)



352 Appendix C

Remark C.3.1 Setting u(t,z) = Upp(z) and v(t,z) = Vip(x), x € H, t >
0, then u and v are respectively the unique wviscosity solutions of the Hamilton-
Jacobi equations

{ Dyu(t,z) + 3|Du(t,z)]> =0, z € H, t > 0,
U(O,.CC) = 90(‘%')7

and
{ Dyw(t,x) — 4| Dv(t,z)|* =0, z € H, t >0

v(0,7) = p(x)
These results are due to M. G. Crandall and P. L. Lions [59]. We will not
use them in what follows.

We are now going to prove several properties of semigroups Uz, t > 0,
and V4, t > 0. First of all we notice that, from the very definition of U; and
Vi, we have

Urp(z) < p(x) < Vip(x), t20,x€H, e UC(H). (C.3.4)

It is also clear that Uy and V; are order preserving. That is if ¢, ¢ € UC,(H)
are such that ¢(x) < ¢(x), =z € H, then we have

Unp(z) < Uh(x), and Vip(z) < Vip(a), « € H.

We prove now, following J. M. Lasry and P. L. Lions [155], that U; and V}
are strongly continuous semigroups of contractions on UCy(H).

Proposition C.3.2 Let Uy, Vi, t > 0, be defined by (C.3.1)-(C.3.3). Then
the following statements hold.

(i) For anyt > 0, Uy and Vi map UCy(H) into itself. Moreover wy,, <
Wo, Wi KWy, @ e UCH), t>0.

(ii) We have Uytrs = UUs, Vips = ViVs, t,s > 0.
(11i) For all p,vp € UCy(H) we have
U — Uetbllo < [l —llo, Vi — Vitdllo < [l — %]l

(iv) We have

V(@) = ¢(@)| < w, (22el0) , ¢ € UCY(H), € H,

Vigp(e) - p(@)| < w, (20l . o € UCK(H), € H,
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so that

}ir% Uip = ¢, %ir% Vie = ¢, in UCy(H). (C.3.5)
(v) If ¢ € C*(H) for o € (0,1), then there exists Co > 0 such that

Urp(x) — p(x)| < Co [p)2° t27a, t >0, z € H,
(C.3.6)

Vip(z) — p(z)] < Cu [l 1770, t >0, z € H.
Proof. We will prove all the statements concerning Uy since those concern-
ing V; can be proved in a similar way. In all the proof ¢ is a fixed element

of UC{,(H)
Let us prove (i). Let ¢t > 0,2, T € H, then we have

Urp(x) — Upp(T) = ;22 {tp(m —y)+ W} + sup {—cp(x —2)— ’;‘:}

= sup inf S p(x —y) — (T —2) + M
2cHYEH 2

< sup inf ww(x—f+z_y)+M
T zcHYEH 2t

Since w,, is subadditive by Proposition C.1.1 it follows that

2 1.2
Uip(z) — Upp(T) < wy(r —T) + sup inf {ww(z —y) + M} )
zcH yeH 2t

Setting y = 2, we see that

: ly]* — |2
f — LAl E O )
jlelgylgH{wga(z y) + 5 <0,

and so |Usp(x) — Urp(T| < wy(x — T), and the conclusion follows.

We now prove the semigroup law (ii). Let ¢,s > 0,z € H, then we have

yeH | zeH 2s 2t

— inf {go(z) + inf [‘y_ZQ + \x—yP] }

2€H yeH 2s 2t

UUsp(x) = inf {inf |:<P(Z)‘|’ |y—z\2} n \fv—yP}
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Since | |2 | |2 | |2
. y—z T —y T —z
yellzll { 2s 2t } 2(t +s)’
we have
()—'fH (2) @ Z|2 = ()
U;Usp(z) = in z) + =U z).
tUs@ Jo 2 2(t 8) t+sP

Let us prove (iii). Let x € H,t > 0, p,9 € UCy(H). For any € > 0 there
exists y. € H such that
|z — y8|2

Uﬂﬁ(x) +e>(ye) + oF

It follows that
| 2

— |2 .
Urgle) = Ute) < fnf { ot + 52 | - i) - g e

Setting y = y. we have

Urp(r) — Uph(x) < o(ye) — ¥(ye) — e < |l — Pllo — &

The proof follows now from the arbitrariness of ¢.
Let us prove (iv). Let x € H,t > 0. For any £ > 0 there exists y. € H
such that

2
x —
Urp(x) +€ > (ye) + ’%yE’
Taking into account (C.3.4) we obtain
|z — ye|?
0 < o) — Up(z) < o(x) — @(ye) — Ty T E (C.3.7)

. . . —Ye 2
This implies that Z=%5 < 2 jg|lg + ¢, and so |z — ye| <+\/4t[p]lo + 2te.
Consequently, by (C.3.7) it follows that
p(r) = Unp(r) < p(x) —plye) +¢

< wellz —yel) +¢

W <\/4t||<pHo + 2t5> +e.

Now the conclusion follows from the arbitrariness of €.

IA
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Let us prove, finally, (v). By (C.3.7) it follows that
2
T—y
|2tE’ < o(x) — p(ye) + & < [Plalz — " + &,
which implies
|7 — ye|? < 2t[pla]w — ye|® + 2¢t.

By Young’s inequality we have for any C > 0

2
2 —a
|z — ye|* < %Cg\x—yﬁ + (1 — %) [ [g]“} + 2¢t.

Setting C = (1/a)*“ we find that, for a suitable constant Cl,
2~ yel? < O3 [pal 75 175 +det.
Now by (C.3.7) it follows that

p(x) —Up(z) < [plalr —ye]* +e

5 22 bl
< (Ca [pa]F— tZ—a + 4575) +e
The conclusion follows again from the arbitrariness of .00

It is well known that the functions Upp and Ve are not differentiable
even if ¢ is regular. One can prove, however, following J. M. Lasry and P.
L. Lions [155], that they are Lipschitz continuous.

Proposition C.3.3 (i). For any ¢ € UCY(H), x,T € H, and any t > 0 we
have

Uip(z) — Urp(z < [4\/m +|az—xq

|z — 7|

Viglo) ~Vie@ o 11y /o 4o - 7).

|z — T 2t

(C.3.8)

(it). For any ¢ € C{'(H), a € (0,1), z, 7 € H, and any t > 0 there
exists Cp, > 0 such that

|Urp(z) — Up(T)| <L
|z — T 2

[20 P T e +|x—x|} ,
(C.3.9)

[Vio(x) — VtsO(f)l
|z — 7|

1 1
[20 )2 “tM—Hx—x\]

w‘,_.
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Proof. (i) For any € > 0 there exists y. € H such that

= ’T_ ye’2
Up(T) + € > olye) + =5 (C.3.10)
It follows that
r—vy|? T —ye|?
Uip(x) — Upp(T) < | 2ty6’ _ Qtye +e
1 2 _
< o lle-aP+2<e-57 -y >]+e (C311)

But from (C.3.10) it follows that == ‘lf < 2|l¢|lo + € so that [z — y.| <
V2t(2||¢llo + €). Substituting in (C.3.11), and taking into account the ar-
bitrariness of ¢, gives (C 3.8). Let us prove (C 3.9). By (C.3.10) we have
o(T) +e > p(ye) + |m_2?f| which yields Z=2l y5| < e+ [¢lalT — y:|*. Arguing
as in the proof of Propomtlon C.3.2(v) we see that there exists C, > 0 such

that [T —ye| < Colp ]2 “toma 4 det, Substituting in (C.3.11), and taking into
account the arbitrariness of € we find (C.3.9). O

Let t > 0. By Proposition C.3.3 it follows that for any ¢ € UCy(H), Upp
and Vi are Lipschitz continuous. We prove now that Uy is semiconcave,
and that V;p is semiconvex.

Proposition C.3.4 Let t > 0 and ¢ € UCy(H). Then v — Upp(x) —

2
% is concave, and x — Vip(x) + u s convex.

Proof. We have

2 T — ul? 2
Utcp(fﬁ)—u = inf {w(y)Jr‘ y —H}

2t yeH 2t 2t

1
R CORECEET]S
Since the infimum of a set of affine functions is a concave function, the
conclusion follows. The statement concerning Vi is proved similarly. O

We end this section by proving that if ¢ is semiconcave and ¢t > 0, then
Vip is also semiconcave. We first need a lemma, due to J. M. Lasry and P.
L. Lions [155].

Lemma C.3.5 Let FF: H x H — R, (x,y) — F(x,y), be concave. Then
the function ¢ : H — R : ¢(x) = sup,e gy F(7,y) is concave.
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Proof. Let x1,22 € H, and € > 0. Then there exist y1 ¢, y2. € H such that

Y(r1) < F(w1,510) + €, ¥(22) < F(a2,92,6) + €. (C.3.12)
Let 6 € [0,1]. Then we have clearly

Y0z + (1 —0)xe) > F(Oxy + (1 — 0)x2,0y1 + (1 — 0)yae).
Since F' is concave, it follows that
YOz + (1 —0)z2) > 0F (1, 1) + (1 — 0)F (22, Y2,¢)-
Finally, from (C.3.12) it follows that
Y(0z1 + (1 = O)z2) > 0¢(21) + (1 — )Y (22) — &,

which yields the conclusion, due to the arbitrariness of . O
We can now prove the result.

Proposition C.3.6 Letyp € UCy,(H) andt > 0 be such that x — go(x)—%,

is concave. Then for any t € (0,1) and any s € (0,t) the function x —

Vip(z) — 2(‘f|_25) is concave.

Proof. We have

|

Vsp(z) — = sup{fi(y) + Fa(z,y)},

2(t - 5) yeH
2
where fi(y) = ¢(y) — 4, and
)2 o —yl? ||
F. =2 - .
2, y) = 5 25 2(t—>s)

Now f; in concave in H by hypothesis and F5 is concave in H x H by a
direct verification. Then the conclusion follows from Lemma C.3.5. O
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